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StochastidAnalysisof SomeExpedited~orwarding
Networks

Milan Vojnovi¢ andJean-YesLe Boudec

Abstract— We consider stochasticguaranteesfor networks with aggre-
gate scheduling,in particular, Expedited Forwarding (EF). Our approach
is basedon the assumptionthat a nodecanbe abstractedby a sewice curve,
and the input flows are regulatedindividually at the network ingress.Both
of theseassumptionsare inline with EF [1], [2]. For a sewice curve node,
we derive bounds on the complementary distrib utions of the steady-state
backlog and backlog as seenby packet arri vals. We also give a bound on
the long-run lossratio for a sewice curve nodewhere the buffer sizeis too
small to guaranteeloss-freeoperation. For a Packet ScaleRate Guarantee
node[3], [1], we usethe delay from backlog bound to obtain a probabilistic
bound onthe delay. Our analysisis exactunder the givenassumptions.Our
resultsshould help usto understand the performance of networks with ag-
gregatescheduling,and provide the basisfor dimensioning such networks.

Keywords— Expedited Forwarding, Differentiated Sewices, Aggregate
Scheduling,Statistical Multiplexing, StochasticQoS,Sewice Curve, Packet
ScaleRate Guarantee,Queueing,LossRatio, Network Calculus

|. INTRODUCTION

XPEDITED FORNARDING (EF)is a perhop behaior

(PHB) of DifferentiatedServicegDiffServ)[1], [2]. With
EF, individual flows (called “micro-flows”, or “inputs” in this
paper)are shapedseparatelyat network accessfrom thereon,
they aresenedin anaggreyatemanner Our objective is to de-
rive probabilisticguaranteefor EF networks.

The definition of EF PHB [1], [2] givesan abstracimodelof
anodecalledasPacket ScaleRateGuaranteéPSRG)[1], [3].
A nodeis saidto offer a PSRGwith aratec andalateng e to
EF aggreateif thedepartured,, of then-th paclet,in theorder
of arrivals,satisfies

dn < fn+e

wheref, is givenrecursiely as f, = 0 and

fn = max{awumin{dnfl;fnfl} + lzn}, n>1,

for then-th pacletarrival attime a,, of lengthl,, bits.

Theintentionof PSRGis to give aformally correctdefinition
of the intuitive conceptthat the rate of the nodeguaranteedo
the EF aggreateis at leaste, with atolerancee (thetolerance
dependsn the specificdetailsof the node). A specialcaseof
PSRGis aschedulethatgivesstaticnon-preemptie priority to
EF traffic over non-EFtraffic; heretherateis thesenerrateand
thelateng is servicetime of amaximum-lengtmon-EFpaclet.
In generalthough,it cannotbe assumedhatan Internetrouter
is a simple scheduler;jn contrast,PSRGis intendedto model
comple nodes,suchas Internetrouters,that consistof mary
componentsyiewed as black-boes, suchnodesare generally
notwork conserving.
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In this paperwe usetwo propertiesof PSRG.First, PSRG
with ratec andlateng e impliestheservicecurve 3(t) = [c(t —
€) — Limax]T WhereL,,. is themaximumsizeof anEF paclet
(this is calleda rate-lateng servicecurve; we usethe notation
zt := max[z, 0]). Formally:

(A1) We supposea nodeoffersto theaggreyateof all EF traffic
aservicecurve 3, i.e. for all ¢ thereexistss < t suchthat

AT (t) = A(s) + B(t — s), 1)
whereA*(t) is the outputdatafrom thenodeon [0, t] and A(t)
is the datawhich is acceptedor service(i.e. not lost) at the
inputof thenodeduring|[0, ] [4], [5], [6].

Second,in SectionlV, we useanotherproperty of PSRG,
namely the fact that delay can be boundedfrom backlog. In
addition,we do thefollowing assumptions.

(A2) We supposeFtraffic inputs(micro-flows)atthenetwork
ingresspointsaremutuallyindependent.

This assumptioris alsomadein otherwork [7]. Note thatwe
malke noindependencassumptiorior flows insidethe network.
(A3) We supposesachEF input (micro-flow) at the network
ingresspointis regulated thatis to say for agiveninputs there
existsawide-senséncreasingunctiona; suchthat

AD(t) — AY(s) < i(t — s), forany s < t,

where A9 (t) is the dataobsered on [0, ¢] of theinputi at the
network ingresspoint.

In general,we derive our resultsfor arbitraryarrival curves,
and, in particular we study leaky-bucket regulated inputs;
a;(t) = pit + ;. Whenwe considerindividual EF flows with
identical arrival curve constraintswe say the input flows are
homogeneouslyegulated(resp. heterogeneouslyegulatedfor
non-identicalarrival curve constraints).

(A4) We supposé[AY (t) — AY(s)] < pi(t—s),forary s < t,

where
i (t
pi = lim al—().
t—oo ¢t

Indeed,the assumption(A4) is implied for the input flows
with stationaryand ergodic increments[8], [9], but not vice
versa Thus,(A4) is awealer assumption.Note thatwe allow
for the input flows with non-stationaryincrementsas long as
(A4) is verified. However, for someof our resultswe needsta-
tionary ergodicincrementof theinputsto ensurecertainlimits
exist; we explicitly indicatewhensuchanassumptioris needed.

Ourresultsareobtainedoy combiningsomequeueingesults
basedn stochasticomparisongsee9] andreferencesherein)
with someconceptof network calculus(se€/10] andreferences
therein).
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We now explain the organizationof the paperand highlight
our mainfindings. We discusghe stateof the artin Sectionll.
In Sectionlll we give theoreticalfoundationsof our work; the
resultsgivenin this sectionareof generalinterestfor statistical
multiplexing of regulatedinputsto a multiplexer that offers a
servicecurveto theaggrayateinput. Our prior work [9] givesus
acatalogof probabilisticboundsonthebacklogof thelattersys-
tem. In Sectionlll-A we go a stepfurtherandgive a boundon
the backlogthat accommodatebeterogeneouslyegulatedin-
puts(Theoreml), andwhich performsbetterthanthe boundsof
Theoremst and5 in [9]. Moreover, in Theorem?2, for a special
caseof leaky-bucket regulatedinputs,we give threeboundson
the complementangdistribution of the backlog. A remarkable
featureof the threeboundsis that they are functionsof some
aggrejateparametersf theleaky-bucketregulators.

In orderto derive a probabilisticbound on the delay of a
paclet througha nodewe needan upperboundon the com-
plementarydistribution of the backlogasseenat paclet arrival
epochslin Sectionlll-B we find aninequalitybetweerthecom-
plementarydistribution of thebacklogseeratarrival epochsand
the steady-stateomplementangdistribution of the backlog(as
seemtarandomlychoserpoint). In fact,we prove amoregen-
eral resultin Theorem3, and then specializethe resultto the
complementarylistributionin Corollary1.

Whenevaluatingthe performanceof statisticalmultiplexing,
acommonperformancenetricconsidereds theprobabilitythat
thebacklogexceedsagivenlevel. However, aperformancenet-
ric of practicalrelevanceis thelossratio, andin particular long-
runlossratio (fractionof thedatalostoveralongtimeintenal).
In Theorem4 (Sectionlll-C) we give an exactupperboundon
long-runlossrateandlossratio for a servicecurve node. The
boundis in termsof thecomplementargistribution of the back-
log, a deterministicboundon the lossratio [11], [10], andthe
aggregatearrival curve. We studythemary sourcedimit in Sec-
tion IlI-D; we identify themary sourcedimit andBahadutrRao
improvementof the backlogboundin Theoreml; we alsodis-
cusstypical time-scaleto overflow with leaky-bucketregulated
inputs.

In SectionlV we apply our findingsto EFE We shov how
to obtaina probabilisticdelay bound,basedon the delay from
backlogboundof PSRGnodegPropositionl). Thenweapplya
majorizationby freshtraffic in orderto find boundsat ary node
insidea network. Finally, we briefly addressomputatiorof an
upperboundon the complementangdistribution of the end-to-
enddelaythrougha sequencef nodes.

SectionV shavs somenumericalcomputationsWe conclude
the paperin SectionVI. Proofsof thetheoremsaredeferredto
Appendix.

Il. RELATED WORK

Oneapproacho studyEF is to derive deterministicbounds;
this is pursuedby Charry andLe Boudecin [12] andBennett,
BensonCharry, Courtne, andLe Boudecin [3]. A worst-case
boundon delayjitter for leaky-bucket regulatedEF input flows
[12] is sup-lineatin the maximumhop count,andit explodesat
certainutilization that may be ratherlow. Thus,the determin-

istic approachgivesus hard QoS guaranteeshat may be quite
pessimisticestimateof the performance.This leadsusto seek
for probabilisticguarantees.

An alternatve probabilisticapproachs proposedy Bonald,
Proutére,and Roberts[7]. Their approactrelieson two main
assumptions.First, EF traffic at the network ingressis Better
than Poissonmeaningthat the virtual waiting time distribution
for EFinputtraffic to asinglenodeis stochasticallysmallerthan
if theinputis replacedwith a Poissorprocesswith the samein-
tensity asthe original input. Second,it usesa conjecturethat
delayijitter remainsnegligible, whichwould ensureif EFtraffic
is BetterthanPoissoratthenetwork ingressijt remainssoasthe
EFtraffic passeshrougha sequencef nodesn the network. A
remarkablepropertyof BetterthanPoissonapproachs that it
is parsimoniousn the parameterseededo characterize¢hein-
put traffic; it requiresonly the intensity of the aggreyateinput.
However, it is necessaryo shapendividual flows in someway
to ensurethey are Betterthan Poissonat the network ingress.
It mustalso be notedthat[7] only presentsplausibility argu-
mentsfor the negligible jitter conjecturevhich hasnotyetbeen
proved. Our approactdoesnot make suchassumptionsandour
analysiss exactunderthegivensetof assumptionsln addition,
[7] assumeshat a nodeoffers a static hon-preemptie priority
for EF traffic over non-EFtraffic. Our resultsarevalid for a
nodethatoffersa servicecurve,andthusapplyto aPSRGnode
asdiscussecaarlier

In our prior work [9] we derive probabilisticupperboundson
the backlogfor a nodethat offers a servicecurve to the aggre-
gateof independentindividually regulatedflows. The catalog
of boundsgiven thereconsistsof two setsof the bounds. The
first setof boundsis derived uponthevirtual segregationof the
backlogto individual input flows, andthenobservingthat such
virtual backlogsarewith boundedsupportwe appliedHoeffd-
ing’sinequalitieq13] to obtainclosed-formboundsfor bothho-
mogeneoushandheterogeneouslsegulatedinputs. It turnsout
thatthe boundfor homogeneouslyegulatedinputsgeneralizes
aresultby KesidisandKonstantopoulogl4], [15], whichis for
awork-conservingconstaniserviceratesener. The secondset
of boundsis deriveduponanapproactoriginally dueto Chang,
Song,andChiu [8] for a work-conservingconstantservicerate
sener. Ourextensionis to asuperadditive servicecurve. More-
over, we derive boundsthathold exactly in continuougime and
improve upontheboundin [8]. In the presenpaperwe usethe
secondsetof boundssincethe boundsof the secondsetexhibit
superiortightnessthanthe boundsof thefirst set[9], [8]. Un-
like therelatedwork [14], [8], [9] givesclosed-formboundsfor
heterogeneouslsegulatedinputs.

I1l. THEORETICAL FOUNDATIONS

We introducesomefurther notation. For the input aggreyate
A(t), consistingof I flows, wewrite A(t) = Zle A;(t). Also,
the aggreyatearrival curve is denotedas a(t) Ele a;(t),
andthe upperboundon the aggrgyatesustainableateasp =
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Zfil pi. Define), (t) = pt1{t > 0}. Definealso

Bt +u) — B(t)

B = sup
t,u>0 (2

Notice3 is maximumslopeof 3; for arate-latenyg servicecurve
B(t) =c(t—e)T,B=c.

For two functions f, g, definev(f,g) = sup,so{f(u) —
g(u)}. Forexamplev(a, 3) is therequiredbuffer sizeto ensure
loss-freeoperation We usetheoperators: Vy = max(z,y) and
x Ay = min(z,y).

Let Q(t) bethebacklogattimet of anodethatoffersaservice
curve 3. For asuperadditive 3, we know Q(t) < Q(t), for ary
t (Lemmal[9]), where

Q)= sup {A(?)
t—7<s<t
andr = inf{u > 0|a(u) < B(u)}.

We saythat 3 is superadditiveif S(t + s) > B(t) + B(s),
for all t,s > 0. Many servicecurvesaresuperadditive, but not
all. A suflicientconditionis that 3 is corvex; in particular the
rate-lateng servicecurve is superadditive, thusthis additional
assumptions notrestrictive for our applicationto EF,

Note that 7 is the intersectionof the aggreyatearrival curve
a andthe servicecurve §. Intuitively, think of 7 asan upper
boundonthebusyperiod. Thisis formally correctif 3 is astrict
servicecurve § (theservicecurve g is strictif in additionto (1)
thebacklogQ(s) = 0, for s givenin (1)).

—A(s) - Bt —9)}. (2)

We recalltwo boundsfrom [9] thatarefor heterogeneously

regulatedflows. First, the boundof Theorem4 [9]

Z exp ( [(b+ B(sk) — p8k+1)+]2> ’

T
D im1 @i(Sk+1)?

forany K € N,andany 0 =s9 <81 < ---

(3)

< sx = 7. Second,

theboundof Theoremb [9]
K—-1
. _[(b+5(3k) psi+1) ]
P(Q(t)>b)<k§ep< 25T s h)? >,(4)

forany K e N andany0 =sg <s; <--- < sg =T.
In the next sectionwe give a backlogboundthat improves
uponboth(3) and(4).

A. AnlImprovedBadlog Bound

Theoem1l: (A Boundon Badlog) Considera nodethat of-
fers a superadditive servicecurve 3. Then, under(Al)-(A4)
andp < g, for ary t,

PQ(#) >b) <

5)
K-1 [(b48(sk)—psr+1)t]? (
< ko eXp( i 1a;(sw)ﬁmff:u(ai,xp,-m)
forany K e Nyandany0 =sg <s; <--- < sg =T.

Proof: Appendixl. |

Note that (5) andotherboundsin [9] satisfythe economyof
scale a notion originally introducedby Botvich and Duffield

[16]. It meanghatif we scaleb ands asO(I), thenthe proba-
bility to overflow decaysxponentiallywith 1. We alsonotethat
with fixedaggreyatearrival curve,theboundin (5) is tightestfor
all the inputshaving identicalarrival curvesa;(t) = # We
call this the economyof equality; it tells usthatthe bestperfor-
manceis achievedfor all theinput flows having the samearrival
curves.

Next we give threeboundson the probability to overflow for
leaky-bucketregulatedinputs. The boundsrequiresomeaggre-
gate knowled@ aboutthe leaky-buckets. As such,they merit
is whenknowledgeaboutindividual leaky-bucket parameterss
notavailable,but someknowledgeaboutthe aggreyateis given;
for instancean upperboundon the aggreyateload or aggreyate
burstinesgparametersThisis inline with DiffServphilosophy

Theoem?2: (ThreeBadlog Boundsfor Leaky-Budet Regu-
lated Inputg Considera nodethat offers a superadditive ser
vice curve 3, fed with leaky-bucket regulatedinputs; a;(t) =
pit + o;. Then,under(A1)-(A4) andp < 3, for ary t,

P(Q(t) > b) <

2[(b+B(sk) —pskt1)T]?
< Zk 0 eXp( > l(p,5k+1+oz)2]&421 103 )

(b)
< Ek —o €Xp
(¢)
< Zk —o €Xp

2[(b-+B(s) —psk11) 1 )
R s tVE L, 0D)PAA T, o

2[(b+6(sk) —pskr1) T2 ) ,

(Psk+1+\/Ez 10924320, 0}
(6)
forany K e N andarny0 =sg <s1 <--- < sg =T.
Proof: AppendixIl. |

Letp = [p1,...,p1] andg = [o1,...,01] bevectorsof the
sustainableatesand burstinesgparametersrespectiely. Con-
siderthe following aggreyate parametersi(P1) Ele pi» (P2)
S 02, (P YL, p?, and(P4) YL, pio;. Theparameters
canbeinterpretedyespectiely, asthe aggreyateinputload, the
variability of g, thevariability of p, andthe correlationof p and
ag.

Notice that (6) requireto know upperboundson: (a) (P1)-
(P4),(b) (P1)-(P3)and(c) (P1)-(P2).It isaremarkablgroperty
that(c) in (6) requiresonly two aggreyateparameterspamely
(P1) and (P2). An issueof interestis how muchwe loosein
termsof tightnessaswe know fewer aggreyateparametersWe
explorethis numericallyin SectionV.

B. Boundon Badklog at Arrival Epodhs

In the previous sectionwe considerthe steady-stateomple-
mentarydistribution of the backlog. This may be empirically
interpretedas a fraction of time the backlogis above a given
level (time average).Herewe considerthe complementarylis-
tribution of the backlogas seenby the paclet arrivals, which
may be empirically interpretedasa fraction of the arrival data
that encounterthe backlogabove a given level (Palm average
[17]). We denotethisasP 4 for thearrival processA (E4 is the
expectatiorwith respecto P 4).

Theoem3: (Boundon Badklog SeenBy Arrivals) Consider
a nodethat offers a servicecurve 5. Supposethe input A is
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with stationaryincrementsandintensityp < B Then,for ary
measurabléunctiony : Rt — Rt

EA[$(Q(0))] < ZE[%(Q(0))]- (7)

Proof: Appendixlll. |

Usein (7) ¥(z) = 1(,00)(), thenwe directly obtainthe
following corollary.

Corollary 1: Undertheassumptionsf thetheorem|t holds

el |Q>

~

PA(Q(0) > b) < ZP(Q(0) > ).

KonstantopouloandLast[18] studyawork-conservingon-
stantserviceratesener. They prove equalityin (7) for any mea-
surablefunctiony : R* — R. This equalityis known asdistri-
butionalversionof Little’s law [18], [19].

The corollary tells us that for the majorizingprocess(, the
complementanyistribution of the backlogat arrival epochsis
lessthanor equatto the steady-stateomplementarylistribution
of the backlog,timesthe ratio of the maximumslopeof 3 on
[0, 7] andthe intensity of the arrival processp. For the rate-
lateng servicecurve 3(s) = c(s — €)™, it readsasP 4(Q(0) >
b) < £P(Q(0) > b).

Notethattheresultm Corollarylis establishedor amajoriz-
ing process))(-) to thebacklogQ(-). As such,it enablesusto
state:

|Q>

IP’A(Q(O)>b)< P(Q(0) > b).

C. Boundon Long-RurLossRatio

Insofar, we considetupperboundsonthecomplementargis-
tribution of the backlog. However, in practice,one would be
moreinterestedn an upperboundon the lossratio. Consider
a lossy node with arrival processA(t). Let L(t) be the data

lostin [0,t]. Thenthe lossratio is definedasi(t) = %.
Ratherthanlooking at I(t), we considerthe long-runlossra-
tio I = lim_,. I(t); thus,the fraction of packetslost over a
long time interval.

Thenext theorengivesusanexactboundonthelong-runloss
ratiol. Theboundis in termsof the complementarylistribution
of Q (2), which is a majorizationon the backlogof a virtual
systemidenticalto the onewe considethere,but with sufiicient
buffer sizeto insureno losses. Note that having identified an
upperboundon the backlogof a loss-freeservicecurve node,
the theoremdirectly givesus an upperboundon the long-run
lossratio of alossyservicecurve node.

Theoem4: (Bound on Long-run Loss Ratio) Considera
nodethat offers a servicecurve 8 andfinite buffer of size B.
Timeis discrete.Then,anupperboundonthelong-runlossrate
is

B[L(#t) — Lt —1)] < [2“PPQt) > 2)d2
8
< (v(a, B) — B)P(Q(t) > B).

Moreover, for ergodicinputswith stationaryincrementsandthe
intensity of the aggreyateinput g, anupperboundon the long-

runlossratiois

[ <1 BQO) > 2)dz
] ©)
< UeB=Bp(Q(0) > B).
Proof: AppendixIV. |

A similar expressionto (8) was obtainedby Likhanov and
Mazumdar[20] for a work-conservingconstantrate sener.
Their resultis differentin thatit is for the limit of mary inde-
pendentdenticallydistributedinputflows. We shav thebounds
onlong-runlossrateandlossratio hold exactly (notonly for the
mary sourcedimit). Our boundsarefor a servicecurve node,
which encompasseswork-conservingonstantratesener.

We commentthe boundon the long-runlossratein (8). The
firstboundin (8) readsas:E[L(t) — L(t—1)] < E[(Q (t)—B)*]
(seeAppendixIV). Noticethat(Q takesits valueson [0, v(a, 5)].
This allows us to usewv(a, ) as the upperboundaryof the
integral in (8). The secondboundin (8) can be easily de-
rived directly by observing,for ary ¢ suchthat Q(¢t) > 0,

L(t) — L(t — 1) < Q(t) — Q(t) (Appendix V). Now note
that L(t) — L(t — 1) > 0 implies Q(t) = B, and thus
E[L(t) — L(t — 1)] g E[(Q(t) — B)1lg)=p]- Finally, use

Q(t) — B < v(a, ) —

B} C {Q(t) > B}.
Lastly, we comparewith a known deterministicupperbound

onthelossratio[11], [10] over atime interval [0, ¢], giventhat

Q(0) =0,

, andeasilyprovenfactthat {Q(t) =

i o B+B(6)]"
I(t) = |1 - inf “als)

0<s<t
This gives us an upperboundon the long-runloss ratio [ =
limy_s o0 i(t); we expectthis to be a consenative boundaswe
exemplify in thefollowing example.
Examplel: Considemlossynodethatofferstherate-lateng
servicecurve 3(t) = ¢(t — e)™. Thenodeis fed with leaky-
bucketregulatedinputsa;(t) = p;t + o;. Let Ele p; = p and

Ele o; = o. Then,
- __B
i) = 1] . t<e (10)
1-— ﬁ, t > e,

wherev(a, 8) = pe + o. Noticel is linearin B.

D. ManySoucesLimit

In theprecedingsectionsand[9], theboundsderivedareex-
act. Theboundshold exactly for ary settingof the parameters,
and,in particular the boundsarevalid for ary numberof the
inputflows. In this sectionwe considermsymptoticcounterparts
to the backlogboundsgivenearlier In particular we studythe
mary sourcesimit — the buffer sizeandcapacityscaleasO(I)
asthenumberof theinputflows I tendsto infinity.

We will seethatin the asymptoticregime our boundsadmit
asimplerform. Recallthatour backlogboundsareobtainedby
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Fig. 1. Typical time-scaleto overflov versusthe buffer sizeb. The nodeof-
fers the rate-lateng servicecurve with rate ¢ = 150 Mbps and lateny
e=MTU/¢; MTU=1500 Bytes. Individual input flows are regulatedwith
identicallealky-bucket regulatorsto rateac/I andburstinesss MTU; there
arel = 100 input flows. In the braclets we give valuesof 7. A 7 asa
fractionof 7.

usingtheunionboundon

U {40) - A(sk1) > b+ B(si)}).

ke{o,....,K—1}

I(

Onereasonto considerthe mary sourcedimit is to shav that
by usingtheunionboundwe have asymptoticallyatight bound.
Anotherreasoris to gaininsighthow theboundshehae, in par
ticular, whatis themostlik ely way the backlogbuild up.
From[9] anda simplemajorizationby using(A3) we have

P(Q(0) > b) < Yoiy P(A(0) — A(—skt1) > b+ B(si))
< TR P(A0) — A(=sk) > b+ B(sk) — alsk41 — 51))
< T P(A) — A(=sk) > b+ B(sk) — (), "

forary K € N, andany 0 = 59 < 81 < --- < sg = 7, where
d = maxgeqo,1,..., K—1}{8k+1 — Sk}

Let e 9(s¥) be upperboundon the k-th summationterm in
the lastinequality of (11); g is somepositive-valuedfunction
(see[9] for a catalogof functionsg). Supposed = s9 <
s1 < < sg = 7 is suchthat there exists a unique
k* € {0,1,..., K—1}ande > 0 suchthatg(sy~)+1Ie < g(sg),
forallk € {0,1,..., K — 1} \ k*.

For the mary sourcesscaling,the known functionsg [9] sat-
isfy g(-) ~ O(I). Thus

P(Q(0) > b) <e™?CI[1 4+ 0(e™ )],

asI — oo, wheres* € [0, 7] suchthatg(s*) = inf,cpo,) g(s).
Note that (12) doesnot requires* to be uniqueon [0, 7]; how-
ever, the partition0 = so < 51 < --- < sg = 7 heedsto

(12)

ensurea uniqueminimum of {g(so),9(s1),.-.,9(sx—1)}. If
s* is uniqueon [0, 7], thenit may be interpretedas the typi-
cal time-scaleto overflow a givenlevel of the buffer. Thisis a
known concept;seee.g.[20], [8].

Notethat(12) holdsfor any K € N. We cantake a uniform
partition of [0, 7] suchthatd = 7/K, andthenlet K — oc.
This allows usto replacea(d) in (13) with lims,o a(d). Fora
right-handcontinuousa: at 0, we replacea(d) with (0); if in
additiona(0) = 0, the term «(d) in (13) vanishes. In prac-
tice, therealwaysexists a peakrate constraintandthusindeed
lims)0 a(d) = 0. In the further expressionsve carry on a(9),
but we keepin mind the obsenationmadehere.

Next we consider(5) andidentify thefunctiong as

20(b+B(s) = ps — (@)
(i ()2l A4 v(@i; Ap,)?]
In particulay for a nodethat offers the rate-lateng service

curve S(t) = c(t — e)™, fed with leaky-bucketregulatedinputs,
we canshaw thats* is uniqueandis equalto:

g9(s) = (13)

«_ | (wAT-AT)VeE, b<Db*
5= { T, b> b (14)
Where
b—ce—a(6) I I
u = Ci:( ) > im1 PiTi = 2 im OF
pa— b—ce—a(d) ~~1 )
Zi:1 Pi0; — cce_;!( ) Zi:1 pz?
I I I
T, = 2 i=1 PiTi 1+ 3Zi:1 P} ie1 0} _
I I . )
21:1 Pz? (Ei:l pi0;)?
and s
b* = (c— p)zz'%piji + ce + a(9).
> i1 P

Note that 7, is a value of s in (13) at which the two terms
actingin the minimum operatorareequal. Also, notethatb* is
a cut-off buffer level atwhich thetypical time-scaleto overflow
turnsfrom onevalueto another

In Fig. 1 we shav somenumericalvaluesof s* versusthe
buffer level b. For the utilization « largerthan0.5, we obsene
thats* isequalto e for b < b* andotherwiseto 7. A7 forb > b*.
For the utilization o smallerthan0.5, s* is equalto e for all the
valuesof interestof thebuffer level b. At this point,we compare
with thetypicaltime-scaldo overflow of theboundg3) and(4).
It canbe shawn thatfor (3), s* = e for b < b*, andelses* = 7.
For (4), s* = e. It is notavorthy thatfor (3) with buffer levels
largerthand*, s* = 7, which may be quite large, in particular
for high utilization. This explainssomenumericalresultsgiven
laterin SectionV. Ourimprovedbound(5) remedieghe latter
effect by having thetypical time-scaleto overflow s* = 7. A 7,
for b > b*. In Fig. 1 we shaw 7. A T asafractionof 7.

In the sequelwe consideBahadurRao[21] improvementof
themary sourcedimit (12)

e—9(7)

P(Q(0) > b) ~ —

; (15)
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where

200+ 5(s%) = ps* = al0))*
Zle @i(s*)?

In [20], Likhanov and Mazumdarshow that for indepen-
dentidentically distributedinput flows (15) is an exactasymp-
totics up to a multiplicative constantl + O(1/I). Their re-
sult is under two assumptions: (1) s* is unique, and (2)
liminf; ,. g(¢t)/Int > 0. It canbe showvn thatin our case
(1) holds,and(2) is not neededjiventhatwe have afinite sum-
mationin (11). On the otherhand,for heterogeneouslyegu-
latedinputs,onemayusethe centrallimit approximatiorasdis-
cussedn [22] (Section5.4). Noticethe pre-factorin (15) scales
as1/+/I, whichwasalreadyobsenredelsavhere,e.g. by Mont-
gomeryanddeVeciang23]. We comebackto theBahadurRao
improvementin SectionV with somenumericalcomputations.

9(s™) =

IV. APPLICATION TO EF
A. DelayfromBadklog for a PSRGNode

In generalfor anarbitrarynode,onecannotdirectly deduce
a boundon the complementandistribution of the delay from
the complementandistribution of the backlog. However, this
is possiblefor a PSRGnode. It is shavn that the delay from
backlogboundholds for PSRGFIFO nodes[3], and also for
non-FIFOPSRGIn [24].

Propositionl: (Boundon Delay)For a PSRGnodewith rate
¢ andlateng e, it holds

P(d(0) > u) <P4(Q(0) > c(u—e)), foru>e,  (16)

whered(0) is adelayincurredby anarbitrarypacletthatarrives
attime 0.

Proof: By Theoreml in [3] andTheoremlll.1 in [24], the
delayfor a pacletarriving attime ¢ is boundedby Q(%)/c + e;
simply usethis majorizationto obtain(16). |

Notice, combining (16) with Corollary 1, and ary upper
bound on the steady-stateeomplementarydistribution of the
backlog,we obtainan upperboundon the complementangis-
tribution of the delay

B. Majorizationby the FreshTraffic

Our boundsin [9] and (5), and typically the boundsfound
elsavhere,arebasedon the assumptionthatthe input flows are
mutually independent.Thus, we cannotapply the boundsdi-
rectly, becausd is notrealisticto supposéheinputflowsto ary
nodein thenetwork aremutuallyindependentheflows mayget
correlatechsthey sharecommonupstreannodes However, it is
reasonabléo supposatthenetwork ingressheflows aremutu-
ally independent(A2) in Sectionl. We supposehe delayjitter
incurredat the upstreannodesto a given nodeis boundedby
A. Sucha boundindeedexists with finite buffer sizes;usethe
delayfrom backlogboundof a PSRGnode[3], [24] to obtain
A = (h — 1) max{B,/c, + e, }, whereh is themaximumhop
count, B,, is the buffer size, c¢,, the servicerate,ande,, the la-
teng of thenoden. Then,we majorizeincrementf theinput

flowsto agivennodeby the freshtraffic atthe network ingress
Ai(t) — Ai(s) < AY(H) — AY(s — A).

Sucha majorizationwas suggestedy Chang,Chiu, and Song
[8]. In particular for our boundsin (5) and(6) this amountgo
replacesy.1 with sg1 + A.

We note that one can easily generalizeour boundsto non-
independeninput flows by usingHaélder’'s inequalityin our ap-
plication of Chernof-Hoeffding’sinequalities. Then, it canbe
shawvn thatall our boundson the backlogremainthe same but
with theexponentdividedby I; this would precludethe statisti-
cal multiplexing gain.

C. DelayThrougha Sequencef Nodes

Let d,, be the delay of an arbitrary paclket througha node
n. Supposehe paclettraversesh nodes.Then,the end-to-end
delayincurredby a pacletis

d=dy +dz+---+dp. 17)
In SectionlV-A we shav how to obtain pernodeprobabilistic
boundonthedelayi.e. P(d,, > u) < F,(u). Herewe consider
how to obtainP(d > u) < G(u), whereG(u) is anupperbound
on the complementarylistribution of the end-to-endielay

Oneapproactgivesus

(18)

This is readily shovn by notingd < hmax{ds,...,ds}, and
then

P(d>u) <P(max{di,...,ds} > 2)
<PUpeqr,..pyldn > &)
< S Pldn > %) <0y Fu(Y).

Note (18) is obtainedby summingup A times the maximum
delay along the path, as suchit may be a consenrative bound
on the end-to-enddelay Notice, also, (18) is sup-linearin the
numberof hopsh.

Onemay saymoreon the end-to-enddelay by assumingn-
dependencef the delaysincurredat differenthops;this would
be an approximation. We defera more elaboratestudy of the
end-to-enddelayfor futurework.

V. NUMERICAL RESULTS

In this sectionwe give a numericalcomparisorof the back-
log bounds. We do not shov numericalresultsfor our bound
onthebacklogasseenby pacletarrivals(Theorem3) andlong-
run lossratio (Theorem4). The latter two boundsarein fact
expressedn termsof the boundon the complementanydistri-
bution of the steady-statdacklog. We considersomeaspects
of our analyticalresultsthroughnumericalcomputationsyve do
notcomparewith simulationsresults.

We first numericallycomparethe bounds(a), (b), and(c) in
(6) andthe boundsin (3) and(4). We referto the boundsin (6)
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HOMOGENEOUSLY REGULATED INPUT FLOWS
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Fig. 2. BacklogboundsHET(a), HET(b), HET(c), (3) and(4). Theinputag-
gregateconsistsof two traffic classesglass-lindividual flows are(p1,01)
leaky-bucket regulated(resp. class-2with (p2,02)). Two uppergraphsare
for homogeneousasep /p2 = 1 andoy /o2 = 1. Two lower graphsare
for heterogeneousasepip2 = 1/4, 01 = 2 MTU, andoy = 8 MTU.
Thenodeofferstherate-lateng servicecurve with ratec = 150 Mbpsand
lateny e =MTU /¢; MTU=1500Bytes,.

10 10°
— Hom — HOM
., HET1 ~, HET1
10 - HET(@@) | 10 - HET(a)
=107 510°
R R
g [
[ S
T 10 T 10
10° 10°
a=0.1 a=0.2
107 107
0 02 0.4 06 08 1 0 02 04 06 08 1
bivla RY bivla B)
10° 10°
— HOM — HOM
~ HETL ., HETL
10 —— HET(a) 10 —— HET(a)
=107 10"
R R
S S
[ S0
& 10 T 10
10* 10°
0=0.3 a=0.4
10" 107
0 0.2 0.4 06 08 1 0 02 0.4 06 08 1
biv(a.8) biv(a.B)
10° 10°
— HOM — HOM
~ HETL . HET1
10 —— HET(a) 10 == HET(a)
=107 10"
R R
S S
[ S0
& 10 T 10
10* 10°
0=0.6 a=0.7
10" 107
0 0.2 0.4 06 08 1 0 02 0.4 06 08 1
biv(a.8) biv(a.B)
10° 10°
— HOM
, HET1 ,
10 - HET(@) | 10
— HOM
HET1
510" 310" - HET(a)
R R
S S
S <
& 10 T 10
o o
10 10
=0.8
“ a=0.9
10" 107
0 0.2 0.4 06 08 1 0 02 0.4 06 08 1

biv(a.BY biv(a.B)

Fig. 3. A comparisorof backlogboundsHET(a)(-x- line), (3) (solidlight line),
andHOM (Theorem3 in [6]) (solid bold line). All individual flows have
identicalleaky-bucket regulators;homogeneousase.

respectiely asHET(a), HET(b), andHET(c). We supposéwo
traffic classegachconsistingof 50 flows; thusI = 100. Class-
1flowsare(p1, o1) leaky-bucketregulated;respectiely, class-2
flows are (p2, 02) leaky-bucket regulated. The nodeoffers the
rate-lateng servicecurve with ratec = 150 Mbps andlateng
e =MTU/c; MTU is setto 1500Bytes. Theresultsaregivenfor
the nodeutilizationsa = 0.2 and0.8, which arerepresentatie
of light andheary loadednode,respectiely. The boundsare
computedasthe infimum over uniform partitionof [0, 7] (s =
kr/K,fork=0,...,K).

In Fig. 2 (two uppergraphs)we shov thebacklogboundsor
the homogeneousase;p; = p2 = ac/I ando; = 02 = 5
MTU (p andg non-correlated).In Fig. 2 (two lower graphs)
we shaw the backlogboundsfor the heterogeneousase;p; =
0.4ac/I, ps = 1.6ac/I, o1 = 2 MTU, o2 = 8 MTU (p anda
positively correlated) We make the following obsenations:

o in mary cases(3) is betterthan (4); exceptionis a heary
loadednode;

« HET(a)is very closeto (3) for light utilization;

« for heavy utilization, HET(a) remedieshe deviation of (3);
thisis expectedfrom our discussiorin Sectionlll-D;

« in all thecasesHET(a)andHET (b) almostcoincide;
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o HET(c)is closeto HET(a)for light utilization; asthe utiliza-
tion increasesHET(c) graduallymoves from (3) to (4); thus
HET(c) may have somemerit for a lightly loadednode(recall
that HET(c) is parsimoniouswith respectto the aggrejatepa-
rametersieeded);

« thedeviationof (4) for heavy utilizationis indeedstrongeifor
positively correlatedp anda andlargerzle o2,

« for light and moderateutilization, (3), HET(a), and HET(b)
areinsensiti’e to the node utilization (i.e. p); this canbe ex-
plainedby consideringhemary sourcedimit —for light to mod-
erateutilization thetypical time-scaleto overflow s* is equalto
e, thusvery small, soall the termsthatactin the boundmulti-
plied with s* do not have a significantimpact(including p); a

dominanteffecthave the burstinesparameters,e. Y°1_, o?.

Our next objective is to comparethe backlogbound(3) and
thebacklogboundin Theorem3 [9]; thelatterboundis derived
underassumptiorthat input flows are regulatedwith identical
regulators;we call this boundHOM. We know thelatter bound
is tighter than (3) [9]. We demonstratavhen discrepang be-
tweenthe two boundsis particularly emphasizedye give nu-
merical resultsfor the homogeneousase,i.e. identically reg-
ulatedinput flows. In Fig. 3 we show the backlogbound(3),
HET(a),andHOM versusnormalizedouffer level. Ourfirst ob-
senationis that,for light utilization, (3) andHET (a)areconser
vative with respecto HOM. However, for heavier load, discrep-
ang/ betweerHET (a) andHOM becomedesspronouncedthe
boundsgetfairly closeto eachother, andeven,for heary load,
HET(a)outperformdHOM. It is alsonotevorthythat,unlike (3),
HOM is notinsensitie with respecto p underlight to moderate
utilization. B

By numericalresultsin Fig. 4 we compareour exact bound
HET(a)with its mary sourcedimit, andBahadurRaoimprove-
ment. The resultsare given for the homogeneougasewith
pi = ac/I, o; = 5 MTU, I = 100. As earlie; ¢ = 150 Mbps,
e =MTU /¢, andMTU=1500Bytes.Oneobsenationis thatthe
BahadurRaoimprovementis not dramatic;it is aboutan order
of magnitudeuniformly over the buffer size.

Last but not least, we compareour backlog boundswith
boundof BetterthanPoisson[7] (discussedn Sectionll); see
Fig. 5. We fix theaggreyatearrival curveto a(t) = pt + o with
p = ac ando = 500 MTU; MTU=1500 Bytes. We show the
resultsfor threedifferentutilizationsa = 0.2, 0.5, 0.8. Number
of theinputflowsis I = 100 and500. We considera nodewith
¢ = 150 Mbpsande = 0. Noticethatfor I = 500, 0; = 1
MTU, which in fact givesthe burstinessconstraintfor a con-
stantbit rateinput flow. Obsene alsothatby settingthe lateng
of thenodee = 0, the backlogboundof Betterthan Poisson
correspondso thatof M/D/1 queue;we usethe asymptoticex-
pansionfor M/D/1 [7] in our numericalcomputations.

As pointedout in Section5, our boundsadmitthe economy
of scale.Thusaswe scalethe buffer sizeandthe servicerateas
O(I), the backlogbounddecaysexponentiallywith 7. Onthe
otherhand,the backlogboundof BetterthanPoissoris invari-
antto the numberof input flows; it dependssolely on the load
of theaggreateinput p. Theresultsin Fig. 5 confirmthe econ-
omy of scaleeffect. We obsene thatfor I = 500, the backlog
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107+
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Fig. 4. BacklogboundsHET(a) (solid line), its mary sourcedimit (thin solid
line), andBahaduRaoimprovement(dashedine); the homogeneousase
with p; = ac/I, 0; = 5 MTU, I = 100, ¢ = 150 Mbps,e =MTU /¢,
MTU=1500Bytes.

boundHOM (identically regulatedinput flows), is very close
to the backlogboundof Betterthan Poisson. Thusrelying on

the economyof scaleeffect, we expectour boundsto favorably
competewith Betterthan Poissonin termsof tightnessasthe
numberof input flows increaseghigh multiplexing). Obsene

thatfor I = 100 (moderatemultiplexing of bursty flows) our

boundsare morepessimistichanBetterthanPoisson.It hasto

be notedthat Better than Poissondoesnot apply in this case;
we considerbursty individual flows, while BetterthanPoisson
assumeson burstyflows.

VI. CONCLUSION

We proposea framework to derive probabilisticguarantees
for networkswith individually regulatedinput flows andaggre-
gatescheduling,in particular ExpeditedForwarding DiffServ
networks. Our approachs basedn assumptiorthata nodecan
beabstracte@dsaservicecurve node;thisis verifiedfor the defi-
nition of EF PHB, namely PSRG[1], [2]. A remarkabldeature
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Fig. 5. A comparisonwith Betterthan Poisson The graphsshav backlog
boundsfor g(t) = ¢t nodewith utilization @« = 0.2 (uppergraph)and
0.8 (lower graph);HET(a)is shavn assolid line, HOM asdashedine, and
BetterthanPoisson(M/D/1) [7] asdottedline.

of our approachis thatthe boundswe obtainareexact,they are
valid for ary settingof the parametersandin particularfor any
numberof theinput flows.
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APPENDIX

|. PROOF OF THEOREM 1
FromLemmaz2 [9], it holds

T

PQ(t) > b) < ) P(A(t) — A(t—sk41) > b+B(sk)), (19)

0

~
Il
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forany K e Nandary0 =59 < s; <---<sg = T.

Next, by Hoeffding's inequality for non-uniformly bounded

randomvariables) < A;(t) — A;(s) < ay(t —s),forary s <t

(A3), weobtainP(A(t) — A(t — sg+1) > b+ B(sk)) <
o [ 2@+ Blsk) = pse) 20
<exp < 21{21 ai($k+1)2 ) ) ( )

wherein the nominatorof the exponentwe use(A4).

On the other hand, in [14] [9] we showv P(A(t) — A(t —
8k+1) >b+ ﬂ(sk)) <
<o <_[<b+ﬂ<sk) psk+l)+]2> R
2 Y1y vlai, Ap,)?

Finally, indeed,the minimum of (20) and (21) is an upper
boundon P(A(t) — A(t — sk+1) > b+ B(sk)). Using this
minimumin (19) completeghe proof.

Il. PROOF OF THEOREM 2

The first inequality in (6) is a corollary of Theorem1 for
leaky-bucketregulatednputs. Thesecondnequalityis obtained
by upperboundingthe first termin the minimum operationin
(6) (a) asfollows

Y 1(Pz8k+1 +03)* = ,
= Ez 1 pz 5k+1 +2 21—1 PiCiSkt+1 + Zz—l 12

<Ez lpzsk+1+2\/zz lpz\/zz 1 15k+1+zz 1 z
= (\/ Zi:l P7sk+1 + \V Ei:l a7)?,

wheretheinequationis by Cauchy-Schwrtz'sinequality
Thelastinequalityin (6) is by atrivial bounde:1 pi < p2.
This completeghe proof of thetheorem.

Let A* = A® 8. A® jis calledthemin-pluscorvolution of
A andg, definedoy (A ® 6)(t) = inf,cjo,q{A(t —u) + B(u)}.
By [8], [9], the infimum is obtainedfor u € [0, 7], thusthe
majorizingproces) () definedn Equation(2) satisfieQ(t) =
A(t) — A*(t).

We now stateandprove a preparatorjemma,andthencon-
tinuewith the proof of thetheorem.

Lemmal: We have

PROOF OF THEOREM 3

A*(t+u) — A*(t) < up.
Proof: Definey(u) = uf1{u > 0}. It follows from the
definitionof S that,forall 0 < s < ¢:

Bt —s) +(s) 2 B(2),

thus
BRy>p.
It followsthat

A*=ARB<ARBRY) =(AB) @y=A"®".

Comingbackto thedefinitionof ® we find that
A*(t +u) < A*(t) + up.

|
For awide-senséncreasingmeasurabléunction suchthat

'=q

t
P(Q0) ~9(QO) = [ F(QENQ). @)
whereQ(ds) = A(ds) — A*(ds).
It follows from thelemmathat
/¢ ))A*(ds) <ﬂ/¢ ds. (23)

Combining(22) with (23) we obtain

~ ~ t ~ ~ t ~
PQ) = #(QO) < [ w(@NAWs) -6 | $(@)ds
0 0
Take the expectationat both sidesto obtain

0 < ptEal¢'(Q(0))] - ALElY' (Q(0))],

wherethe Palm expectationis by Campbells formula[17]. Re-
placingy’ with ) we prove (7).

IV. PROOF OF THEOREM 4

By theservicecurve property for all ¢, thereexistss < ¢ such
that A*(t) > A'(s) + B(t — s), whereA'(s) = A(s) — L(s).
Note L(t) — L(t — 1) = (L(t) — L(t — 1))1g(s)=B- Fors = t,
A'(s) + B(t —s) > A'(t), andthusQ(t) = 0. Sincewe are
interestedn the events{Q(¢t) = B}, we areallowed to only
considers < t. Then,for s < ¢,

L(t) - L(t—1) =
= A{t) — A*(t) - Q

hus

v(a,3)—B B
/ P(O(t) > u + B)du,
0

wherethe upperboundaryin theintegralis dueto 0 < Q(t) <
v(a, B), for all t.

The boundon the long-runlossratio (9) is immediatelyob-
tainedby observing = E[L(t) — L(t — 1)]/E[A(t) — A(t —1)],
andby definition p = E[A(¢) — A(t — 1)]. This completeghe
proof of thetheorem.



