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StochasticAnalysisof SomeExpeditedForwarding
Networks

Milan Vojnović andJean-YvesLe Boudec

Abstract— We consider stochasticguaranteesfor networks with aggre-
gatescheduling,in particular, Expedited Forwarding (EF). Our approach
is basedon the assumptionthat a nodecanbeabstractedby a servicecurve,
and the input flows are regulatedindividually at the network ingress.Both
of theseassumptionsare inline with EF [1], [2]. For a service curve node,
we derive bounds on the complementary distributions of the steady-state
backlog and backlog as seenby packet arri vals. We also give a bound on
the long-run lossratio for a service curve nodewhere the buffer sizeis too
small to guaranteeloss-freeoperation. For a Packet ScaleRate Guarantee
node[3], [1], weusethe delay fr om backlogbound to obtain a probabilistic
bound on the delay. Our analysisis exactunder the givenassumptions.Our
resultsshould help us to understand the performanceof networks with ag-
gregatescheduling,and provide the basisfor dimensioningsuchnetworks.

Keywords— Expedited Forwarding, Differentiated Services, Aggregate
Scheduling,Statistical Multiplexing, StochasticQoS,ServiceCurve,Packet
ScaleRate Guarantee,Queueing,LossRatio, Network Calculus

I . INTRODUCTION�
XPEDITEDFORWARDING (EF) is a per-hop behavior
(PHB) of DifferentiatedServices(Dif fServ) [1], [2]. With

EF, individual flows (called “micro-flows”, or “inputs” in this
paper)areshapedseparatelyat network access;from thereon,
they areservedin anaggregatemanner. Our objective is to de-
riveprobabilisticguaranteesfor EF networks.

Thedefinitionof EF PHB [1], [2] givesanabstractmodelof
a nodecalledasPacket ScaleRateGuarantee(PSRG)[1], [3].
A nodeis saidto offer a PSRGwith a rate � anda latency � to
EF aggregateif thedeparture��� of the � -th packet, in theorder
of arrivals,satisfies � ���
	��
� �
where 	 � is givenrecursively as 	������ and	������������������ ��!#"$� � ��%'&��(	)��%$&�*+�-, �� *.� �0/21 �
for the � -th packetarrival at time � � of length , � bits.

Theintentionof PSRGis to givea formally correctdefinition
of the intuitive conceptthat the rateof the nodeguaranteedto
the EF aggregateis at least � , with a tolerance� (the tolerance
dependson the specificdetailsof the node). A specialcaseof
PSRGis aschedulerthatgivesstaticnon-preemptivepriority to
EF traffic overnon-EFtraffic; heretherateis theserverrateand
thelatency is servicetimeof amaximum-lengthnon-EFpacket.
In general,though,it cannotbeassumedthatanInternetrouter
is a simplescheduler;in contrast,PSRGis intendedto model
complex nodes,suchas Internetrouters,that consistof many
components;viewed asblack-boxes,suchnodesaregenerally
not work conserving.
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In this paperwe usetwo propertiesof PSRG.First, PSRG
with rate � andlatency � impliestheservicecurve 35476 8 �:9 �)476<;��8=;?>A@CBEDGFIH where >A@CBED is themaximumsizeof anEF packet
(this is calleda rate-latency servicecurve; we usethe notationJ HLK �
�����'9 J �(� F ). Formally:
(A1) We supposeanodeoffersto theaggregateof all EF traffic
a servicecurve 3 , i.e. for all 6 thereexists M � 6 suchthatNPO 4Q6 8+/ N 4RM�8 � 35476=;SM�8 � (1)

where
N O 4Q6 8 is theoutputdatafrom thenodeon 9 �T� 6UF and

N 476 8
is the datawhich is acceptedfor service(i.e. not lost) at the
inputof thenodeduring 9 �V� 6UF [4], [5], [6].

Second,in SectionIV, we useanotherpropertyof PSRG,
namely, the fact that delaycan be boundedfrom backlog. In
addition,wedo thefollowing assumptions.
(A2) WesupposeEFtraffic inputs(micro-flows)at thenetwork
ingresspointsaremutuallyindependent.
This assumptionis alsomadein otherwork [7]. Note that we
makenoindependenceassumptionfor flowsinsidethenetwork.
(A3) We supposeeachEF input (micro-flow) at the network
ingresspoint is regulated,thatis to say, for a giveninput W there
existsawide-senseincreasingfunction XZY suchthatN � Y 476 8=; N � Y 4RM�8 � X Y 476=;?M�8 �\[7]�^Z�_".` M � 6 �
where

N � Y 476 8 is the dataobserved on 9 �V� 6UF of the input W at the
network ingresspoint.

In general,we derive our resultsfor arbitraryarrival curves,
and, in particular, we study leaky-bucket regulated inputs;XZYE4Q6 8 �ba YQ6 �
c Y . Whenwe considerindividual EF flows with
identical arrival curve constraints,we say the input flows are
homogeneouslyregulated(resp. heterogeneouslyregulatedfor
non-identicalarrival curveconstraints).
(A4) We supposed 9 N � Y 4Q6 8'; N � Y 4eM�8fF �La Y(476$;gM�8 , for any M � 6 ,
where a�Yh�jik!#�lQmon X Y 476 86qp

Indeed,the assumption(A4) is implied for the input flows
with stationaryand ergodic increments[8], [9], but not vice
versa. Thus,(A4) is a weaker assumption.Note thatwe allow
for the input flows with non-stationaryincrementsas long as
(A4) is verified. However, for someof our resultswe needsta-
tionaryergodicincrementsof theinputsto ensurecertainlimits
exist; weexplicitly indicatewhensuchanassumptionis needed.

Our resultsareobtainedby combiningsomequeueingresults
basedonstochasticcomparisons(see[9] andreferencestherein)
with someconceptsof network calculus(see[10] andreferences
therein).
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We now explain the organizationof the paperandhighlight
our mainfindings. We discussthestateof theart in SectionII.
In SectionIII we give theoreticalfoundationsof our work; the
resultsgivenin this sectionareof generalinterestfor statistical
multiplexing of regulatedinputs to a multiplexer that offers a
servicecurveto theaggregateinput. Ourprior work [9] givesus
acatalogof probabilisticboundsonthebacklogof thelattersys-
tem. In SectionIII-A we go a stepfurtherandgive a boundon
the backlogthat accommodatesheterogeneouslyregulatedin-
puts(Theorem1), andwhichperformsbetterthantheboundsof
Theorems4 and5 in [9]. Moreover, in Theorem2, for a special
caseof leaky-bucket regulatedinputs,we give threeboundson
the complementarydistribution of the backlog. A remarkable
featureof the threeboundsis that they are functionsof some
aggregateparametersof theleaky-bucketregulators.

In order to derive a probabilistic bound on the delay of a
packet througha nodewe needan upperboundon the com-
plementarydistribution of thebacklogasseenat packet arrival
epochs.In SectionIII-B wefind aninequalitybetweenthecom-
plementarydistributionof thebacklogseenatarrival epochsand
the steady-statecomplementarydistribution of the backlog(as
seenata randomlychosenpoint). In fact,weproveamoregen-
eral result in Theorem3, and thenspecializethe result to the
complementarydistribution in Corollary1.

Whenevaluatingtheperformanceof statisticalmultiplexing,
acommonperformancemetricconsideredis theprobabilitythat
thebacklogexceedsagivenlevel. However, aperformancemet-
ric of practicalrelevanceis thelossratio,andin particular, long-
run lossratio (fractionof thedatalostovera longtime interval).
In Theorem4 (SectionIII-C) we give anexactupperboundon
long-runlossrateandlossratio for a servicecurve node. The
boundis in termsof thecomplementarydistributionof theback-
log, a deterministicboundon the lossratio [11], [10], andthe
aggregatearrival curve. Westudythemany sourceslimit in Sec-
tion III-D; we identify themany sourceslimit andBahadur-Rao
improvementof thebacklogboundin Theorem1; we alsodis-
cusstypical time-scaleto overflow with leaky-bucket regulated
inputs.

In SectionIV we apply our findings to EF. We show how
to obtaina probabilisticdelaybound,basedon the delayfrom
backlogboundof PSRGnodes(Proposition1). Thenweapplya
majorizationby freshtraffic in orderto find boundsat any node
insidea network. Finally, we briefly addresscomputationof an
upperboundon the complementarydistribution of the end-to-
enddelaythrougha sequenceof nodes.

SectionV showssomenumericalcomputations.Weconclude
thepaperin SectionVI. Proofsof thetheoremsaredeferredto
Appendix.

I I . RELATED WORK

Oneapproachto studyEF is to derive deterministicbounds;
this is pursuedby Charny andLe Boudecin [12] andBennett,
Benson,Charny, Courtney, andLe Boudecin [3]. A worst-case
boundon delayjitter for leaky-bucket regulatedEF input flows
[12] is sup-linearin themaximumhopcount,andit explodesat
certainutilization that may be ratherlow. Thus,the determin-

istic approachgivesus hardQoSguaranteesthat may be quite
pessimisticestimateof the performance.This leadsus to seek
for probabilisticguarantees.

An alternative probabilisticapproachis proposedby Bonald,
Proutìere,andRoberts[7]. Their approachrelieson two main
assumptions.First, EF traffic at the network ingressis Better
thanPoissonmeaningthat the virtual waiting time distribution
for EFinput traffic to asinglenodeis stochasticallysmallerthan
if theinput is replacedwith a Poissonprocesswith thesamein-
tensityas the original input. Second,it usesa conjecturethat
delayjitter remainsnegligible,whichwouldensure,if EFtraffic
is BetterthanPoissonatthenetwork ingress,it remainssoasthe
EFtraffic passesthroughasequenceof nodesin thenetwork. A
remarkablepropertyof Better thanPoissonapproachis that it
is parsimoniousin theparametersneededto characterizethein-
put traffic; it requiresonly the intensityof the aggregateinput.
However, it is necessaryto shapeindividual flows in someway
to ensurethey areBetter thanPoissonat the network ingress.
It must also be notedthat [7] only presentsplausibility argu-
mentsfor thenegligible jitter conjecturewhich hasnotyetbeen
proved.Ourapproachdoesnotmakesuchassumptions,andour
analysisis exactunderthegivensetof assumptions.In addition,
[7] assumesthat a nodeoffers a staticnon-preemptive priority
for EF traffic over non-EFtraffic. Our resultsare valid for a
nodethatoffersaservicecurve,andthusapplyto aPSRGnode
asdiscussedearlier.

In ourprior work [9] wederiveprobabilisticupperboundson
the backlogfor a nodethatoffersa servicecurve to the aggre-
gateof independentindividually regulatedflows. The catalog
of boundsgiven thereconsistsof two setsof the bounds.The
first setof boundsis deriveduponthevirtual segregationof the
backlogto individual input flows, andthenobservingthatsuch
virtual backlogsarewith boundedsupportwe appliedHoeffd-
ing’sinequalities[13] to obtainclosed-formboundsfor bothho-
mogeneouslyandheterogeneouslyregulatedinputs.It turnsout
that theboundfor homogeneouslyregulatedinputsgeneralizes
a resultby KesidisandKonstantopoulos[14], [15], which is for
a work-conservingconstantservicerateserver. Thesecondset
of boundsis deriveduponanapproachoriginally dueto Chang,
Song,andChiu [8] for a work-conservingconstantservicerate
server. Ourextensionis to asuper-additiveservicecurve. More-
over, wederiveboundsthatholdexactly in continuoustimeand
improveupontheboundin [8]. In thepresentpaper, we usethe
secondsetof boundssincetheboundsof thesecondsetexhibit
superiortightnessthanthe boundsof the first set[9], [8]. Un-
like therelatedwork [14], [8], [9] givesclosed-formboundsfor
heterogeneouslyregulatedinputs.

I I I . THEORETICAL FOUNDATIONS

We introducesomefurthernotation.For the input aggregateN 4Q6 8 , consistingof r flows,wewrite
N 4Q6 8 �ts2uY#vh& N Y(476 8 . Also,

the aggregatearrival curve is denotedas X+476 8 �wsxuY#vh& XZY(476 8 ,
andthe upperboundon the aggregatesustainablerateas ay�
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Notice

�3 is maximumslopeof 3 ; for arate-latency servicecurve354Q6 8 � �_476Z;0��8�H ,
�3 � � .

For two functions 	���� , define ��4 	�� � 8 ���E�T� ��� � ��	 4 � 8�;� 4 � 8 * . For example,��4RX � 3h8 is therequiredbuffer sizeto ensure
loss-freeoperation.WeusetheoperatorsJ=�+� ������� 4 J � � 8 andJ���� �x��!k" 4 J � � 8 .

Let ��4Q6 8 bethebacklogattime 6 of anodethatoffersaservice
curve 3 . For a super-additive 3 , we know ��476 8 �����476 8 , for any6 (Lemma1 [9]), where���4Q6 8 � �E�T�l %��)�$�(� l � N 476 8=; N 4eM�8=;�3�476=;�M�8 * p (2)

and � �
!#"|[G�G� / �<� X�4 � 8 � 354 � 8 * .
We saythat 3 is super-additive if 35476 � M�8�/�354Q6 8 � 354RM�8 ,

for all 6 � M�/ � . Many servicecurvesaresuper-additive,but not
all. A sufficient conditionis that 3 is convex; in particular, the
rate-latency servicecurve is super-additive, thusthis additional
assumptionis not restrictive for our applicationto EF.

Note that � is the intersectionof the aggregatearrival curveX and the servicecurve 3 . Intuitively, think of � asan upper
boundonthebusyperiod.This is formally correctif 3 is astrict
servicecurve 3 (theservicecurve 3 is strict if in additionto (1)
thebacklog ��4eM�8 ��� , for M givenin (1)).

We recall two boundsfrom [9] that arefor heterogeneously
regulatedflows. First, theboundof Theorem4 [9]  4R��4Q6 8�¡L¢£8 �
¤ %$&¥¦ v �¨§ �|�g© ;�ª 9 4R¢ � 354RM ¦ 8=; a M ¦ H & 8 H=F¬«s�uYkvZ& XZYE4eM ¦ H &­8 « ® �

(3)
for any ¯w°�± , andany �o� M �
� M�& �³²­²G²T� M ¤ � � . Second,
theboundof Theorem5 [9]  4e��476 8�¡x¢£8 �´¤ %'&¥¦ v �¨§ �|��© ; 9 4R¢ � 354RM ¦ 8C; a M ¦ H & 8 H=FI«ª s uYkvZ& ��4RXhY � zV{¶µ 8 « ® � (4)

for any ¯w°·± , andany �
� M � � M &��2²G²­²T� M ¤ � � .
In the next sectionwe give a backlogboundthat improves

uponboth(3) and(4).

A. An ImprovedBacklog Bound

Theorem1: (A Boundon Backlog) Considera nodethat of-
fers a super-additive servicecurve 3 . Then, under(A1)-(A4)
and a�¸ �3 , for any 6 ,  4R��476 8�¡L¢£8 �� s ¤ %$&¦ v � § ����¹ ; «£º »#¼eH�½T» ��¾~¿U%�{¶� ¾ À�Á�¿ À|ÂÄÃº ÅÇÆµkÈ Á.É µ » ��¾ À�Á�¿ Ã ÂËÊ º ÌTÅ�Æµ#È Á�Í » É µ � Î�Ï µ ¿ Ã ÂUÐ � (5)

for any ¯w°·± , andany �
� M � � M &��2²G²­²T� M ¤ � � .
Proof: AppendixI.

Note that (5) andotherboundsin [9] satisfytheeconomyof
scale, a notion originally introducedby Botvich and Duffield

[16]. It meansthat if we scale¢ and 3 as Ñ�4Qr�8 , thentheproba-
bility to overflow decaysexponentiallywith r . Wealsonotethat
with fixedaggregatearrival curve,theboundin (5) is tightestfor
all the inputshaving identicalarrival curves X Y 476 8 � É » l ¿u . We
call this theeconomyof equality; it tells usthat thebestperfor-
manceis achievedfor all theinputflowshaving thesamearrival
curves.

Next we give threeboundson theprobability to overflow for
leaky-bucket regulatedinputs.Theboundsrequiresomeaggre-
gateknowledge aboutthe leaky-buckets. As such,they merit
is whenknowledgeaboutindividual leaky-bucketparametersis
notavailable,but someknowledgeabouttheaggregateis given;
for instance,anupperboundon theaggregateloador aggregate
burstinessparameters.This is inline with DiffServphilosophy.

Theorem2: (ThreeBacklog Boundsfor Leaky-Bucket Regu-
lated Inputs) Considera nodethat offers a super-additive ser-
vice curve 3 , fed with leaky-bucket regulatedinputs; XZYE4Q6 8 �a YQ6 ��c Y . Then,under(A1)-(A4) and a�¸ �3 , for any 6 ,  4e��476 8�¡x¢£8 �»#Ò ¿� s ¤ %$&¦ v � § ��� ¹ ; «­º »#¼eH�½T» ��¾£¿U%�{~��¾EÀ.Á ¿ À�ÂÄÃº ÅÇÆµkÈ Á » {(µe��¾ À�Á H\Ó µR¿ Ã ÂËÊ »ËÌ ÅÇÆµkÈ Á Ó Ãµ ¿ Ð»#¼ ¿� s ¤ %'&¦ v � § �|�ÕÔ ; «£º »#¼eH�½T» ��¾~¿U%�{¶� ¾ À�Á�¿ À|ÂÄÃ»¬Ö ÅÇÆµ#È Á { Ãµ ��¾EÀ.Á HhÖ ÅÇÆµkÈ Á Ó Ãµ ¿ Ã Ê »ËÌ Å�ÆµkÈ Á Ó Ãµ ¿~×»#Ø ¿� s ¤ %'&¦ v � § �|�ÙÔ ; «£º »#¼eH�½T» � ¾ ¿U%�{~� ¾ À�Á ¿ À|ÂÄÃ» {~� ¾EÀ.Á HhÖ Å�ÆµkÈ Á Ó Ãµ ¿ Ã Ê »ËÌ ÅÇÆµkÈ Á Ó Ãµ ¿¶× �

(6)
for any ¯Ú°Õ± , andany �o� M � � M &P�2²G²­²T� M ¤ � � .

Proof: AppendixII.
Let a �Û9 a & � p­p­p � a u F and c �Û9 c & � p­pGp �(c u F bevectorsof the

sustainableratesandburstinessparameters,respectively. Con-
sider the following aggregateparameters:(P1) s uY#vh& a�Y , (P2)s2uYkvh& c «Y , (P3) sxuY#vh& a «Y , and(P4) s�uY#vh& a�YRc<Y . The parameters
canbeinterpreted,respectively, astheaggregateinput load,the
variability of c , thevariability of a , andthecorrelationof a andc .

Notice that (6) requireto know upperboundson: (a) (P1)-
(P4),(b) (P1)-(P3),and(c) (P1)-(P2).It is aremarkableproperty
that (c) in (6) requiresonly two aggregateparameters,namely,
(P1) and (P2). An issueof interestis how much we loosein
termsof tightnessaswe know fewer aggregateparameters.We
explorethis numericallyin SectionV.

B. BoundonBacklog at Arrival Epochs

In theprevioussectionwe considerthesteady-statecomple-
mentarydistribution of the backlog. This may be empirically
interpretedas a fraction of time the backlogis above a given
level (time average).Herewe considerthecomplementarydis-
tribution of the backlogas seenby the packet arrivals, which
may be empirically interpretedasa fraction of the arrival data
that encounterthe backlogabove a given level (Palm average
[17]). We denotethis as

 hÜ
for thearrival process

N
( d Ü

is the
expectationwith respectto

 ZÜ
).

Theorem3: (Boundon Backlog SeenBy Arrivals) Consider
a nodethat offers a servicecurve 3 . Supposethe input

N
is
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with stationaryincrementsandintensity ÝaS¸ �3 . Then,for any
measurablefunction Þ�K�ßZH�àwß=H ,d Ü 9 Þ�4 ���4 � 8 8fF � �3 Ýa d 9 ÞP4 ��Ù4 � 8E8UF p (7)

Proof: AppendixIII.
Use in (7) Þ�4 J 8 � } »#¼ � n ¿ 4 J 8 , then we directly obtain the

following corollary.
Corollary 1: Undertheassumptionsof thetheorem,it holds  Ü 4 ���4 � 8á¡
¢£8 � �3 Ýa   4 ���4 � 8+¡x¢£8 p
KonstantopoulosandLast[18] studyawork-conservingcon-

stantservicerateserver. They proveequalityin (7) for any mea-
surablefunction Þ�K.ßZH³àâß . This equalityis known asdistri-
butionalversionof Little’s law [18], [19].

The corollary tells us that for the majorizingprocess �� , the
complementarydistribution of the backlogat arrival epochsis
lessthanor equalto thesteady-statecomplementarydistribution
of the backlog,timesthe ratio of the maximumslopeof 3 on9 �T� ��F and the intensity of the arrival process Ýa . For the rate-
latency servicecurve 354eM�8 � �)4eMã;?��8�H , it readsas

 ZÜ 4 ���4 � 8á¡¢£8 � Ø ä{   4 ���4 � 8+¡x¢£8 .
Notethattheresultin Corollary1 is establishedfor amajoriz-

ing process ���4 ² 8 to thebacklog ��4 ² 8 . As such,it enablesus to
state:  hÜ 4R��4 � 8+¡
¢£8 � �3 Ýa   4 ���4 � 8+¡x¢£8 p
C. Boundon Long-RunLossRatio

Insofar, weconsiderupperboundsonthecomplementarydis-
tribution of the backlog. However, in practice,onewould be
moreinterestedin an upperboundon the lossratio. Consider
a lossy nodewith arrival process

N 4Q6 8 . Let >å476 8 be the data
lost in 9 �V� 6UF . Then the loss ratio is definedas , 476 8 �çæ » l ¿Ü » l ¿ .
Ratherthan looking at , 4Q6 8 , we considerthe long-run loss ra-
tio Ý, �Úi#!k� lQm
n , 476 8 ; thus, the fraction of packets lost over a
long time interval.

Thenext theoremgivesusanexactboundonthelong-runloss
ratio Ý, . Theboundis in termsof thecomplementarydistribution
of �� (2), which is a majorizationon the backlogof a virtual
systemidenticalto theoneweconsiderhere,but with sufficient
buffer size to insureno losses. Note that having identifiedan
upperboundon the backlogof a loss-freeservicecurve node,
the theoremdirectly givesus an upperboundon the long-run
lossratioof a lossyservicecurvenode.

Theorem4: (Bound on Long-run Loss Ratio) Consider a
nodethat offers a servicecurve 3 andfinite buffer of size è .
Time is discrete.Then,anupperboundonthelong-runlossrate
is d 9 >�476 8á;?>å4Q6=;´1�8UF �xé Í » É � ½ ¿ê   4 ���4Q6 8+¡Lë�8��.ë� 47��4QX � 3h8A;0èÇ8   4 ���476 8á¡
è�8 p (8)

Moreover, for ergodicinputswith stationaryincrements,andthe
intensityof theaggregateinput Ýa , anupperboundon the long-

run lossratio is Ý, � & ä{ é Í » É � ½ ¿ê   4����4 � 8+¡
ë.8 ��ë� Í » É � ½ ¿U% êä{   4 ��Ç4 � 8+¡LèÇ8 p (9)

Proof: AppendixIV.
A similar expressionto (8) was obtainedby Likhanov and

Mazumdar [20] for a work-conservingconstantrate server.
Their result is differentin that it is for the limit of many inde-
pendentidenticallydistributedinputflows. Weshow thebounds
on long-runlossrateandlossratioholdexactly (notonly for the
many sourceslimit). Our boundsarefor a servicecurve node,
which encompassesawork-conservingconstantrateserver.

We commenttheboundon the long-runlossratein (8). The
first boundin (8) readsas: d 9 >å4Q6 8_;�>å476_;�1�8fF � d 9 4 ��g476 8_;oè�8 H=F
(seeAppendixIV). Noticethat �� takesits valueson 9 �V� ��4QX � 3h8fF .
This allows us to use ��4QX � 3Z8 as the upper boundaryof the
integral in (8). The secondbound in (8) can be easily de-
rived directly by observing,for any 6 such that ��476 8:¡ � ,>å4Q6 8P;³>�476P;b1�8 � ���476 8�;:��4Q6 8 (Appendix IV). Now note
that >�476 8�;ì>å4Q6Ç;Û1�8í¡ � implies ��4Q6 8 � è , and thusd 9 >�476 8�;³>å4Q6å;b1�8UF � d 9 4 ��Ù4Q6 8P;tèÇ8~}Gî » l ¿7v ê F . Finally, use���4Q6 8C;�è � ��4QX � 3h8�;Sè , andeasilyprovenfact that � ��476 8 �è *
ï2�å���4Q6 8á/Lè * .

Lastly, we comparewith a known deterministicupperbound
on the lossratio [11], [10] over a time interval 9 �V� 6UF , giventhat��4 � 8 �x� , �, 476 8 �wð 1¨; !#"|[�Gñ �(� l è � 3�4RM�8X+4RM�8óò H
This gives us an upperboundon the long-run loss ratio

�, �i#!k� lQm
n �, 4Q6 8 ; we expect this to be a conservative boundaswe
exemplify in thefollowing example.

Example1: Considera lossynodethatofferstherate-latency
servicecurve 354Q6 8 � �)4Q6+;
��8�H . The nodeis fed with leaky-
bucket regulatedinputs XZY(476 8 ��a YQ6 ��c Y . Let s�uY#vh& a Y ��a ands2uYkvh& c Y �2c . Then,�, 476 8 �õôö ÷ùø 1¨; ê{ l H'Ó'ú H � 6 � �1¨; êÍ » É � ½ ¿ � 6+¡´� � (10)

where��4RX � 3h8 ��a � ��c . Notice
�, is linearin è .

D. ManySourcesLimit

In theprecedingsections,and[9], theboundsderivedareex-
act. Theboundshold exactly for any settingof theparameters,
and, in particular, the boundsarevalid for any numberof the
inputflows. In thissectionweconsiderasymptoticcounterparts
to thebacklogboundsgivenearlier. In particular, we studythe
many sourceslimit – thebuffer sizeandcapacityscaleas Ñ�4Qr�8
asthenumberof theinputflows r tendsto infinity.

We will seethat in the asymptoticregime our boundsadmit
a simplerform. Recallthatour backlogboundsareobtainedby
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Fig. 1. Typical time-scaleto overflow versusthe buffer size û . The nodeof-
fers the rate-latency servicecurve with rate ü�ý�þ ÿ�� Mbps and latency� =MTU �¶ü ; MTU=1500 Bytes. Individual input flows are regulatedwith
identicalleaky-bucket regulatorsto rate �|ü���� andburstiness5 MTU; there
are ��ý:þ���� input flows. In the brackets we give valuesof 	�

��	 asa
fractionof 	 .

usingtheunionboundon  4 �¦���� � ������� � ¤ %'&�� � N 4 � 8Z; N 4RM ¦ H &�8+¡x¢ � 354eM ¦ 8 * 8 p
Onereasonto considerthe many sourceslimit is to show that
by usingtheunionboundwehaveasymptoticallya tight bound.
Anotherreasonis to gaininsighthow theboundsbehave,in par-
ticular, whatis themostlikely way thebacklogbuild up.

From[9] anda simplemajorizationby using(A3) we have  4e��4 � 8�¡
¢£8 ��s ¤ %'&¦ v �   4 N 4 � 8Z; N 4�;åM ¦ H &­8+¡x¢ � 354eM ¦ 8 8��s ¤ %'&¦ v �   4 N 4 � 8h; N 4�;åM ¦ 8á¡
¢ � 354eM ¦ 8Z;SX�4eM ¦ H & ;�M ¦ 8 8��s ¤ %'&¦ v �   4 N 4 � 8h; N 4�;åM ¦ 8á¡
¢ � 354eM ¦ 8Z;SX�4��)8 8 �
(11)

for any ¯ °�± , andany ��� M ��� M�& �-²­²G²$� M ¤ � � , where� �x����� ¦���� � � & ������� � ¤ %'&�� � M ¦ H &+;SM ¦ * .
Let � %�� » ��¾~¿ be upperboundon the � -th summationterm in

the last inequality of (11); � is somepositive-valuedfunction
(see[9] for a catalogof functions � ). Suppose�ì� M �ì�M & �ç²G²­²L� M ¤ � � is such that there exists a unique� O ° ���T� 1 � pGp­p � ¯
;Ç1 * and �ã¡ � suchthat � 4RM ¦�� 8 � r�� ��� 4RM ¦ 8 ,
for all ��° ���V� 1 � p­pGp � ¯ ;L1 *! � O .

For themany sourcesscaling,theknown functions � [9] sat-
isfy � 4 ² 8#"�Ñ�4Rr.8 . Thus  4R��4 � 8�¡L¢­8 � � %$� » � � ¿ 9 1 � Ñ�4Q� % u�% 8UF � (12)

as r�à'& , where M O ° 9 �V� ��F suchthat � 4RM O 8 �³!k"T[ � � º � � � Â � 4RM�8 .
Note that (12) doesnot require M O to be uniqueon 9 �V� ��F ; how-
ever, the partition �L� M �y� M�& �â²­²­²P� M ¤ � � needsto

ensurea uniqueminimum of �­� 4RM � 8 ��� 4RM�&£8 � pGp­p � � 4eM ¤ %$&~8 * . IfM O is uniqueon 9 �V� ��F , then it may be interpretedas the typi-
cal time-scaleto overflow a given level of the buffer. This is a
known concept;seee.g.[20], [8].

Note that (12) holdsfor any ¯ °�± . We cantake a uniform
partition of 9 �V� ��F suchthat � � �$(�¯ , and then let ¯ à)& .
This allows us to replaceX+4*�)8 in (13) with ik!#�,+�- � X+4*�)8 . For a
right-handcontinuousX at � , we replaceX�4��)8 with X+4 � 8 ; if in
addition X�4 � 8 �j� , the term X+4*�)8 in (13) vanishes. In prac-
tice, therealwaysexistsa peakrateconstraint,andthusindeedi#!k�,+�- � X�4��)8 �ì� . In the furtherexpressionswe carry on X�4��)8 ,
but we keepin mind theobservationmadehere.

Next weconsider(5) andidentify thefunction � as� 4RM�8 � ª 9 4R¢ � 354RM�8C; a M¨;?X�4��)8 8 H F «9 s2uYkvh& X Y 4RM�8 « F � 9 .+sxuY#vh& ��4QX YE� z { µE8 « F p (13)

In particular, for a nodethat offers the rate-latency service
curve 35476 8 � �)4Q6';g��8 H , fedwith leaky-bucketregulatedinputs,
we canshow that M O is uniqueandis equalto:M O �0/ 4 � � � Ø � �V8 � � � ¢ ¸ ¢ O� � ¢ã/x¢ O p (14)

Where ��� ¼ % Ø21 % É » + ¿Ø %�{ s uYkvZ& a.YecVY ;Ss uYkvZ& c «Ys uY#vh& a Y c Y'; ¼ % Ø21 % É » + ¿Ø %�{ s uYkvh& a.«Y �
� Ø � s uY#vh& a�YRc<Ys uYkvh& a «Y 3465778 1 �:9 s uYkvh& a «Y s uY#vh& c «Y4 s uYkvZ& a.YecVY 8 « ;L1�;< �

and ¢ O � 4Q�+; a 8 s2uY#vh& a�YQc<Ys uYkvh& a «Y � �£� � X�4��)8 p
Note that � Ø is a valueof M in (13) at which the two terms

actingin theminimumoperatorareequal.Also, notethat ¢ O is
a cut-off buffer level at which thetypical time-scaleto overflow
turnsfrom onevalueto another.

In Fig. 1 we show somenumericalvaluesof M O versusthe
buffer level ¢ . For theutilization X larger than0.5,we observe
that M O is equalto � for ¢ ¸ ¢ O andotherwiseto � Ø � � for ¢�/
¢ O .
For theutilization X smallerthan � p�= , M O is equalto � for all the
valuesof interestof thebuffer level ¢ . At thispoint,wecompare
with thetypical time-scaleto overflow of thebounds(3) and(4).
It canbeshown thatfor (3), M O � � for ¢ ¸ ¢ O , andelse M O � � .
For (4), M O � � . It is noteworthy that for (3) with buffer levels
larger than ¢ O , M O � � , which maybequite large,in particular,
for high utilization. This explainssomenumericalresultsgiven
later in SectionV. Our improvedbound(5) remediesthe latter
effect by having thetypical time-scaleto overflow M O � � Ø � � ,
for ¢ã¡x¢ O . In Fig. 1 weshow � Ø � � asa fractionof � .

In thesequel,weconsiderBahadur-Rao[21] improvementof
themany sourceslimit (12)  4e��4 � 8�¡L¢£8?> 1@ .�A�� 4eM O 8 � %�� » � � ¿ � (15)



DSCTR 01/039,REVISEDON MARCH 2002;ALSO IN PROC.OFIEEE INFOCOM2002,NEW YORK, 23–26JUNE,2002 6

where � 4eM O 8 � ;�ª 9 4R¢ � 354eM O 8Z; a M O ;0X+4*�)8E8�H=FI«s uY#vh& XZY 4eM O 8 « p
In [20], Likhanov and Mazumdarshow that for indepen-

dentidenticallydistributedinput flows (15) is an exactasymp-
totics up to a multiplicative constant 1 � Ñ�4�1B(�r�8 . Their re-
sult is under two assumptions: (1) M O is unique, and (2)i#!k�L!k"T[ lQm
n � 476 8C( ik" 6?¡ � . It can be shown that in our case
(1) holds,and(2) is not neededgiventhatwe haveafinite sum-
mation in (11). On the otherhand,for heterogeneouslyregu-
latedinputs,onemayusethecentrallimit approximationasdis-
cussedin [22] (Section5.4). Noticethepre-factorin (15)scales
as 1D( Ö r , which wasalreadyobservedelsewhere,e.g.by Mont-
gomeryanddeVeciana[23]. Wecomebackto theBahadur-Rao
improvementin SectionV with somenumericalcomputations.

IV. APPLICATION TO EF

A. DelayfromBacklog for a PSRGNode

In general,for anarbitrarynode,onecannotdirectly deduce
a boundon the complementarydistribution of the delay from
the complementarydistribution of the backlog. However, this
is possiblefor a PSRGnode. It is shown that the delay from
backlogboundholds for PSRGFIFO nodes[3], and also for
non-FIFOPSRGin [24].

Proposition1: (Boundon Delay)For aPSRGnodewith rate� andlatency � , it holds  4Q��4 � 85¡ � 8 �  hÜ 4R��4 � 8+¡
�)4 � ;0��8E8 �h[7]_^Z� /´� � (16)

where��4 � 8 is adelayincurredby anarbitrarypacket thatarrives
at time � .

Proof: By Theorem1 in [3] andTheoremIII.1 in [24], the
delayfor a packet arriving at time 6 is boundedby ��476 8C(�� � � ;
simply usethis majorizationto obtain(16).

Notice, combining (16) with Corollary 1, and any upper
bound on the steady-statecomplementarydistribution of the
backlog,we obtainanupperboundon thecomplementarydis-
tributionof thedelay.

B. Majorizationby theFreshTraffic

Our boundsin [9] and (5), and typically the boundsfound
elsewhere,arebasedon theassumptionthat the input flows are
mutually independent.Thus, we cannotapply the boundsdi-
rectly, becauseit is notrealisticto supposetheinputflowsto any
nodein thenetworkaremutuallyindependent;theflowsmayget
correlatedasthey sharecommonupstreamnodes.However, it is
reasonableto supposeat thenetwork ingresstheflowsaremutu-
ally independent;(A2) in SectionI. We supposethedelayjitter
incurredat the upstreamnodesto a given nodeis boundedbyE

. Sucha boundindeedexistswith finite buffer sizes;usethe
delayfrom backlogboundof a PSRGnode[3], [24] to obtainE � 4�F�;y1�8 ���)�<� è � ()� �P� � ��* , where F is themaximumhop
count, èP� is the buffer size, �£� the servicerate,and ��� the la-
tency of thenode � . Then,we majorizeincrementsof theinput

flows to a givennodeby thefreshtraffic at thenetwork ingressN Y 476 8C; N Y 4eM�8 � N � Y 476 8C; N � Y 4RMå; E 8 p
Sucha majorizationwassuggestedby Chang,Chiu, andSong
[8]. In particular, for our boundsin (5) and(6) this amountsto
replaceM ¦ H & with M ¦ H &5� E

.
We note that one can easily generalizeour boundsto non-

independentinput flows by usingH G] lder’s inequalityin our ap-
plication of Chernoff-Hoeffding’s inequalities.Then,it canbe
shown thatall our boundson thebacklogremainthesame,but
with theexponentdividedby r ; this wouldprecludethestatisti-
cal multiplexing gain.

C. DelayThrougha Sequenceof Nodes

Let �.� be the delay of an arbitrary packet througha node� . Supposethepacket traversesF nodes.Then,theend-to-end
delayincurredby apacket is� � ��& � � « �x²G²­²�� �IH p (17)

In SectionIV-A we show how to obtainper-nodeprobabilistic
boundon thedelay, i.e.

  4R� � ¡ � 8 �KJh� 4 � 8 . Herewe consider
how to obtain

  4Q��¡ � 8 �KL 4 � 8 , whereL 4 � 8 is anupperbound
on thecomplementarydistributionof theend-to-enddelay.

Oneapproachgivesus

L 4 � 8 � H¥�)vh& Jh� 4 � F 8 p (18)

This is readily shown by noting � � F ������� � &�� pGp­p � � H|* , and
then   4Q��¡ � 8 �   4 �����V� ��& � pGp­p � ��H * ¡ H� 8�   4NM � ��� & ������� � HB� � � � ¡ � H * 8� s H�_vh&   4R����¡ � H 8 � s H�_vh& J �'4 � H 8 p
Note (18) is obtainedby summingup F times the maximum
delayalong the path,as suchit may be a conservative bound
on the end-to-enddelay. Notice, also,(18) is sup-linearin the
numberof hops F .

Onemaysaymoreon the end-to-enddelayby assumingin-
dependenceof thedelaysincurredat differenthops;this would
be an approximation.We defera moreelaboratestudyof the
end-to-enddelayfor futurework.

V. NUMERICAL RESULTS

In this sectionwe give a numericalcomparisonof the back-
log bounds. We do not show numericalresultsfor our bound
onthebacklogasseenby packetarrivals(Theorem3) andlong-
run loss ratio (Theorem4). The latter two boundsare in fact
expressedin termsof the boundon the complementarydistri-
bution of the steady-statebacklog. We considersomeaspects
of ouranalyticalresultsthroughnumericalcomputations;wedo
not comparewith simulationsresults.

We first numericallycomparethe bounds( � ), ( ¢ ), and( � ) in
(6) andtheboundsin (3) and(4). We refer to theboundsin (6)
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Fig. 2. BacklogboundsHET(a),HET(b), HET(c), (3) and(4). The input ag-
gregateconsistsof two traffic classes;class-1individual flows are( OBP�Q�R�P )
leaky-bucket regulated(resp. class-2with ( OTS , RUS )). Two uppergraphsare
for homogeneouscaseOBP � O S�ýyþ and R�P � R S+ý�þ . Two lower graphsare
for heterogeneouscaseOBP�O S ýtþ��CV , R�P ýXW MTU, and R S ýXY MTU.
Thenodeoffers therate-latency servicecurve with rate üZý?þ ÿ�� Mbpsand
latency � ý MTU �¶ü ; MTU=1500Bytes,.
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Fig. 3. A comparisonof backlogboundsHET(a)(-x- line), (3) (solid light line),
andHOM (Theorem3 in [6]) (solid bold line). All individual flows have
identicalleaky-bucket regulators;homogeneouscase.

respectively asHET(a),HET(b), andHET(c). We supposetwo
traffic classeseachconsistingof 50 flows; thus r � 1 �_� . Class-
1 flowsare 4 a & �(c &­8 leaky-bucketregulated;respectively, class-2
flows are 4 a « �Ec « 8 leaky-bucket regulated. The nodeoffers the
rate-latency servicecurve with rate � � 1 = � Mbpsandlatency� � MTU/ � ; MTU is setto 1500Bytes.Theresultsaregivenfor
thenodeutilizations X �-� p ª and � p Z , which arerepresentative
of light andheavy loadednode,respectively. The boundsare
computedastheinfimum over uniform partitionof 9 �T� ��F ( M ¦ ����$()¯ , for � �2�T� p­pGp � ¯ ).

In Fig. 2 (two uppergraphs),weshow thebacklogboundsfor
the homogeneouscase; a & �ùa « � XZ�T(�r and c & � c « � =MTU ( a and c non-correlated).In Fig. 2 (two lower graphs)
we show thebacklogboundsfor theheterogeneouscase;a|&o�� p . XZ�T()r , a « � 1 p [ XZ�T()r , c & � ª MTU, c « � Z MTU ( a and c
positively correlated).We make thefollowing observations:\ in many cases(3) is better than (4); exception is a heavy
loadednode;\ HET(a)is verycloseto (3) for light utilization;\ for heavy utilization, HET(a) remediesthe deviation of (3);
this is expectedfrom ourdiscussionin SectionIII-D;\ in all thecases,HET(a)andHET(b)almostcoincide;
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tion increases,HET(c) graduallymoves from (3) to (4); thus
HET(c) may have somemerit for a lightly loadednode(recall
that HET(c) is parsimoniouswith respectto the aggregatepa-
rametersneeded);\ thedeviationof (4) for heavy utilizationis indeedstrongerfor
positively correlateda and c andlarger s�uYkvZ& c «Y .\ for light andmoderateutilization, (3), HET(a), andHET(b)
are insensitive to the nodeutilization (i.e. a ); this canbe ex-
plainedbyconsideringthemany sourceslimit – for light to mod-
erateutilization thetypical time-scaleto overflow M O is equalto� , thusvery small, soall the termsthatact in the boundmulti-
plied with M O do not have a significantimpact(including a ); a

dominanteffecthave theburstinessparameters,i.e. s�uY#vh& c «Y .

Our next objective is to comparethe backlogbound(3) and
thebacklogboundin Theorem3 [9]; thelatterboundis derived
underassumptionthat input flows areregulatedwith identical
regulators;we call this boundHOM. We know thelatterbound
is tighter than (3) [9]. We demonstratewhendiscrepancy be-
tweenthe two boundsis particularlyemphasized;we give nu-
merical resultsfor the homogeneouscase,i.e. identically reg-
ulatedinput flows. In Fig. 3 we show the backlogbound(3),
HET(a),andHOM versusnormalizedbuffer level. Our first ob-
servationis that,for light utilization,(3) andHET(a)areconser-
vativewith respectto HOM. However, for heavier load,discrep-
ancy betweenHET(a)andHOM becomeslesspronounced;the
boundsget fairly closeto eachother, andeven,for heavy load,
HET(a)outperformsHOM. It is alsonoteworthythat,unlike(3),
HOM is not insensitivewith respectto a underlight to moderate
utilization.

By numericalresultsin Fig. 4 we compareour exact bound
HET(a)with its many sourceslimit, andBahadur-Raoimprove-
ment. The resultsare given for the homogeneouscasewitha Y � Xh��(�r , c Y � = MTU, r � 1 �_� . As earlier, � � 1 = � Mbps,� � MTU ()� , andMTU=1500Bytes.Oneobservationis thatthe
Bahadur-Raoimprovementis not dramatic;it is aboutanorder
of magnitudeuniformly over thebuffer size.

Last but not least, we compareour backlog boundswith
boundof BetterthanPoisson[7] (discussedin SectionII); see
Fig. 5. We fix theaggregatearrival curve to X�4Q6 8 �xa 6 �yc witha0� Xh� and cx� = �_� MTU; MTU=1500Bytes. We show the
resultsfor threedifferentutilizations X ��� p ª �E� p = �E� p Z . Number
of theinput flows is r � 1 ��� and500.We considera nodewith� � 1 = � Mbps and � � � . Notice that for r � = ��� , c Y � 1
MTU, which in fact gives the burstinessconstraintfor a con-
stantbit rateinputflow. Observealsothatby settingthelatency
of the node � � � , the backlogboundof Better thanPoisson
correspondsto thatof M/D/1 queue;we usetheasymptoticex-
pansionfor M/D/1 [7] in ournumericalcomputations.

As pointedout in Section5, our boundsadmit the economy
of scale.Thusaswe scalethebuffer sizeandtheservicerateasÑ�4Qr�8 , the backlogbounddecaysexponentiallywith r . On the
otherhand,thebacklogboundof BetterthanPoissonis invari-
ant to the numberof input flows; it dependssolely on the load
of theaggregateinput a . Theresultsin Fig. 5 confirmtheecon-
omy of scaleeffect. We observe that for r � = ��� , thebacklog
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Fig. 4. BacklogboundsHET(a) (solid line), its many sourceslimit (thin solid
line), andBahadur-Raoimprovement(dashedline); thehomogeneouscase
with O�] ý^�|ü���� , RB] ý´ÿ MTU, ��ýxþ���� , ü¨ý
þ ÿ�� Mbps, � ý MTU �¶ü ,
MTU=1500Bytes.

boundHOM (identically regulatedinput flows), is very close
to the backlogboundof Better thanPoisson.Thusrelying on
theeconomyof scaleeffect,we expectour boundsto favorably
competewith Better thanPoissonin termsof tightnessas the
numberof input flows increases(high multiplexing). Observe
that for r � 1 ��� (moderatemultiplexing of bursty flows) our
boundsaremorepessimisticthanBetterthanPoisson.It hasto
be notedthat Better thanPoissondoesnot apply in this case;
we considerbursty individual flows, while BetterthanPoisson
assumesnonburstyflows.

VI . CONCLUSION

We proposea framework to derive probabilisticguarantees
for networkswith individually regulatedinput flows andaggre-
gatescheduling,in particular, ExpeditedForwardingDiffServ
networks.Our approachis basedon assumptionthata nodecan
beabstractedasaservicecurvenode;this is verifiedfor thedefi-
nition of EFPHB,namely, PSRG[1], [2]. A remarkablefeature
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Fig. 5. A comparisonwith Better than Poisson. The graphsshow backlog
boundsfor _$`ba*c ý³ü a nodewith utilization ��ýd��e W (uppergraph)and��e Y (lower graph);HET(a) is shown assolid line, HOM asdashedline, and
BetterthanPoisson(M/D/1) [7] asdottedline.

of our approachis thattheboundswe obtainareexact,they are
valid for any settingof theparameters,andin particularfor any
numberof theinputflows.
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APPENDIX

I . PROOF OF THEOREM 1

FromLemma2 [9], it holds  4R��4Q6 8�¡L¢£8 � ¤ %$&¥¦ v �   4 N 476 8.; N 4Q6�;�M ¦ H &G8+¡
¢ � 354RM ¦ 8E8 � (19)
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for any ¯w°·± andany �
� M � � M�& �t²G²­²T� M ¤ � � .
Next, by Hoeffding’s inequality for non-uniformlybounded

randomvariables��� N Y 476 8\; N Y 4RM�8 � X Y 476';gM�8 , for any M � 6
(A3), we obtain

  4 N 476 8C; N 476=;?M ¦ H &£8á¡
¢ � 354eM ¦ 8 8 �� § ��� ©h; ª 9 4e¢ � 354eM ¦ 8=; a M ¦ H & 8�HZFI«s uY#vh& XhY(4RM ¦ H &G8 « ® � (20)

wherein thenominatorof theexponentwe use(A4).
On the other hand, in [14] [9] we show

  4 N 476 8�; N 4Q6 ;M ¦ H &G8+¡
¢ � 354RM ¦ 8E8 �� § �|�Ù© ; 9 4e¢ � 354eM ¦ 8=; a M ¦ H & 8�HZFI«ª sxuY#vh& ��4QXZY � zV{¶µ 8 « ® p (21)

Finally, indeed,the minimum of (20) and (21) is an upper
boundon

  4 N 476 8�; N 476�;tM ¦ H &G8?¡w¢ � 354eM ¦ 8 8 . Using this
minimumin (19)completestheproof.

I I . PROOF OF THEOREM 2

The first inequality in (6) is a corollary of Theorem1 for
leaky-bucketregulatedinputs.Thesecondinequalityis obtained
by upper-boundingthe first term in the minimum operationin
(6) (a) asfollowssxuY#vh& 4 a YeM ¦ H & ��c Ye8 « ��2s2uY#vh& a «Y M�«¦ H & � ª s�uYkvZ& a Y c YUM ¦ H & �Ls2uYkvh& c «Y�
s uY#vh& a «Y M�«¦ H & � ªgf s uYkvh& a «Y f s uYkvZ& c «Y M ¦ H & �Ls uY#vh& c «Y� 4 f sxuY#vh& a «Y M ¦ H & � f s�uY#vh& c «Y 8�« �
wheretheinequationis by Cauchy-Schwartz’s inequality.

Thelastinequalityin (6) is by a trivial bound s uY#vh& a «Y �ya « .
This completestheproof of thetheorem.

I I I . PROOF OF THEOREM 3

Let �N O � Nih 3 .
Njh 3 is calledthemin-plusconvolutionofN

and 3 , definedby 4 Nkh 3h8£4Q6 8 ��!k"T[ � � º � � l Â � N 476�; � 8 � 3�4 � 8 * .
By [8], [9], the infimum is obtainedfor � ° 9 �V� ��F , thus the
majorizingprocess���4Q6 8 definedin Equation(2)satisfies ���4Q6 8 �N 4Q6 8=;â�N O 476 8 .

We now stateandprove a preparatorylemma,andthencon-
tinuewith theproofof thetheorem.

Lemma1: We have�NPO 4Q6 ��� 8C;Ú�N�O 4Q6 8 �y� �3 p
Proof: Define l=4 � 8 � � �3A} ��� / �T* . It follows from the

definitionof
�3 that,for all �Ç� M � 6 :3�476=;?M�8 � lC4RM�8+/´3�476 8 �

thus 3 h lÙ/L3 p
It followsthat�N O � N:h 3 � Nmh 473 h l$8 � 4 Nmh 3h8 h l � �N O h l p

Comingbackto thedefinitionof
h

wefind that�N O 476 ��� 8 � �N O 476 8 �S� �3 p
For a wide-senseincreasingmeasurablefunction n suchthatnpo � Þ ná4 ���4Q6 8 8C;jná4 ���4 � 8E8 �rq l� n o 4 ���4RM�8 8 ���4Q��M�8 � (22)

where ���4Q��M�8 � N 4Q��M�8=; �N O 4R�.M�8 .
It followsfrom thelemmathatq l� ÞP4 ���4eM�8 8 �N�O 4Q��M�8 � �3 q l� ÞP4 ���4eM�8E8���M p (23)

Combining(22) with (23)we obtainn+4 ���4Q6 8 8=;jná4 ���4 � 8 8 � q l� ÞP4 ���4eM�8E8 N 4Q��M�8A; �3 q l� Þ�4 ���4RM�8 8 �.M p
Take theexpectationatbothsidesto obtain�Ç� Ýa 6Ud Ü 9 n o 4 ���4 � 8E8UF<; �3'6Ud 9 n o 4 ���4 � 8 8fF �

wherethePalm expectationis by Campbell’s formula[17]. Re-
placing npo with Þ weprove(7).

IV. PROOF OF THEOREM 4

By theservicecurveproperty, for all 6 , thereexists M � 6 such
that

N O 4Q6 8o/ N oe4RM�8 � 354Q6�;LM�8 , where
N oU4eM�8 � N 4RM�8+;y>�4RM�8 .

Note >�476 8=;?>å4Q6h;L1�8 � 4Q>�476 8=;?>å4Q6h;
1�8 8~}�î » l ¿Qv ê . For M � 6 ,N oU4eM�8 � 354Q6+;xM�8�/ N oR4Q6 8 , andthus ��476 8 �í� . Sincewe are
interestedin the events � ��476 8 � è * , we areallowed to only
considerM ¸ 6 . Then,for M ¸ 6 ,>�476 8=;?>å4Q6h;L1�8 �� N 4Q6 8=; N O 476 8=;S��4Q6 8Z;?>�476Z;´1�8� N 4Q6 8=; N 4RM�8A;�354Q6=;?M�8Z;S��476 8 � >å4eM�8Z;0>�476=;´1�8� N 4Q6 8=; N 4RM�8A;�354Q6=;?M�8Z;S��476 8 p (24)

And, thus4R>å476 8C;0>�476Z;´1�8 8~}�î » l ¿Qv ê �� 4 N 4Q6 8C; N 4eM�8C;�354Q6=;?M�8=;S��476 8E8~}�î » l ¿7v ê� 4 N 4Q6 8C; N 4eM�8C;�354Q6=;?M�8=;?è�8£}Gî » l ¿7v ê� 4 N 4Q6 8C; N 4eM�8C;�354Q6=;?M�8=;?è�8 � �� 4 ������� ���(� l � N 4Q6 8Z; N 4RM�8C;0354Q6Z;SM�8 * ;?è�8 � �� 4 ���4Q6 8=;0èÇ8 � � p
Thus,

  4R>å4Q6 85;
>å4Q6�;³1�8�¡ � 8 �   4���Ç476 8 � èj¡ ��� è�8 �  4 ���476 8+¡ �Ç� è�8 , for � / � . Thend 9 >å476 8ã;0>�476Z;´1�8UF � q Í » É � ½ ¿U% ê�   4 ���476 8+¡ �Ç� è�8 � �Z�
wheretheupperboundaryin the integral is dueto ��� ���4Q6 8 ���4QX � 3h8 , for all 6 .

The boundon the long-runlossratio (9) is immediatelyob-
tainedby observingÝ, � d 9 >å4Q6 8T;�>�476T;g1�8UF*(�d 9 N 476 8<; N 476T;Ù1�8UF ,
andby definition ÝaÕ� d 9 N 4R6 8ã; N 4765;x1�8UF . This completesthe
proof of thetheorem.


