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Goal of This Module

B Learn on an example how to solve a
product-form queuing network



Reminder : A queuing network is called
«Product Form» if...

B Markov routing
B One or several classes

B External arrivals, if any are

Poisson

Station are either
B FIFO

» with one or more servers
(possibly with exclusion
constraints - MSCCC)

» exponential service times,
independent of class
B Or insensitive station:

» delay, processor sharing,
LCFS among others

» Service time is arbitrary,
with finite mean - may
depend on class



A product-form queuing network...

B ..is stable when the natural stability condition holds

B The stationary distribution of state and of number of customers has
product form (Theorem 8.7):

Normalizing

— — — — constant
P(ny,...,ng) = K P;(11),... ps(nis)

v

Station 1 Station S

Depends only on station and visit rates,
not on the othernetwork around

Visit rate for class C at station s
9"1,5 an,s 2

- pS(ﬁS) — 1,S - C,S

Station function
depends only on station in isolation



Visit Rates

We define the numbers 6* (visit rates) as one solution to
0:=> 6q —|—>(§ (8.24)

If the network is open, this solution is unique and #¢ can be interpreted!? as the number of arrivals
per time unit of class-c customers at station s. If ¢ belongs to a closed chain, #: is determined only
up to one multiplicative constant per chain. We assume that the array (#),  is one non identically
zero, non negative solution of Eq.(8.24). |



Let us apply these results to this network

F B=1
FIFO server
K jobs in total D
FIFO A\ /\
Think time Z B=1
o FIFO server

B Single class; closed

B Stations 1,2,3 are FIFO; station 0 is delay;

B Markov routing : visitrates 8, = 1; 6, = 102; 0, = 30; 65 = 17
B Product-Form ?



§ =

nusers
in think time

“igure 8.5: Network example used to illustrate bottleneck analysis. n attendants serve customers. Each
ransaction uses CPU, disk A or disk B. Av. numbers of visits per transaction: "CPU = 102,Vp =30,V =
.7; av. service time per transaction: S~p;; = 0.004ds, S5 =0011s, Sp = 0.0135; think time Z = 1s.

K jobs in total
‘ )

FIFO

B Single class; closed
B Stations 1,2,3 are FIFO; station 0 is delay;

Let us
apply
these
results to
this
network

B Markov routing : visitrates 8, = 1; 6, = 102; 0, = 30; 65 = 17

B Product-Form ?

Yes if service time at stations 1,2,3 (FIFO) are ~ exponential

No condition for station O



The Product-
~ Form

K jobs in total
O

i< h'v(ns an [t

B Network is always stable (because closed)
1

M Pr 1, N, 13 n(K)P1kn1)P2knz)P3k”3)PﬂI\ —71 -
nz - n,,)

H p (n) =fi (n)@vhere f1depends on station 1 only -idem for station 2

B Letus compute 7\




server Station function f4

HCQ6 M/nla

Let us consider the simplest possible product-form queuing network: station
1 with Poisson arrivals

__ FIFO

This is a product-form network, with visitrate 8 = 1
Therefore P(n) = = fi(n)A"
u

But this is a well-known system: M/M/1
P(n) =1 —p)p™ withp = 1S,

P00 = Q=S

Compare and obtain:



B=1 . e
ppo | server Station function f

>

B Letus consider the simplest possible product-form queuing network: station
1 with Poisson arrivals

J/y

B This is a product-form network, with visitrate 8 = A
Therefore P(n) = = fi(n)A"
u

B But this is a well-known system: M/M /1
P(n) =1 —p)p™ withp = 1S,

P00 = Q=S

B Compare and obtain: kl (n) = S{‘\
4
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Station function f

Think time Z

B Letus consider the simplest possible product-form queuing network: station
2 with Poisson arrivals

B This is a product-form network, with visitrate 8 = A
Therefore P(n) = w

B fpdoes not depend on the distribution of service time, but only on its mean
(insensitive station). To obtain fp, we may thus consider the case where the

service time is exponential.

B We obtain a well-known system: M/M /oo
P(n) = e‘pi—lwithp =z
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Station function f

Think time Z

B Letus consider the simplest possible product-form queuing network: station
2 with Poisson arrivals

B This is a product-form network, with visitrate 8 = A
Therefore P(n) = = fe(n)A"
u

B fpdoes not depend on the distribution of service time, but only on its mean
(insensitive station). To obtain fp, we may thus consider the case where the

service time is exponential.

B We obtain a well-known system: M/M /oo
P(n) = e‘pi—lwithp =z

_ ,—pZ" n
P(n)=ce n!/l

B Compare and obtaiM
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The
Product-
corver Form

K jobs in total
O

B Network is always stable (because closed)
1
B Product-form = P(ny,ny,n3) = mm (n1)p2(n2)p3(n3)pe (K —ny —

n, — nz)
p1(ny) = (5:0,)™
p2(ny) = (520,)™
p3(n3) = (S363)™
AR
Po(no):no, , ng=K-ny —n; —ng

K—Tll—nz —Ng3

1
| P(ny,ny,n3) = m (5101)™1(5,6,)"2(5363)™3

(K —ny —n; —n3)!

J



- Mean Value
Analysis

K jobs in total
O

K—nl—nz —Nnj

1
P(n{,n, ny) =——(5,60,)"(S,0,)"2(S;05)"3
1, M2, N3) (k) "o 203 303

(K—Tl1 —Nny —Tl3)'

B Assume we want to compute: throughput, mean response time at station 1
B We can use direct computations but need to evaluate n(K)

» Numerical problems for large K
» Combinatorial explosion of number of states

B The Mean Value Algorithms does this in a smarter way
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Arrival Theorem

K jobs in total

B=1
FIFO server

B The distribution of customers at an arbitrary point in time is

P(ny,ny,n3) =

B The distribution of customers seen by a customer just before arriving at
station 1 (excluding herself)

P°(ny,ny,n3) =

15



Arrival Theorem

B The distribution of customers at an arbitrary point in time is
K—nl—nz—n3

1
P(ny,ny, n3) = ——=<(5:6,)"(5,0,)"2(5503)™s
L2, M) =1y W10 202 303

fOrnl = O,nz > 0,n3 = Oandn1 +TL2 -I-Tl3 <K
(and 0 otherwise)

(K —ny —n; —n3)!

B The distribution of customers seen by a customer just before arriving at
station 1 (excluding herself)

K—l—nl—nz —Ng3

P°(ny,ny,n3) = (5101)1(S,0,)™2(S303)™s

n(k —1) (K—1-ny; —ny; —ng)!
forn, > 0,n, =2 0,ng = 0andny +n, +ny3 <K -1
(and 0 otherwise)
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B=1
server

Mean Value Analysis
~ applied to our Network

B Avoids the numerical problems due to computation of normalizing constant

B I[terates on population K

» Variables : R;(K) (response time at station 1)
N;(K) (mean number of jobs, station i)
A(K) (throughput at station 0)

B Uses:
» Arrival theorem: R;(K) = (1 + N;(K — 1))Si fori =1,2,3
RO(K) =27

» Little’s formula: Ny(K) = A(K) Z
N;(K) = A(K)O; R;(K)

» Conservation of total number of customers
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Mean Value Analysis
applied to our Network

B=1
FIFO /I serve

K jobs in total
O

B=1
FIFO server

» Arrivaltheorem: R;(K) = (14 N;(K — 1))S; fori =1

Ry(K) =2Z
» Little’s formula: No(K)=A(K) Z No = N; =N, = N3 =0;
NL(K):/‘I(K)QL RL(K) for k =1:K
» Conservation of total number of customers ori=1:3
No(K) + N1 (K) + No(K) + N3(K) = K N; = 6;(1 + N;)S;;
nd
Ny = Z;
M Jterateson K _ K :
B At ten: P‘ ~ Ng+N;+Ny+Ng’
every step: (No, N1, N3, N3) = A(Ny, Ny, N, N3);
» set A = 1 and compute N; end
» Obtain A by the return (4, Ny, N1, N5, N3)
conservation of number of
customers

18



Algorithm 7 MVA Version 1: Mean Value Analysis for a single chain closed multi-class product form
queuing network containing only constant rate FIFO and IS stations, or stations with same station functions.

I:

,_.,_,_.,_.,_.
. W N —

K = population size

A=0 > throughput
2* = 0 for all station s € FIFO > total number of customers at station s, Q° = > N
__— . . e ;
Compute the visit rates 8¢ using Eq.(8.24) and >, 6} =1
0° =) .0:forevery s € FIFO
h=3 s 200585+ cpro 0°5° > constant term in Eq.(8.75)
for k=1:K do
_ k
A= h+3 ceprro 0°Q° 5 g Eq(S?S)
Q° = A°S*(1 + @°) for all s € FIFO
end for

. The throughput at station 1 is A

. The throughput of class c at station s is A6

. The mean number of customers of class ¢ at FIFO station s is (2°65/6°
. The mean number of customers of class ¢ at IS station s is A\8°S?

19



N —

nusers
in think time

Figure 8.5: Network example used to illustrate bottleneck analysis. » attendants serve customers. Each
ransaction uses CPU, disk A or disk B. Av. numbers of visits per transaction: "CPU =102, Vp =30, Vg =
L 7; av. service time per transaction: Scp; = 0.004s, Sy =0.011s, Sy =0.013s; think time Z = 1s.

3.5 T T T T T

3_ —

1.5F u

Figure 8.15: Throughput in transactions per second versus number of users, computed with MVA for the

network in Figure 8.5. The dotted lines are the bounds of bottleneck analysis in Figure 8.6. 20



The algorithm we just used is called
Mean Value Analysis (MVA) version 1

B [t applies to closed product form networks where all stations are
» FIFO or Delay
» or equivalent (i.e. have the same function f;)

21



MVA Version 2

B Applies to more general networks;
B Gives not only means but also full distribs

B Uses the decomposition and complement network theorems

THEOREM 8.6.7. (Decomposition Theorem [78])
Consider a multi-class network that satisfies the hypotheses of the product form theorem 8.5.1.
Any subnetwork S can be replaced by its equivalent station S, with one class per chain and station

function defined by Eq.(8.80). In the resulting equivalent network N, the stationary probability
and the throughputs that are observable are the same as in the original network.

Furthermore, if C effectively visits S, the equivalent service rate to chain C (closed or open) at the
equivalent station S is

peS (k) = NS (k) (8.81)

where )\C*S(E ) is the throughput of chain C for the subnetwork in short-circuit Ns when the popu-
lation vector for all chains (closed or open) is k.

22



n.class 2

| s=1
o) | |ty
o
-—(;T:Eiass :Lu;'_'—EHH Ll :
\

JM
[ | | station
‘ Msccc

class 4 ‘

—@|||||-

station s=3

G |

station s=2

is equivalent to:

pP>,class 2

sStation s=1
oLy o +B,y

|
Msccc
i

-

pP;.class 3
e By ||||
[¢ 3%

p;,class 1
Class 4 ’ \
N nodnyd Dy

Aggregate Station S

1
-

00)

where the service rate p*(n,) is the throughput of

N

Class 4
| [[]] Ts
Station s=2

sSstation s=3
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Gate
(FIFO, B servers)

Waiting reem T me

o) () o=
— = o - W

-«

Slope = Think time
(IS station)

We compute A\(K) by mean value analysis, which avoids computing the normalizing constants
and the resulting overflow problems. Let P(n|K’) be the stationary probability that there are n
customers present (in service or waiting) at the FIFO station, when the total number of customers
is . The mean value analysis equations are (Section 8.6.5):

MK
P(n|K) = Pn—-1K -1) ( \',) if n > 1 (8.104)
pr(n)
o A AR
0 = —1)—— .
P(0|K) P(O|K —1) () (8.105)
K
> P(n|K) = 1 (8.106)
n=>0

where 1*(n) is the equivalent service rate of the FIFO station and Al ( K') the throughput of the
complement of this station. By Table 8.1: 24



Gate
(FIFO, B servers)

Waiting reom

-

Slope = Think time
(Is station)

P(n —1|K — 1))\([{) ifn =1
gt ()
- - AR
POIK) = P(OK 1)/\ T

Z PnlKk) = 1

P(n|lK) =

., . min(n, B)
pt (n) = 2

The complement network is obtained by short circuiting the FIFO station; it consists of the IS

K

station alone. Thus
A[I] I'r. T —
(8) ==



A(K)

P(nlK) = P(n—1K - D22 ¢ n >
pt(n)
. R AK)

K
Z Fim) = i

n=0

|

Algorithm 8 Implementation of MVA Version 2 to the network in Figure 8.24.

1:

,_.
=

K =: population size

p(n), n = 0...K: probability that there are n customers at the FIFO station

A: throughput
p(0)=1pn)=0,n=1.K
fork=1:K do
p*(n) =p(n — 1)Z / min (n, B), n=1..k
p*(0) =p(0)Z/k
A=1/ Ei:n p*(n)
p(n) =p"(n)/A, n=0.k
end for

> Unnormalized p(n|k), Eq.(8.104)
> Unnormalized p(0|k), Eq.(8.105)
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Figure 8.14: First panel: Mean Response time for internal jobs at the dual core processor, in millisecond,
as a function of the number K of internal jobs. Second panel: stationary probability distribution of the
number of internal jobs at stations 1 to 3, for K = 10. (Details of computations are in Examples 8.10
and8.11: 81 =1,52=5.5%=1msec, r = 0.7, y = 0.8) 28



Conclusions

B Product-form queueing networks can be analyzed with
very efficient algorithms
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