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February 24th, 2022, the Russian government launched something that most of us consid-
ered as unthinkable in the modern times: an unprovoked, ungrounded, full-scale military
invasion of Ukraine. Residential buildings, hospitals andmaternities are being bombed;
cities are being starved in the hope that inhabitants surrender to the occupant. Lots of
civilians die or are severely wounded. Terrible atrocitiesare committed by Russian sol-
diers in occupied cities. Millions of refugees leave the country when they can; those who
escape take the risk of being killed by Russian soldiers.

We believe that it is important that the world knows the truthabout the military invasion
of Ukraine by the Russian army. In some parts of the world, some information systems
pretend that there is no war, but only a special operation caused by a dispute between
neighbours. It is not ! It is an invasion caused by the Russiangovernment, who is willing
to cause tremendous sufferings to tens of millions of Ukrainian people and to its own
population. Perhaps you are not directly concerned today, but tomorrow you, or friends
of yours, or relatives of yours, might be involved in a similar situation in your country.

Dear friends of Network Calculus, we ask you to please learn the truth about this war and
let others, who might not know, also be informed.

Online Version of the Book Springer Verlag - LNCS 2050

Available at https://leboudec.github.io/netcal/

Version August 23, 2022



2



A Annelies
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INTRODUCTION

WHAT THIS BOOK IS ABOUT

Network Calculus is a set of recent developments that provide deep insights into flow problems encountered
in networking. The foundation of network calculus lies in the mathematical theory of dioids, and in partic-
ular, the Min-Plus dioid (also called Min-Plus algebra). With network calculus, we are able to understand
some fundamental properties of integrated services networks, window flow control, scheduling and buffer
or delay dimensioning.

This book is organized in three parts. Part I (Chapters 1 and 2) is a self contained, first course on network
calculus. It can be used at the undergraduate level or as an entry course at the graduate level. The prerequisite
is a first undergraduate course on linear algebra and one on calculus. Chapter 1 provides the main set of
results for a first course: arrival curves, service curves and the powerful concatenation results are introduced,
explained and illustrated. Practical definitions such as leaky bucket and generic cell rate algorithms are cast
in their appropriate framework, and their fundamental properties are derived. The physical properties of
shapers are derived. Chapter 2 shows how the fundamental results of Chapter 1 are applied to the Internet.
We explain, for example, why the Internet integrated services internet can abstract any router by a rate-
latency service curve. We also give a theoretical foundation to some bounds used for differentiated services.

Part II contains reference material that is used in various parts of the book. Chapter 3 contains all first level
mathematical background. Concepts such as min-plus convolution and sub-additive closure are exposed in
a simple way. Part I makes a number of references to Chapter 3,but is still self-contained. The role of
Chapter 3 is to serve as a convenient reference for future use. Chapter 4 gives advanced min-plus algebraic
results, which concern fixed point equations that are not used in Part I.

Part III contains advanced material; it is appropriate for agraduate course. Chapter 5 shows the application
of network calculus to the determination of optimal playback delays in guaranteed service networks; it ex-
plains how fundamental bounds for multimedia streaming canbe determined. Chapter 6 considers systems
with aggregate scheduling. While the bulk of network calculus in this book applies to systems where sched-
ulers are used to separate flows, there are still some interesting results that can be derived for such systems.
Chapter 7 goes beyond the service curve definition of Chapter1 and analyzes adaptive guarantees, as they
are used by the Internet differentiated services. Chapter 8analyzes time varying shapers; it is an extension
of the fundamental results in Chapter 1 that considers the effect of changes in system parameters due to
adaptive methods. An application is to renegotiable reserved services. Lastly, Chapter 9 tackles systems
with losses. The fundamental result is a novel representation of losses in flow systems. This can be used to
bound loss or congestion probabilities in complex systems.

Network calculus belongs to what is sometimes called “exotic algebras” or “topical algebras”. This is a set
of mathematical results, often with high description complexity, that give insights into man-made systems

xv



xvi INTRODUCTION

such as concurrent programs, digital circuits and, of course, communication networks. Petri nets fall into
this family as well. For a general discussion of this promising area, see the overview paper [35] and the
book [28].

We hope to convince many readers that there is a whole set of largely unexplored, fundamental relations that
can be obtained with the methods used in this book. Results such as “shapers keep arrival constraints” or
“pay bursts only once”, derived in Chapter 1 have physical interpretations and are of practical importance
to network engineers.

All results here are deterministic. Beyond this book, an advanced book on network calculus would explore
the many relations between stochastic systems and the deterministic relations derived in this book. The
interested reader will certainly enjoy the pioneering workin [28] and [11]. The appendix contains an index
of the terms defined in this book.

NETWORK CALCULUS , A SYSTEM THEORY FOR COMPUTER NETWORKS

In the rest of this introduction we highlight the analogy between network calculus and what is called “system
theory”. You may safely skip it if you are not familiar with system theory.

Network calculus is a theory ofdeterministic queuingsystems found in computer networks. It can also
be viewed as thesystem theorythat applies to computer networks. The main difference withtraditional
system theory, as the one that was so successfully applied todesign electronic circuits, is that here we
consider another algebra, where the operations are changedas follows: addition becomes computation of
the minimum, multiplication becomes addition.

Before entering the subject of the book itself, let us brieflyillustrate some of the analogies and differences
between min-plus system theory, as applied in this book to communication networks, and traditional system
theory, applied to electronic circuits.

Let us begin with a very simple circuit, such as the RC cell represented in Figure 1. If the input signal is
the voltagex(t) ∈ R, then the outputy(t) ∈ R of this simple circuit is the convolution ofx by the impulse
response of this circuit, which is hereh(t) = exp(−t/RC)/RC for t ≥ 0:

y(t) = (h⊗ x)(t) =

∫ t

0
h(t− s)x(s)ds.

Consider now a node of a communication network, which is idealized as a (greedy) shaper. A (greedy)
shaper is a device that forces an input flowx(t) to have an outputy(t) that conforms to a given set of rates
according to a traffic envelopeσ (the shaping curve), at the expense of possibly delaying bits in the buffer.
Here the input and output ‘signals’ are cumulative flow, defined as the number of bits seen on the data flow
in time interval[0, t]. These functions are non-decreasing with timet. Parametert can be continuous or
discrete. We will see in this book thatx andy are linked by the relation

y(t) = (σ ⊗ x)(t) = inf
s∈R such that 0≤s≤t

{σ(t− s) + x(s)} .

This relation defines the min-plus convolution betweenσ andx.

Convolution in traditional system theory is both commutative and associative, and this property allows to
easily extend the analysis from small to large scale circuits. For example, the impulse response of the circuit
of Figure 2(a) is the convolution of the impulse responses ofeach of the elementary cells:

h(t) = (h1 ⊗ h2)(t) =

∫ t

0
h1(t− s)h2(s)ds.
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Figure 1: An RC circuit (a) and a greedy shaper (b), which are two elementary linear systems in their
respective algebraic structures.

The same property applies to greedy shapers, as we will see inChapter 1. The output of the second shaper
of Figure 2(b) is indeed equal toy(t) = (σ ⊗ x)(t), where

σ(t) = (σ1 ⊗ σ2)(t) = inf
s∈R such that 0≤s≤t

{σ1(t− s) + σ2(s)} .

This will lead us to understand the phenomenon known as “pay burst only once” already mentioned earlier
in this introduction.
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Figure 2:The impulse response of the concatenation of two linear circuit is the convolution of the individual
impulse responses (a), the shaping curve of the concatenation of two shapers is the convolution of the
individual shaping curves (b).

There are thus clear analogies between “conventional” circuit and system theory, and network calculus.
There are however important differences too.

A first one is the response of a linear system to the sum of the inputs. This is a very common situation, in
both electronic circuits (take the example of a linear low-pass filter used to clean a signalx(t) from additive
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noisen(t), as shown in Figure 3(a)), and in computer networks (take theexample a link of a buffered node
with output link capacityC, where one flow of interestx(t) is multiplexed with other background traffic
n(t), as shown in Figure 3(b)).
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Figure 3:The response ytot(t) of a linear circuit to the sum of two inputs x + n is the sum of the individual
responses (a), but the response ytot(t) of a greedy shaper to the aggregate of two input flows x + n is not
the sum of the individual responses (b).

Since the electronic circuit of Figure 3(a) is a linear system, the response to the sum of two inputs is the sum
of the individual responses to each signal. Cally(t) the response of the system to the pure signalx(t), yn(t)
the response to the noisen(t), andytot(t) the response to the input signal corrupted by noisex(t) + n(t).
Thenytot(t) = y(t) + yn(t). This useful property is indeed exploited to design the optimal linear system
that will filter out noise as much as possible.

If traffic is served on the outgoing link as soon as possible inthe FIFO order, the node of Figure 3(b) is
equivalent to a greedy shaper, with shaping curveσ(t) = Ct for t ≥ 0. It is therefore also a linear system,
but this time in min-plus algebra. This means that the response to the minimum of two inputs is the minimum
of the responses of the system to each input taken separately. However, this also mean that the response to
the sum of two inputs is no longer the sum of the responses of the system to each input taken separately,
because nowx(t)+n(t) is a nonlinear operation between the two inputsx(t) andn(t): it plays the role of a
multiplication in conventional system theory. Therefore the linearity property does unfortunately not apply
to the aggregatex(t) + n(t). As a result, little is known on the aggregate of multiplexedflows. Chapter 6
will learn us some new results and problems that appear simple but are still open today.

In both electronics and computer networks, nonlinear systems are also frequently encountered. They are
however handled quite differently in circuit theory and in network calculus.

Consider an elementary nonlinear circuit, such as the BJT amplifier circuit with only one transistor, shown
in Figure 4(a). Electronics engineers will analyze this nonlinear circuit by first computing a static operating
point y⋆ for the circuit, when the inputx⋆ is a fixed constant voltage (this is the DC analysis). Next they
will linearize the nonlinear element (i.e the transistor) around the operating point, to obtain a so-called small
signal model, which a linear model of impulse responseh(t) (this is the AC analysis). Nowxlin(t) =
x(t) − x⋆ is a time varying function of time within a small range aroundx⋆, so thatylin(t) = y(t) − y⋆

is indeed approximately given byylin(t) ≈ (h ⊗ xlin)(t). Such a model is shown on Figure 4(b). The
difficulty of a thorough nonlinear analysis is thus bypassedby restricting the input signal in a small range
around the operating point. This allows to use a linearized model whose accuracy is sufficient to evaluate
performance measures of interest, such as the gain of the amplifier.
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Figure 4: An elementary nonlinear circuit (a) replaced by a (simplified) linear model for small signals (b),
and a nonlinear network with window flow control (c) replaced by a (worst-case) linear system (d).

In network calculus, we do not decompose inputs in a small range time-varying part and another large
constant part. We do however replace nonlinear elements by linear systems, but the latter ones are now a
lower bound of the nonlinear system. We will see such an example with the notion of service curve, in
Chapter 1: a nonlinear systemy(t) = Π(x)(t) is replaced by a linear systemylin(t) = (β ⊗ x)(t), whereβ
denotes this service curve. This model is such thatylin(t) ≤ y(t) for all t ≥ 0, and all possible inputsx(t).
This will also allow us to compute performance measures, such as delays and backlogs in nonlinear systems.
An example is the window flow controller illustrated in Figure 4(c), which we will analyze in Chapter 4. A
flow x is fed via a window flow controller in a network that realizes some mappingy = Π(x). The window
flow controller limits the amount of data admitted in the network in such a way that the total amount of data
in transit in the network is always less than some positive number (the window size). We do not know the
exact mappingΠ, we assume that we know one service curveβ for this flow, so that we can replace the
nonlinear system of Figure 4(c) by the linear system of Figure 4(d), to obtain deterministic bounds on the
end-to-end delay or the amount of data in transit.

The reader familiar with traditional circuit and system theory will discover many other analogies and differ-
ences between the two system theories, while reading this book. We should insist however that no prerequi-
site in system theory is needed to discover network calculusas it is exposed in this book.
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CHAPTER 1

NETWORK CALCULUS

In this chapter we introduce the basic network calculus concepts of arrival, service curves and shapers. The
application given in this chapter concerns primarily networks with reservation services such as ATM or the
Internet integrated services (“Intserv”). Applications to other settings are given in the following chapters.

We begin the chapter by defining cumulative functions, whichcan handle both continuous and discrete time
models. We show how their use can give a first insight into playout buffer issues, which will be revisited
with more detail in Chapter 5. Then the concepts of Leaky Buckets and Generic Cell Rate algorithms are
described in the appropriate framework, of arrival curves.We address in detail the most important arrival
curves: piecewise linear functions and stair functions. Using the stair functions, we clarify the relation
between spacing and arrival curve.

We introduce the concept of service curve as a common model for a variety of network nodes. We show that
all schedulers generally proposed for ATM or the Internet integrated services can be modeled by a family
of simple service curves called the rate-latency service curves. Then we discover physical properties of
networks, such as “pay bursts only once” or “greedy shapers keep arrival constraints”. We also discover that
greedy shapers are min-plus, time invariant systems. Then we introduce the concept of maximum service
curve, which can be used to account for constant delays or formaximum rates. We illustrate all along
the chapter how the results can be used for practical buffer dimensioning. We give practical guidelines for
handling fixed delays such as propagation delays. We also address the distortions due to variability in packet
size.

1.1 MODELS FOR DATA FLOWS

1.1.1 CUMULATIVE FUNCTIONS , DISCRETE T IME VERSUS CONTINUOUS T IME M OD-
ELS

It is convenient to describe data flows by means of the cumulative functionR(t), defined as the number of
bits seen on the flow in time interval[0, t]. By convention, we takeR(0) = 0, unless otherwise specified.
FunctionR is always wide-sense increasing, that is, it belongs to the spaceF defined in Section 3.1.3
on Page 105. We can use a discrete or continuous time model. Inreal systems, there is always a minimum
granularity (bit, word, cell or packet), therefore discrete time with a finite set of values forR(t) could always
be assumed. However, it is often computationally simpler toconsider continuous time, with a functionR that
may be continuous or not. IfR(t) is a continuous function, we say that we have afluid model. Otherwise,

3



4 CHAPTER 1. NETWORK CALCULUS

we take the convention that the function is either right or left-continuous (this makes little difference in
practice).1 Figure 1.1.1 illustrates these definitions.

CONVENTION : A flow is described by a wide-sense increasing functionR(t); unless otherwise specified,
in this book, we consider the following types of models:

• discrete time:t ∈ N = {0, 1, 2, 3, ...}
• fluid model:t ∈ R+ = [0,+∞) andR is a continuous function
• general, continuous time model:t ∈ R+ andR is a left- or right-continuous function

1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4
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3 k

4 k

5 k

1 k
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5 k
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R 1 R 2

R 3

R 1 * R 2 *

R 3 *

x ( t )
d ( t )

Figure 1.1:Examples of Input and Output functions, illustrating our terminology and convention. R1 and R∗

1

show a continuous function of continuous time (fluid model); we assume that packets arrive bit by bit, for a
duration of one time unit per packet arrival. R2 and R∗

2 show continuous time with discontinuities at packet
arrival times (times 1, 4, 8, 8.6 and 14); we assume here that packet arrivals are observed only when the
packet has been fully received; the dots represent the value at the point of discontinuity; by convention, we
assume that the function is left- or right-continuous. R3 and R∗

3 show a discrete time model; the system is
observed only at times 0, 1, 2...

If we assume thatR(t) has a derivativedRdt = r(t) such thatR(t) =
∫ t
0 r(s)ds (thus we have a fluid model),

thenr is called the rate function. Here, however, we will see that it is much simpler to consider cumulative
functions such asR rather than rate functions. Contrary to standard algebra, with min-plus algebra we do
not need functions to have “nice” properties such as having aderivative.

It is always possible to map a continuous time modelR(t) to a discrete time modelS(n), n ∈ N by choosing
a time slotδ and sampling by

1It would be nice to stick to either left- or right-continuousfunctions. However, depending on the model, there is no bestchoice:
see Section 1.1.2, Section 1.2.1 and Section 1.7.
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S(n) = R(nδ) (1.1)

In general, this results in a loss of information. For the reverse mapping, we use the following convention.
A continuous time model can be derived fromS(n), n ∈ N by letting2

R′(t) = S(⌈ t
δ
⌉) (1.2)

The resulting functionR′ is always left-continuous, as we already required. Figure 1.1.1 illustrates this
mapping withδ = 1, S = R3 andR′ = R2.

Thanks to the mapping in Equation (1.1), any result for a continuous time model also applies to discrete
time. Unless otherwise stated, all results in this book apply to both continuous and discrete time. Discrete
time models are generally used in the context of ATM; in contrast, handling variable size packets is usually
done with a continuous time model (not necessarily fluid). Note that handling variable size packets requires
some specific mechanisms, described in Section 1.7.

Consider now a systemS, which we view as a blackbox;S receives input data, described by its cumulative
function R(t), and delivers the data after a variable delay. CallR∗(t) the output function, namely, the
cumulative function at the output of systemS. SystemS might be, for example, a single buffer served at a
constant rate, a complex communication node, or even a complete network. Figure 1.1.1 shows input and
output functions for a single server queue, where every packet takes exactly 3 time units to be served. With
output functionR∗

1 (fluid model) the assumption is that a packet can be served as soon as a first bit has
arrived (cut-through assumption), and that a packet departure can be observed bit by bit, at a constant rate.
For example, the first packet arrives between times 1 and 2, and leaves between times 1 and 4. With output
functionR∗

2 the assumption is that a packet is served as soon as it has beenfully received and is considered
out of the system only when it is fully transmitted (store andforward assumption). Here, the first packet
arrives immediately after time 1, and leaves immediately after time 4. With output functionR∗

3 (discrete
time model), the first packet arrives at time 2 and leaves at time 5.

1.1.2 BACKLOG AND V IRTUAL DELAY

From the input and output functions, we derive the two following quantities of interest.

DEFINITION 1.1.1 (Backlog and Delay).For a lossless system:

• Thebacklogat timet isR(t)−R∗(t).
• Thevirtual delayat timet is

d(t) = inf {τ ≥ 0 : R(t) ≤ R∗(t+ τ)}

The backlog is the amount of bits that are held inside the system; if the system is a single buffer, it is the
queue length. In contrast, if the system is more complex, then the backlog is the number of bits “in transit”,
assuming that we can observe input and output simultaneously. In Figure 1.1.1, the backlog, calledx(t), is
shown as the vertical deviation between input and output functions.

Roughly speaking, the virtual delay at timet is the delay that is experienced by a bit arriving at timet
if all bits received before it are served before it (we say that such a system isFIFO for this flow, where
FIFO stands for “First In, First Out”). On the figure, it is thehorizontal deviation between input and output
functions. More precisely, if these functions are left-continuous (as in Figure 1.1.1, subfigure 2), and for a
FIFO system,d(t) is the delay for a hypothetical bit that would arrivejust beforetime t; the delay for a bit

2⌈x⌉ (“ceiling of x”) is defined as the smallest integer≥ x; for example⌈2.3⌉ = 3 and⌈2⌉ = 2
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that arrivesat time t is the limit from the right ofd(t), namely,dr(t)
def
= lims→t,s>t d(s)

3. In contrast, if
the input and output functions are right-continuous, and for a FIFO system,d(t) is the delay for a bit that
arrives at timet.

In Figure 1.1.1, we see that the values of backlog and virtualdelay slightly differ for the three models. Thus
the delay experienced by the last bit of the first packet isd(2) = 2 time units for the first subfigure; in
contrast, it is equal todr(1) = 3 time units on the second subfigure. This is of course in accordance with the
different assumptions made for each of the models. Similarly, the delay for the fourth packet on subfigure 2
is dr(8.6) = 5.4 time units, which corresponds to 2.4 units of waiting time and 3 units of service time. In
contrast, on the third subfigure, it is equal tod(9) = 6 units; the difference is the loss of accuracy resulting
from discretization.

1.1.3 EXAMPLE : T HE PLAYOUT BUFFER

Cumulative functions are a powerful tool for studying delays and buffers. In order to illustrate this, consider
the simple playout buffer problem that we describe now. Consider a packet switched network that carries
bits of information from a source with a constant bit rater (Figure 1.2) as is the case for example, with
circuit emulation. We take a fluid model, as illustrated in Figure 1.2. We have a first systemS, the network,
with input functionR(t) = rt. The network imposes some variable delay, because of queuing points,
therefore the outputR∗ does not have a constant rater. What can be done to recreate a constant bit stream
? A standard mechanism is to smooth the delay variation in a playout buffer. It operates as follows. When

R ( t ) R * ( t ) S ( t )

t i m e

b i t s R ( t ) R * ( t ) S ( t )

t i m e

b i t s
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 D
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0 +
)  -

D )
 d ( t )

R ( t ) R * ( t ) S ( t )

S S �

t 1

R * ( t )

( D 2 )

Figure 1.2:A Simple Playout Buffer Example

the first bit of data arrives, at timedr(0), it is stored in the buffer until a fixed time∆ has elapsed. Then the
buffer is served at a constant rater whenever it is not empty. This gives us a second systemS ′, with input
R∗ and outputS.

Let us assume that the network delay variation is bounded by∆. This implies that for every timet, the
virtual delay (which is the real delay in that case) satisfies

−∆ ≤ d(t) − dr(0) ≤ ∆

Thus, since we have a fluid model, we have

r(t− dr(0)−∆) ≤ R∗(t) ≤ r(t− dr(0) + ∆)

which is illustrated in the figure by the two lines (D1) and (D2) parallel toR(t). The figure suggests
that, for the playout bufferS ′ the input functionR∗ is always above the straight line (D2), which means

3Other authors often use the notationd(t+) for dr(t).
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that the playout buffer never underflows. This suggests in turn that the output functionS(t) is given by
S(t) = r(t− dr(0)−∆).

Formally, the proof is as follows. We proceed by contradiction. Assume the buffer starves at some time,
and let t1 be the first time at which this happens. Clearly the playout buffer is empty at timet1, thus
R∗(t1) = S(t1). There is a time interval[t1, t1 + ǫ] during which the number of bits arriving at the playout
buffer is less thanrǫ (see Figure 1.2). Thus,d(t1 + ǫ) > dr(0) + ∆ which is not possible. Secondly, the
backlog in the buffer at timet is equal toR∗(t)− S(t), which is bounded by the vertical deviation between
(D1) and (D2), namely,2r∆.

We have thus shown that the playout buffer is able to remove the delay variation imposed by the network.
We summarize this as follows.

PROPOSITION 1.1.1. Consider a constant bit rate stream of rater, modified by a network that imposes
a variable delay variation and no loss. The resulting flow is put into a playout buffer, which operates by
delaying the first bit of the flow by∆, and reading the flow at rater. Assume that the delay variation
imposed by the network is bounded by∆, then

1. the playout buffer never starves and produces a constant output at rater;
2. a buffer size of2∆r is sufficient to avoid overflow.

We study playout buffers in more details in Chapter 5, using the network calculus concepts further intro-
duced in this chapter.

1.2 ARRIVAL CURVES

1.2.1 DEFINITION OF AN ARRIVAL CURVE

Assume that we want to provide guarantees to data flows. This requires some specific support in the network,
as explained in Section 1.3; as a counterpart, we need to limit the traffic sent by sources. With integrated
services networks (ATM or the integrated services internet), this is done by using the concept of arrival
curve, defined below.

DEFINITION 1.2.1 (Arrival Curve).Given a wide-sense increasing functionα defined fort ≥ 0 we say that
a flowR is constrained byα if and only if for all s ≤ t:

R(t)−R(s) ≤ α(t− s)

We say thatR hasα as an arrival curve, or also thatR is α-smooth.

Note that the condition is over a set of overlapping intervals, as Figure 1.3 illustrates.

AFFINE ARRIVAL CURVES: For example, ifα(t) = rt, then the constraint means that, on any time
window of widthτ , the number of bits for the flow is limited byrτ . We say in that case that the flow is peak
rate limited. This occurs if we know that the flow is arriving on a link whose physical bit rate is limited by
r b/s. A flow where the only constraint is a limit on the peak rateis often (improperly) called a “constant bit
rate” (CBR) flow, or “deterministic bit rate” (DBR) flow.

Havingα(t) = b, with b a constant, as an arrival curve means that the maximum numberof bits that may
ever be sent on the flow is at mostb.

More generally, because of their relationship with leaky buckets, we will often useaffinearrival curvesγr,b,
defined by:γr,b(t) = rt+b for t > 0 and0 otherwise. Havingγr,b as an arrival curve allows a source to send
b bits at once, but not more thanr b/s over the long run. Parametersb andr are called the burst tolerance (in
units of data) and the rate (in units of data per time unit). Figure 1.3 illustrates such a constraint.
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Figure 1.3:Example of Constraint by arrival curve, showing a cumulative function R(t) constrained by the
arrival curve α(t).

STAIR FUNCTIONS AS ARRIVAL CURVES: In the context of ATM, we also use arrival curves of the
form kvT,τ , wherevT,τ is the stair functions defined byvT,τ (t) = ⌈ t+τ

T ⌉ for t > 0 and0 otherwise (see
Section 3.1.3 for an illustration). Note thatvT,τ (t) = vT,0(t + τ), thusvT,τ results fromvT,0 by a time
shift to the left. ParameterT (the “interval”) andτ (the “tolerance”) are expressed in time units. In order
to understand the use ofvT,τ , consider a flow that sends packets of a fixed size, equal tok unit of data
(for example, an ATM flow). Assume that the packets are spacedby at leastT time units. An example
is a constant bit rate voice encoder, which generates packets periodically during talk spurts, and is silent
otherwise. Such a flow haskvT,0 as an arrival curve.

Assume now that the flow is multiplexed with some others. A simple way to think of this scenario is to
assume that the packets are put into a queue, together with other flows. This is typically what occurs at a
workstation, in the operating system or at the ATM adapter. The queue imposes a variable delay; assume it
can be bounded by some value equal toτ time units. We will see in the rest of this chapter and in Chapter 2
how we can provide such bounds. CallR(t) the input function for the flow at the multiplexer, andR∗(t) the
output function. We haveR∗(s) ≥ R(s− τ), from which we derive:

R∗(t)−R∗(s) ≤ R(t)−R(s− τ) ≤ kvT,0(t− s+ τ) = kvT,τ (t− s)

ThusR∗ haskvT,τ as an arrival curve. We have shown thata periodic flow, with periodT , and packets of
constant sizek, that suffers a variable delay≤ τ , haskvT,τ as an arrival curve. The parameterτ is often
called the “one-point cell delay variation”, as it corresponds to a deviation from a periodic flow that can be
observed at one point.

In general, functionvT,τ can be used to expressminimum spacingbetween packets, as the following propo-
sition shows.

PROPOSITION1.2.1 (Spacing as an arrival constraint).Consider a flow, with cumulative functionR(t), that
generates packets of constant size equal tok data units, with instantaneous packet arrivals. Assume time
is discrete or time is continuous andR is left-continuous. Calltn the arrival time for thenth packet. The
following two properties are equivalent:

1. for all m,n, tm+n − tm ≥ nT − τ
2. the flow haskvT,τ as an arrival curve

The conditions on packet size and packet generation mean that R(t) has the formnk, with n ∈ N. The
spacing condition implies that the time interval between two consecutive packets is≥ T − τ , between a
packet and the next but one is≥ 2T − τ , etc.
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PROOF: Assume that property 1 holds. Consider an arbitrary interval ]s, t], and calln the number of
packet arrivals in the interval. Say that these packets are numberedm+ 1, . . . ,m+ n, so thats < tm+1 ≤
. . . ≤ tm+n ≤ t, from which we have

t− s > tm+n − tm+1

Combining with property 1, we get
t− s > (n− 1)T − τ

From the definition ofvT,τ it follows thatvT,τ (t− s) ≥ n. ThusR(t)−R(s) ≤ kvT,τ (t− s), which shows
the first part of the proof.

Conversely, assume now that property 2 holds. If time is discrete, we convert the model to continuous time
using the mapping in Equation 1.2, thus we can consider that we are in the continuous time case. Consider
some arbitrary integersm,n; for all ǫ > 0, we have, under the assumption in the proposition:

R(tm+n + ǫ)−R(tm) ≥ (n+ 1)k

thus, from the definition ofvT,τ ,
tm+n − tm + ǫ > nT − τ

This is true for allǫ > 0, thustm+n − tm ≥ nT − τ .

In the rest of this section we clarify the relationship between arrival curve constraints defined by affine and
by stair functions. First we need a technical lemma, which amounts to saying that we can always change an
arrival curve to be left-continuous.

LEMMA 1.2.1 (Reduction to left-continuous arrival curves).Consider a flowR(t) and a wide sense increas-
ing functionα(t), defined fort ≥ 0. Assume thatR is either left-continuous, or right-continuous. Denote
withαl(t) the limit from the left ofα at t (this limit exists at every point becauseα is wide sense increasing);
we haveαl(t) = sups<t α(s). If α is an arrival curve forR, then so isαl.

PROOF: Assume first thatR is left-continuous. For somes < t, let tn be a sequence of increasing
times converging towardst, with s < tn ≤ t. We haveR(tn) − R(s) ≤ α(tn − s) ≤ αl(t − s). Now
limn→+∞R(tn) = R(t) since we assumed thatR is left-continuous. ThusR(t)−R(s) ≤ αl(t− s).

If in contrastR is right-continuous, consider a sequencesn converging towardss from above. We have
similarlyR(t)−R(sn) ≤ α(t−sn) ≤ αl(t−s) andlimn→+∞R(sn) = R(s), thusR(t)−R(s) ≤ αl(t−s)
as well.

Based on this lemma, we can always reduce an arrival curve to be left-continuous4. Note thatγr,b andvT,τ
are left-continuous. Also remember that, in this book, we use the convention that cumulative functions such
asR(t) are left continuous; this is a pure convention, we might as well have chosen to consider only right-
continuous cumulative functions. In contrast, an arrival curve can always be assumed to be left-continuous,
but not right-continuous.

In some cases, there is equivalence between a constraint defined byγr,b andvT,τ . For example, for an ATM
flow (namely, a flow where every packet has a fixed size equal to one unit of data) a constraintγr,b with
r = 1

T andb = 1 is equivalent to sending one packet everyT time units, thus is equivalent to a constraint
by the arrival curvevT,0. In general, we have the following result.

PROPOSITION1.2.2. Consider either a left- or right- continuous flowR(t), t ∈ R+, or a discrete time flow
R(t), t ∈ N, that generates packets of constant size equal tok data units, with instantaneous packet arrivals.
For someT andτ , let r = k

T andb = k( τT + 1). It is equivalent to say thatR is constrained byγr,b or by
kvT,τ .

4If we considerαr(t), the limit from the right ofα at t, thenα ≤ αr thusαr is always an arrival curve, however it is not better
thanα.
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PROOF: Since we can map any discrete time flow to a left-continuous, continuous time flow, it is suffi-
cient to consider a left-continuous flowR(t), t ∈ R+. Also, by changing the unit of data to the size of one
packet, we can assume without loss of generality thatk = 1. Note first, that with the parameter mapping in
the proposition, we havevT,τ ≤ γr,b, which shows that ifvT,τ is an arrival curve forR, then so isγr,b.

Conversely, assume now thatR hasγr,b as an arrival curve. Then for alls ≤ t, we haveR(t)−R(s) ≤ rt+b,
and sinceR(t)−R(s) ∈ N, this impliesR(t)−R(s) ≤ ⌊rt+ b⌋, Callα(t) the right handside in the above
equation and apply Lemma 1.2.1. We haveαl(t) = ⌈rt+ b− 1⌉ = vT,τ (t).

Note that the equivalence holds if we can assume that the packet size is constant and equal to the step size
in the constraintkvT,τ . In general, the two families of arrival curve do not provideidentical constraints. For
example, consider an ATM flow, with packets of size 1 data unit, that is constrained by an arrival curve of
the formkvT,τ , for somek > 1. This flow might result from the superposition of several ATMflows. You
can convince yourself that this constraint cannot be mappedto a constraint of the formγr,b. We will come
back to this example in Section 1.4.1.

1.2.2 LEAKY BUCKET AND GENERIC CELL RATE ALGORITHM

Arrival curve constraints find their origins in the concept of leaky bucket and generic cell rate algorithms,
which we describe now. We show that leaky buckets correspondto affine arrival curvesγr,b, while the
generic cell rate algorithm corresponds to stair functionsvT,τ . For flows of fixed size packets, such as ATM
cells, the two are thus equivalent.

DEFINITION 1.2.2 (Leaky Bucket Controller).A Leaky Bucket Controller is a device that analyzes the data
on a flowR(t) as follows. There is a pool (bucket) of fluid of sizeb. The bucket is initially empty. The bucket
has a hole and leaks at a rate ofr units of fluid per second when it is not empty.

Data from the flowR(t) has to pour into the bucket an amount of fluid equal to the amount of data. Data that
would cause the bucket to overflow is declared non-conformant, otherwise the data is declared conformant.

Figure 1.2.2 illustrates the definition. Fluid in the leaky bucket does not represent data, however, it is counted
in the same unit as data.

Data that is not able to pour fluid into the bucket is said to be “non-conformant” data. In ATM systems,
non-conformant data is either discarded, tagged with a low priority for loss (“red” cells), or can be put in a
buffer (buffered leaky bucket controller). With the Integrated Services Internet, non-conformant data is in
principle not marked, but simply passed as best effort traffic (namely, normal IP traffic).

We want now to show that a leaky bucket controller enforces anarrival curve constraint equal toγr,b. We
need the following lemma.

LEMMA 1.2.2. Consider a buffer served at a constant rater. Assume that the buffer is empty at time0. The
input is described by the cumulative functionR(t). If there is no overflow during[0, t], the buffer content at
timet is given by

x(t) = sup
s:s≤t

{R(t)−R(s)− r(t− s)}

PROOF: The lemma can be obtained as a special case of Corollary 1.5.2on page 32, however we give
here a direct proof. First note that for alls such thats ≤ t, (t− s)r is an upper bound on the number of bits
output in]s, t], therefore:

R(t)−R(s)− x(t) + x(s) ≤ (t− s)r

Thus
x(t) ≥ R(t)−R(s) + x(s)− (t− s)r ≥ R(t)−R(s)− (t− s)r
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Figure 1.4:A Leaky Bucket Controller. The second part of the figure shows (in grey) the level of the bucket
x(t) for a sample input, with r = 0.4 kbits per time unit and b = 1.5 kbits. The packet arriving at time t = 8.6
is not conformant, and no fluid is added to the bucket. If b would be equal to 2 kbits, then all packets would
be conformant.

which proves thatx(t) ≥ sups:s≤t{R(t)−R(s)− r(t− s)}.

Conversely, callt0 the latest time at which the buffer was empty before timet:

t0 = sup{s : s ≤ t, x(s) = 0}

(If x(t) > 0 thent0 is the beginning of the busy period at timet). During ]t0, t], the queue is never empty,
therefore it outputs bit at rater, and thus

x(t) = x(t0) +R(t)−R(t0)− (t− t0)r (1.3)

We assume thatR is left-continuous (otherwise the proof is a little more complex); thusx(t0) = 0 and thus
x(t) ≤ sups:s≤t{R(t)−R(s)− r(t− s)}
Now the content of a leaky bucket behaves exactly like a buffer served at rater, and with capacityb. Thus,
a flowR(t) is conformant if and only if the bucket contentx(t) never exceedsb. From Lemma 1.2.2, this
means that

sup
s:s≤t

{R(t)−R(s)− r(t− s)} ≤ b

which is equivalent to
R(t)−R(s) ≤ r(t− s) + b

for all s ≤ t. We have thus shown the following.

PROPOSITION1.2.3. A leaky bucket controller with leak rater and bucket sizeb forces a flow to be con-
strained by the arrival curveγr,b, namely:

1. the flow of conformant data hasγr,b as an arrival curve;
2. if the input already hasγr,b as an arrival curve, then all data is conformant.

We will see in Section 1.4.1 a simple interpretation of the leaky bucket parameters, namely:r is the mini-
mum rate required to serve the flow, andb is the buffer required to serve the flow at a constant rate.

Parallel to the concept of leaky bucket is the Generic Cell Rate Algorithm (GCRA), used with ATM.

DEFINITION 1.2.3 (GCRA (T, τ )). The Generic Cell Rate Algorithm (GCRA) with parameters (T, τ ) is used
with fixed size packets, called cells, and defines conformantcells as follows. It takes as input a cell arrival
timet and returnsresult. It has an internal (static) variabletat (theoretical arrival time).
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• initially, tat = 0
• when a cell arrives at timet, then

if (t < tat - tau)
result = NON-CONFORMANT;

else {
tat = max (t, tat) + T;
result = CONFORMANT;
}

Table 1.1 illustrate the definition of GCRA. It illustrates that 1
T is the long term rate that can be sustained

by the flow (in cells per time unit); whileτ is a tolerance that quantifies how early cells may arrive with
respect to an ideal spacing ofT between cells. We see on the first example that cells may be early by 2 time
units (cells arriving at times 18 to 48), however this may notbe cumultated, otherwise the rate of1

T would
be exceeded (cell arriving at time 57).

arrival time 0 10 18 28 38 48 57
tat before arrival 0 10 20 30 40 50 60

result c c c c c c non-c

arrival time 0 10 15 25 35
tat before arrival 0 10 20 20 30

result c c non-c c c

Table 1.1:Examples for GCRA(10,2). The table gives the cell arrival times, the value of the tat internal
variable just before the cell arrival, and the result for the cell (c = conformant, non-c = non-conformant).

In general, we have the following result, which establishesthe relationship between GCRA and the stair
functionsvT,τ .

PROPOSITION 1.2.4. Consider a flow, with cumulative functionR(t), that generates packets of constant
size equal tok data units, with instantaneous packet arrivals. Assume time is discrete or time is continuous
andR is left-continuous. The following two properties are equivalent:

1. the flow is conformant to GCRA(T, τ )
2. the flow has(k vT,τ ) as an arrival curve

PROOF: The proof uses max-plus algebra. Assume that property 1 holds. Denote withθn the value of
tat just after the arrival of thenth packet (or cell), and by conventionθ0 = 0. Also call tn the arrival
time of thenth packet. From the definition of the GCRA we haveθn = max(tn, θn−1) + T . We write this
equation for allm ≤ n, using the notation∨ for max. The distributivity of addition with respect to∨ gives:





θn = (θn−1 + T ) ∨ (tn + T )
θn−1 + T = (θn−2 + 2T ) ∨ (tn−1 + 2T )
. . .
θ1 + (n− 1)T = (θ0 + nT ) ∨ (t1 + nT )

Note that(θ0 + nT ) ∨ (t1 + nT ) = t1 + nT becauseθ0 = 0 andt1 ≥ 0, thus the last equation can be
simplified toθ1+(n−1)T = t1+nT . Now the iterative substitution of one equation into the previous one,
starting from the last one, gives

θn = (tn + T ) ∨ (tn−1 + 2T ) ∨ . . . ∨ (t1 + nT ) (1.4)
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Now consider the(m + n)th arrival, for somem,n ∈ N, with m ≥ 1. By property 1, the packet is
conformant, thus

tm+n ≥ θm+n−1 − τ (1.5)

Now from Equation (1.4),θm+n−1 ≥ tj + (m + n − j)T for all 1 ≤ j ≤ m + n − 1. For j = m, we
obtainθm+n−1 ≥ tm + nT . Combining this with Equation (1.5), we havetm+n ≥ tm + nT − τ . With
proposition 1.2.1, this shows property 2.

Conversely, assume now that property 2 holds. We show by induction onn that thenth packet is conformant.
This is always true forn = 1. Assume it is true for allm ≤ n. Then, with the same reasoning as above,
Equation (1.4) holds forn. We rewrite it asθn = max1≤j≤n{tj+(n−j+1)T}. Now from proposition 1.2.1,
tn+1 ≥ tj+(n−j+1)T−τ for all 1 ≤ j ≤ n, thustn+1 ≥ max1≤j≤n{tj+(n−j+1)T}−τ . Combining
the two, we find thattn+1 ≥ θn − τ , thus the(n+ 1)th packet is conformant.

Note the analogy between Equation (1.4) and Lemma 1.2.2. Indeed, from proposition 1.2.2, for packets of
constant size, there is equivalence between arrival constraints by affine functionsγr,b and by stair functions
vT,τ . This shows the following result.

COROLLARY 1.2.1. For a flow with packets of constant size, satisfying the GCRA(T, τ ) is equivalent to
satisfying a leaky bucket controller, with rater and burst toleranceb given by:

b = (
τ

T
+ 1)δ

r =
δ

T

In the formulas,δ is the packet size in units of data.

The corollary can also be shown by a direct equivalence of theGCRA algorithm to a leaky bucket controller.

Take the ATM cell as unit of data. The results above show that for an ATM cell flow, being conformant to
GCRA(T, τ ) is equivalent to havingvT,τ as an arrival curve. It is also equivalent to havingγr,b as an arrival
curve, withr = 1

T andb = τ
T + 1.

Consider a family ofI leaky bucket controllers (or GCRAs), with parametersri, bi, for 1 ≤ i ≤ I. If we
apply all of them in parallel to the same flow, then the conformant data is data that is conformant for each
of the controllers in isolation. The flow of conformant data has as an arrival curve

α(t) = min
1≤i≤I

(γri,bi(t)) = min
1≤i≤I

(rit+ bi)

It can easily be shown that the family of arrival curves that can be obtained in this way is the set of concave,
piecewise linear functions, with a finite number of pieces. We will see in Section 1.5 some examples of
functions that do not belong to this family.

APPLICATION TO ATM AND THE I NTERNET Leaky buckets and GCRA are used by standard bodies to
define conformant flows in Integrated Services Networks. With ATM, a constant bit rate connection (CBR)
is defined by one GCRA (or equivalently, one leaky bucket), with parameters(T, τ). T is called the ideal
cell interval, andτ is called the Cell Delay Variation Tolerance (CDVT). Still with ATM, a variable bit rate
(VBR) connection is defined as one connection with an arrivalcurve that corresponds to 2 leaky buckets
or GCRA controllers. The Integrated services framework of the Internet (Intserv) uses the same family of
arrival curves, such as

α(t) = min(M + pt, rt+ b) (1.6)

whereM is interpreted as the maximum packet size,p as the peak rate,b as the burst tolearance, andr as
the sustainable rate (Figure 1.5). In Intserv jargon, the 4-uple (p,M, r, b) is also called a T-SPEC (traffic
specification).
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Figure 1.5:Arrival curve for ATM VBR and for Intserv flows

1.2.3 SUB-ADDITIVITY AND ARRIVAL CURVES

In this Section we discover the fundamental relationship between min-plus algebra and arrival curves. Let
us start with a motivating example.

Consider a flowR(t) ∈ N with t ∈ N; for example the flow is an ATM cell flow, counted in cells. Timeis
discrete to simplify the discussion. Assume that we know that the flow is constrained by the arrival curve
3v10,0; for example, the flow is the superposition of 3 CBR connections of peak rate0.1 cell per time unit
each. Assume in addition that we know that the flow arrives at the point of observation over a link with a
physical characteristic of 1 cell per time unit. We can conclude that the flow is also constrained by the arrival
curvev1,0. Thus, obviously, it is constrained byα1 = min(3v10,0, v1,0). Figure 1.6 shows the functionα1.

c e l l s
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Figure 1.6:The arrival curve α1 = min(3v10,0, v1,0) on the left, and its sub-additive closure (“good” function)
ᾱ1 on the right. Time is discrete, lines are put for ease of reading.

Now the arrival curveα1 tells us thatR(10) ≤ 3 andR(11) ≤ 6. However, since there can arrive at most 1
cell per time unit , we can also conclude thatR(11) ≤ R(10) + [R(11) − R(10)] ≤ α1(10) + α1(1) = 4.
In other words, the sheer knowledge thatR is constrained byα1 allows us to derive a better bound thanα1

itself. This is becauseα1 is not a “good” function, in a sense that we define now.

DEFINITION 1.2.4. Consider a functionα in F . We say thatα is a “good” function if any one of the
following equivalent properties is satisfied

1. α is sub-additive andα(0) = 0
2. α = α⊗ α
3. α⊘ α = α
4. α = ᾱ (sub-additive closure ofα).

The definition uses the concepts of sub-additivity, min-plus convolution, min-plus deconvolution and sub-
additive closure, which are defined in Chapter 3. The equivalence between the four items comes from
Corollaries 3.1.1 on page 120 and 3.1.13 on page 125. Sub-additivity (item 1) means thatα(s + t) ≤



1.2. ARRIVAL CURVES 15

α(s) + α(t). If α is not sub-additive, thenα(s) + α(t) may be a better bound thanα(s + t), as is the
case withα1 in the example above. Item 2, 3 and 4 use the concepts of min-plus convolution, min-plus
deconvolution and sub-additive closure, defined in Chapter3. We know in particular (Theorem 3.1.10) that
the sub-additive closure of a functionα is the largest “good” function̄α such thatᾱ ≤ α. We also know
thatᾱ ∈ F if α ∈ F .

The main result about arrival curves is thatany arrival curve can be replaced by its sub-additive closure,
which is a “good” arrival curve. Figure 1.6 shows̄α1 for our example above.

THEOREM 1.2.1 (Reduction of Arrival Curve to a Sub-Additive One).Saying that a flow is constrained by
a wide-sense increasing functionα is equivalent to saying that it is constrained by the sub-additive closure
ᾱ.

The proof of the theorem leads us to the heart of the concept ofarrival curve, namely, its correspondence
with a fundamental, linear relationships in min-plus algebra, which we will now derive.

LEMMA 1.2.3. A flowR is constrained by arrival curveα if and only ifR ≤ R⊗ α

PROOF: Remember that an equation such asR ≤ R⊗ α means that for all timest, R(t) ≤ (R⊗ α)(t).
The min-plus convolutionR⊗α is defined in Chapter 3, page 111; sinceR(s) andα(s) are defined only for
s ≥ 0, the definition ofR⊗α is: (R⊗α)(t) = inf0≤s≤t(R(s) +α(t− s)). ThusR ≤ R⊗α is equivalent
toR(t) ≤ R(s) + α(t− s) for all 0 ≤ s ≤ t.

LEMMA 1.2.4. If α1 andα2 are arrival curves for a flowR, then so isα1 ⊗ α2

PROOF: We know from Chapter 3 thatα1⊗α2 is wide-sense increasing ifα1 andα2 are. The rest of the
proof follows immediately from Lemma 1.2.3 and the associativity of ⊗.

PROOF OF THEOREM Sinceα is an arrival curve, so isα⊗ α, and by iteration, so isα(n) for all n ≥ 1.
By the definition ofδ0, it is also an arrival curve. Thus so is̄α = infn≥0 α

(n).

Conversely,̄α ≤ α; thus, if ᾱ is an arrival curve, then so isα.

EXAMPLES We should thus restrict our choice of arrival curves to sub-additive functions. As we can
expect, the functionsγr,b andvT,τ introduced in Section 1.2.1 are sub-additive and since their value is0
for t = 0, they are “good” functions, as we now show. Indeed, we know from Chapter 1 that any concave
functionα such thatα(0) = 0 is sub-additive. This explains why the functionsγr,b are sub-additive.

FunctionsvT,τ are not concave, but they still are sub-additive. This is because, from its very definition, the
ceiling function is sub-additive, thus

vT,τ (s + t) = ⌈s+ t+ τ

T
⌉ ≤ ⌈s+ τ

T
⌉+ ⌈ t

T
⌉ ≤ ⌈s+ τ

T
⌉+ ⌈t+ τ

T
⌉ = vT,τ (s) + vT,τ (t)

Let us return to our introductory example withα1 = min(3v10,0, v1,0). As we discussed,α1 is not sub-
additive. From Theorem 1.2.1, we should thus replaceα1 by its sub-additive closurēα1, which can be
computed by Equation (3.13). The computation is simplified by the following remark, which follows im-
mediately from Theorem 3.1.11:

LEMMA 1.2.5. Letγ1 andγ2 be two “good” functions. The sub-additive closure ofmin(γ1, γ2) is γ1 ⊗ γ2.

We can apply the lemma toα1 = 3v10,0 ∧ v1,0, sincevT,τ is a “good” function. Thusᾱ1 = 3v10,0 ⊗ v1,0,
which the alert reader will enjoy computing. The result is plotted in Figure 1.6.

Finally, let us mention the following equivalence, the proof of which is easy and left to the reader.
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PROPOSITION 1.2.5. For a given wide-sense increasing functionα, with α(0) = 0, consider a source
defined byR(t) = α(t) (greedy source). The source hasα as an arrival curve if and only ifα is a “good”
function.

VBR ARRIVAL CURVE Now let us examine the family of arrival curves obtained by combinations of
leaky buckets or GCRAs (concave piecewise linear functions). We know from Chapter 3 that ifγ1 andγ2
are concave, withγ1(0) = γ2(0) = 0, thenγ1 ⊗ γ2 = γ1 ∧ γ2. Thus any concave piecewise linear function
α such thatα(0) = 0 is a “good” function. In particular, if we define the arrival curve for VBR connections
or Intserv flows by {

α(t) = min(pt+M, rt+ b) if t > 0
α(0) = 0

(see Figure 1.5) thenα is a “good” function.

We have seen in Lemma 1.2.1 that an arrival curveα can always be replaced by its limit from the leftαl.
We might wonder how this combines with the sub-additive closure, and in particular, whether these two
operations commute (in other words, do we have(ᾱ)l = αl ?). In general, ifα is left-continuous, then
we cannot guarantee thatᾱ is also left-continuous, thus we cannot guarantee that the operations commute.
However, it can be shown that(ᾱ)l is always a “good” function, thus(ᾱ)l = (ᾱ)l. Starting from an arrival
curveα we can therefore improve by taking the sub-additive closurefirst, then the limit from the left. The
resulting arrival curve(ᾱ)l is a “good” function that is also left-continuous (a “very good” function), and
the constraint byα is equivalent to the constraint by(ᾱ)l

Lastly, let us mention that it can easily be shown, using an argument of uniform continuity, that ifα takes
only a finite set of values over any bounded time interval, andif α is left-continuous, then so is̄α and then
we do have(ᾱ)l = αl. This assumption is always true in discrete time, and in mostcases in practice.

1.2.4 MINIMUM ARRIVAL CURVE

Consider now a given flowR(t), for which we would like to determine a minimal arrival curve. This
problem arises, for example, whenR is known from measurements. The following theorem says thatthere
is indeed one minimal arrival curve.

THEOREM 1.2.2 (Minimum Arrival Curve).Consider a flowR(t)t≥0. Then

• functionR⊘R is an arrival curve for the flow
• for any arrival curveα that constrains the flow, we have:(R ⊘R) ≤ α
• R⊘R is a “good” function

FunctionR⊘R is called theminimum arrival curvefor flowR.

The minimum arrival curve uses min-plus deconvolution, defined in Chapter 3. Figure 1.2.4 shows an
example ofR⊘R for a measured functionR.

PROOF: By definition of⊘, we have(R⊘R)(t) = supv≥0{R(t+ v)−R(v)}, it follows that(R⊘R)
is an arrival curve.

Now assume that someα is also an arrival curve forR. From Lemma 1.2.3, we haveR ≤ R ⊗ α). From
Rule 14 in Theorem 3.1.12 in Chapter 3, it follows thatR⊘R ≤ α, which shows thatR⊘R is the minimal
arrival curve forR. Lastly,R⊘R is a “good” function from Rule 15 in Theorem 3.1.12.

Consider a greedy source, withR(t) = α(t), whereα is a “good” function. What is the minimum arrival
curve ?5 Lastly, the curious reader might wonder whetherR ⊘ R is left-continuous. The answer is as

5Answer: from the equivalence in Definition 1.2.4, the minimum arrival curve isα itself.



1.2. ARRIVAL CURVES 17

100 200 300 400

10

20

30

40

50

60

70

100 200 300 400

10

20

30

40

50

60

70

100 200 300 400

2000

4000

6000

8000

10000

Figure 1.7:Example of minimum arrival curve. Time is discrete, one time unit is 40 ms. The top figures
shows, for two similar traces, the number of packet arrivals at every time slot. Every packet is of constant
size (416 bytes). The bottom figure shows the minimum arrival curve for the first trace (top curve) and the
second trace (bottom curve). The large burst in the first trace comes earlier, therefore its minimum arrival
curve is slightly larger.
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follows. Assume thatR is either right or left-continuous. By lemma 1.2.1, the limit from the left(R ⊘ R)l
is also an arrival curve, and is bounded from above byR ⊘ R. SinceR ⊘ R is the minimum arrival curve,
it follows that(R⊘R)l = R⊘R, thusR⊘R is left-continuous (and is thus a “very good” function).

In many cases, one is interested not in the absolute minimum arrival curve as presented here, but in a
minimum arrival curve within a family of arrival curves, forexample, among allγr,b functions. For a
development along this line, see [61].

1.3 SERVICE CURVES

1.3.1 DEFINITION OF SERVICE CURVE

We have seen that one first principle in integrated services networks is to put arrival curve constraints on
flows. In order to provide reservations, network nodes in return need to offer some guarantees to flows.
This is done by packet schedulers [45]. The details of packetscheduling are abstracted using the concept
of service curve, which we introduce and study in this section. Since the concept of service curve is more
abstract than that of arrival curve, we introduce it on some examples.

A first, simple example of a scheduler is a Generalized Processor Sharing (GPS) node [63]. We define now
a simple view of GPS; more details are given in Chapter 2. A GPSnode serves several flows in parallel, and
we can consider that every flow is allocated a given rate. The guarantee is that during a period of durationt,
for which a flow has some backlog in the node, it receives an amount of service at least equal tort, wherer
is its allocated rate. A GPS node is a theoretical concept, which is not really implementable, because it relies
on a fluid model, while real networks use packets. We will see in Section 2.1 on page 67 how to account
for the difference between a real implementation and GPS. Consider a input flowR, with outputR∗, that is
served in a GPS node, with allocated rater. Let us also assume that the node buffer is large enough so that
overflow is not possible. We will see in this section how to compute the buffer size required to satisfy this
assumption. Lossy systems are the object of Chapter 9. Underthese assumptions, for all timet, call t0 the
beginning of the last busy period for the flow up to timet. From the GPS assumption, we have

R∗(t)−R∗(t0) ≥ r(t− t0)

Assume as usual thatR is left-continuous; at timet0 the backlog for the flow is0, which is expressed by
R(t0)−R∗(t0) = 0. Combining this with the previous equation, we obtain:

R∗(t)−R(t0) ≥ r(t− t0)

We have thus shown that, for all timet: R∗(t) ≥ inf0≤s≤t[R(s) + r(t− s)], which can be written as

R∗ ≥ R⊗ γr,0 (1.7)

Note that a limiting case of GPS node is the constant bit rate server with rater, dedicated to serving a single
flow. We will study GPS in more details in Chapter 2.

Consider now a second example. Assume that the only information we have about a network node is that
the maximum delay for the bits of a given flowR is bounded by some fixed valueT , and that the bits of
the flow are served in first in, first out order. We will see in Section 1.5 that this is used with a family of
schedulers called “earliest deadline first” (EDF). We can translate the assumption on the delay bound to
d(t) ≤ T for all t. Now sinceR∗ is always wide-sense increasing, it follows from the definition of d(t) that
R∗(t+ T ) ≥ R(t). Conversely, ifR∗(t+ T ) ≥ R(t), thend(t) ≤ T . In other words, our condition that the
maximum delay is bounded byT is equivalent toR∗(t+ T ) ≥ R(t) for all t. This in turn can be re-written
as

R∗(s) ≥ R(s− T )
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for all s ≥ T . We have introduced in Chapter 3 the “impulse” functionδT defined byδT (t) = 0 if 0 ≤ t ≤ T
andδT (t) = +∞ if t > T . It has the property that, for any wide-sense increasing functionx(t), defined for
t ≥ 0, (x⊗ δT )(t) = x(t− T ) if t ≥ T and(x⊗ δT )(t) = x(0) otherwise. Our condition on the maximum
delay can thus be written as

R∗ ≥ R⊗ δT (1.8)

For the two examples above, there is an input-output relationship of the same form (Equations (1.7) and
(1.8)). This suggests the definition of service curve, which, as we see in the rest of this section, is indeed
able to provide useful results.

R ( t )

b ( t )

t i m e

d a t a

( R Ä  b ) ( t )

R * ( t )

t i m e

Figure 1.8:Definition of service curve. The output R∗ must be above R⊗ β, which is the lower envelope of
all curves t 7→ R(t0) + β(t− t0).

DEFINITION 1.3.1 (Service Curve).Consider a systemS and a flow throughS with input and output
functionR and R∗. We say thatS offers to the flow aservice curveβ if and only if β is wide sense
increasing,β(0) = 0 andR∗ ≥ R⊗ β

Figure 1.8 illustrates the definition.

The definition means thatβ is a wide sense increasing function, withβ(0) = 0, and that for allt ≥ 0,

R∗(t) ≥ inf
s≤t

(R(s) + β(t− s))

In practice, we can avoid the use of an infimum ifβ is continuous. The following proposition is an immediate
consequence of Theorem 3.1.8 on Page 115.

PROPOSITION1.3.1. If β is continuous, the service curve property means that for allt we can findt0 ≤ t
such that

R∗(t) ≥ Rl(t0) + β(t− t0) (1.9)

whereRl(t0) = sup{s<t0}R(s) is the limit from the left ofR at t0. If R is left-continuous, thenRl(t0) =
R(t0).

For a constant rate server (and also for anystrict service curve), the numbert0 in (1.9) can be taken as the
beginning of the busy period, for other cases, we do not know.However, in some cases we can pick at0 that
increases witht:

PROPOSITION1.3.2. If the service curveβ is convex, then we can find some wide sense increasing function
τ(t) such that we can chooset0 = τ(t) in (1.9).

Note that since a service curve is assumed to be wide-sense increasing,β, being convex, is necessarily
continuous; thus we can apply Proposition 1.3.1.
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PROOF: We give the proof whenR is left-continuous. The proof for the general case is essentially the
same but involves someǫ cutting. Consider somet1 < t2 and callτ1 a value oft0 as in (1.9)) att = t1.
Also consider anyt′ ≤ τ1. From the definition ofτ1, we have

R∗(t′) + β(t1 − t′) ≥ R∗(τ1) + β(t1 − τ1)

and thus
R∗(t′) + β(t2 − t′) ≥ R∗(τ1) + β(t1 − τ1)− β(t1 − t′) + β(t2 − t′)

Now β is convex, thus for any four numbersa, b, c, d such thata ≤ c ≤ b, a ≤ d ≤ b anda+ b = c+ d, we
have

β(a) + β(b) ≥ β(c) + β(d)

(the interested reader will be convinced by drawing a small figure). Applying this toa = t1 − τ1, b =
t2 − t′, c = t1 − t′, d = t2 − τ1 gives

R∗(t′) + β(t2 − t′) ≥ R∗(τ1) + β(t2 − τ1)

and the above equation holds for allt′ ≤ τ1. Consider now the minimum, for a fixedt2, ofR∗(t′)+β(t2−t′)
over allt′ ≤ t2. The above equation shows that the minimum is reached for some t′ ≥ τ1.

We will see in Section 1.4 that the combination of a service curve guarantee with an arrival curve constraint
forms the basis for deterministic bounds used in integratedservices networks. Before that, we give the
fundamental service curve examples that are used in practice.

1.3.2 CLASSICAL SERVICE CURVE EXAMPLES

GUARANTEED DELAY NODE The analysis of the second example in Section 1.3.1 can be rephrased as
follows.

PROPOSITION1.3.3. For a lossless bit processing system, saying that the delay for any bit is bounded by
some fixedT is equivalent to saying that the system offers to the flow a service curve equal toδT .

NON PREMPTIVE PRIORITY NODE Consider a node that serves two flows,RH(t) andRL(t). The first
flow has non-preemptive priority over the second one (Figure1.9). This example explains the general frame-
work used when some traffic classes have priority over some others, such as with the Internet differentiated
services [7]. The rate of the server is constant, equal toC. CallR∗

H(t) andR∗
L(t) the outputs for the two

flows. Consider first the high priority flow. Fix some timet and calls the beginning of the backlog period

R * L ( t )

R * H ( t )

H i g h  p r i o r i t y

L o w  p r i o r i t y

r a t e  c

R H ( t )

R L ( t )

Figure 1.9:Two priority flows (H and L) served with a preemptive head of the line (HOL) service discipline.
The high priority flow is constrained by arrival curve α.

for high priority traffic. The service for high priority can be delayed by a low priority packet that arrived
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shortly befores′, but as soon as this packet is served, the server is dedicatedto high priority as long as there
is some high priority traffic to serve. Over the interval(s, t], the output isC(t− s)Thus

R∗
H(t)−R∗

H(s) ≥ C(t− s)− lHmax

wherelLmax is the maximum size of a low priority packet. Now by definitionof s: R∗
H(s) = RH(s) thus

R∗
H(t) ≥ RH(s) +C(t− s)− lLmax

Now we have also
R∗

H(t)−RH(s) = R∗
H(t)−R∗

H(s) ≥ 0

from which we derive
R∗

H(t) ≥ RH(s) + [C(t− s)− lLmax]
+

The functionu → [Cu − lLmax]
+ is called the rate-latency function with rateC and latencyl

L
max
C [75] (in

this book we note itβ
C,

lLmax
C

, see also Figure 3.1 on page 107). Thus the high priority traffic receives this

function as a service curve.

Now let us examine low priority traffic. In order to assure that it does not starve, we assume in such situations
that the high priority flow is constrained by an arrival curveαH . Consider again some arbitrary timet. Call
s′ the beginning of the server busy period (note thats′ ≤ s). At time s′, the backlogs for both flows are
empty, namely,R∗

H(s′) = RH(s′) andR∗
L(s

′) = RL(s
′). Over the interval(s′, t], the output isC(t − s′).

Thus
R∗

L(t)−R∗
L(s

′) = C(t− s′)−
[
R∗

H(t)−R∗
H(s′)

]

Now
R∗

H(t)−R∗
H(s′) = R∗

H(t)−RH(s′) ≤ RH(t)−RH(s′) ≤ αH(t− s′)

and obviouslyR∗
H(t)−R∗

H(s′) ≥ 0 thus

R∗
L(t)−RL(s

′) = R∗
L(t)−R∗

L(s
′) ≥ S(t− s′)

with S(u) = (Cu− αH(u))+. Thus, ifS is wide-sense increasing, the low-priority flow receives a service
curve equal to functionS. Assume further thatαH = γr,b, namely, the high priority flow is constrained
by one single leaky bucket or GCRA. In that case, the service curveS(t) offered to the low-priority flow is
equal to the rate-latency functionβR,T (t), withR = C − r andT = b

C−r .

We have thus shown the following.

PROPOSITION 1.3.4. Consider a constant bit rate server, with rateC, serving two flows,H andL, with
non-preemptive priority given to flowH. Then the high priority flow is guaranteed a rate-latency service

curve with rateC and latencyl
L
max
C wherelLmax is the maximum packet size for the low priority flow.

If in addition the high priority flow isγr,b-smooth, withr < C, then the low priority flow is guaranteed a
rate-latency service curve with rateC − r and latency b

C−r .

This example justifies the importance of the rate-latency service curve. We will also see in Chapter 2
(Theorem 2.1.2 on page 71) that all practical implementations of GPS offer a service curve of the rate-
latency type.

STRICT SERVICE CURVE An important class of network nodes fits in the following framework.

DEFINITION 1.3.2 (Strict Service Curve).We say that systemS offers a strict service curveβ to a flow if,
during any backlogged period of durationu, the output of the flow is at least equal toβ(u).



22 CHAPTER 1. NETWORK CALCULUS

A GPS node is an example of node that offers a strict service curve of the formβ(t) = rt. Using the same
busy-period analysis as with the GPS example in the previoussection, we can easily prove the following.

PROPOSITION1.3.5. If a node offersβ as a strict service curve to a flow, then it also offersβ as a service
curve to the flow.

The strict service curve property offers a convenient way ofvisualizing the service curve concept: in that
case,β(u) is the minimum amount of service guaranteed during a busy period. Note however that the
concept of service curve, as defined in Definition 1.3.1 is more general. A greedy shaper (Section 1.5.2) is
an example of system that offers its shaping curve as a service curve, without satisfying the strict service
curve property. In contrast, we will find later in the book some properties that hold only if a strict service
curve applies. The framework for a general discussion of strict service curves is given in Chapter 7.

VARIABLE CAPACITY NODE Consider a network node that offers a variable service capacity to a flow.
In some cases, it is possible to model the capacity by a cumulative functionM(t), whereM(t) is the total
service capacity available to the flow between times0 andt. For example, for an ATM system, think ofM(t)
as the number of time slots between times0 andt that are available for sending cells of the flow. Let us also
assume that the node buffer is large enough so that overflow isnot possible. The following proposition is
obvious but important in practice

PROPOSITION1.3.6. If the variable capacity satisfies a minimum guarantee of theform

M(t)−M(s) ≥ β(t− s) (1.10)

for some fixed functionβ and for all0 ≤ s ≤ t, thenβ is a strict service curve,

Thusβ is also a service curve for that particular flow. The concept of variable capacity node is also a
convenient way to establish service curve properties. For an application to real time systems (rather than
communication networks) see [78].

We will show in Chapter 4 that the output of the variable capacity node is given by

R∗(t) = inf
0≤s≤t

{M(t)−M(s) +R(s)}

Lastly, coming back to the priority node, we have:

PROPOSITION1.3.7. The service curve property in Proposition 1.3.4 for the high-priority flow is strict.

The proof is left to the reader. It relies on the fact that constant rate server is a shaper.

1.4 NETWORK CALCULUS BASICS

In this section we see the main simple network calculus results. They are all bounds for lossless systems
with service guarantees.

1.4.1 THREE BOUNDS

The first theorem says that the backlog is bounded by the vertical deviation between the arrival and service
curves:

THEOREM 1.4.1 (Backlog Bound).Assume a flow, constrained by arrival curveα, traverses a system that
offers a service curveβ. The backlogR(t)−R∗(t) for all t satisfies:

R(t)−R∗(t) ≤ sup
s≥0

{α(s)− β(s)}
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PROOF: The proof is a straightforward application of the definitions of service and arrival curves:

R(t)−R∗(t) ≤ R(t)− inf
0≤s≤t

[R(t− s) + β(s)]

Thus
R(t)−R∗(t) ≤ sup

0≤s≤t
[R(t)−R(t− s) + β(s)] ≤ sup

0≤s≤t
[α(s) + β(t− s)]

We now use the concept of horizontal deviation, defined in Chapter 3, Equation (3.21). The definition is a
little complex, but is supported by the following intuition. Call

δ(s) = inf {τ ≥ 0 : α(s) ≤ β(s + τ)}

From Definition 1.1.1,δ(s) is the virtual delay for a hypothetical system that would haveα as input andβ
as output, assuming that such a system exists (in other words, assuming that (α ≤ β). Then,h(α, β) is the
supremum of all values ofδ(s). The second theorem gives a bound on delay for the general case.

THEOREM 1.4.2 (Delay Bound).Assume a flow, constrained by arrival curveα, traverses a system that
offers a service curve ofβ. The virtual delayd(t) for all t satisfies:d(t) ≤ h(α, β).

PROOF: Consider some fixedt ≥ 0; for all τ < d(t), we have, from the definition of virtual delay,
R(t) > R∗(t+ τ). Now the service curve property at timet+ τ implies that there is somes0 such that

R(t) > R(t+ τ − s0) + β(s0)

It follows from this latter equation thatt+ τ − s0 < t. Thus

α(τ − s0) ≥ [R(t)−R(t+ τ − s0)] > β(s0)

Thusτ ≤ δ(τ − s0) ≤ h(α, β). This is true for allτ < d(t) thusd(t) ≤ h(α, β).

THEOREM 1.4.3 (Output Flow).Assume a flow, constrained by arrival curveα, traverses a system that
offers a service curve ofβ. The output flow is constrained by the arrival curveα∗ = α⊘ β.

The theorem uses min-plus deconvolution, introduced in Chapter 3, which we have already used in Theo-
rem 1.2.2.

PROOF: With the same notation as above, considerR∗(t)−R∗(t− s), for 0 ≤ t− s ≤ t. Consider the
definition of the service curve, applied at timet − s. Assume for a second that theinf in the definition of
R⊗ β is amin, that is to say, there is someu ≥ 0 such that0 ≤ t− s− u and

(R⊗ β)(t− s) = R(t− s− u) + β(u)

Thus
R∗(t− s)−R(t− s− u) ≥ β(u)

and thus
R∗(t)−R∗(t− s) ≤ R∗(t)− β(u) −R(t− s− u)

NowR∗(t) ≤ R(t), therefore

R∗(t)−R∗(t− s) ≤ R(t)−R(t− s− u)− β(u) ≤ α(s + u)− β(u)

and the latter term is bounded by(α⊘ β)(s) by definition of the⊘ operator.
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Now relax the assumption that the theinf in the definition ofR ⊗ β is amin. In this case, the proof is
essentially the same with a minor complication. For allǫ > 0 there is someu ≥ 0 such that0 ≤ t− s − u
and

(R⊗ β)(t− s) ≥ R(t− s− u) + β(u)− ǫ

and the proof continues along the same line, leading to:

R∗(t)−R∗(t− s) ≤ (α⊘ β)(s) + ǫ

This is true for allǫ > 0, which proves the result.
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Figure 1.10:Computation of buffer, delay and output bounds for an input flow constrained by one leaky
bucket, served in one node offered a rate-latency service curve. If r ≤ R, then the buffer bound is x = b+rT ,
the delay bound is d = T + b

R
and the burstiness of the flow is increased by rT . If r > R, the bounds are

infinite.

A SIMPLE EXAMPLE AND I NTERPRETATION OF L EAKY BUCKET Consider a flow constrained by
one leaky bucket, thus with an arrival curve of the formα = γr,b, served in a node with the service curve
guaranteeβR,T . The alert reader will enjoy applying the three bounds and finding the results shown in
Figure 1.10.

Consider in particular the caseT = 0, thus a flow constrained by one leaky bucket served at a constant rate
R. If R ≥ r then the buffer required to serve the flow isb, otherwise, it is infinite. This gives us a common
interpretation of the leaky bucket parametersr andb: r is the minimum rate required to serve the flow, and
b is the buffer required to serve the flow at any constant rate≥ r.

EXAMPLE : VBR FLOW WITH RATE -LATENCY SERVICE CURVE Consider a VBR flow, defined by T-
SPEC(M,p, r, b). This means that the flow hasα(t) = min(M+pt, rt+b) as an arrival curve (Section 1.2).
Assume that the flow is served in one node that guarantees a service curve equal to the rate-latency function
β = βR,T . This example is the standard model used in Intserv. Let us apply Theorems 1.4.1 and 1.4.2.
Assume thatR ≥ r, that is, the reserved rate is as large as the sustainable rate of the flow.

From the convexity of the region betweenα andβ (Figure 1.4.1), we see that the vertical deviationv =
sups≥0[α(s)− β(s)] is reached for at an angular point of eitherα or β. Thus

v = max[α(T ), α(θ) − β(θ)]

with θ = b−M
p−r . Similarly, the horizontal distance is reached an angular point. In the figure, it is either the

distance marked asAA′ orBB′. Thus, the bound on delayd is given by

d = max

(
α(θ)

R
+ T − θ,

M

R
+ T

)

After some max-plus algebra, we can re-arrange these results as follows.
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PROPOSITION1.4.1 (Intserv model, buffer and delay bounds).Consider a VBR flow, with TSPEC(M,p, r, b),
served in a node that guarantees to the flow a service curve equal to the rate-latency functionβ = βR,T .
The buffer required for the flow is bounded by

v = b+ rT +

(
b−M

p− r
− T

)+

[(p−R)+ − p+ r]

The maximum delay for the flow is bounded by

d =
M + b−M

p−r (p−R)+

R
+ T

T

t i m e

0

b

a

q

a ( q )

M

A
A �

B B �

d a t a

Figure 1.11:Computation of buffer and delay bound for one VBR flow served in one Intserv node.

We can also apply Theorem 1.4.3 and find an arrival curveα∗ for the output flow. We haveα∗ = α⊘ (λR⊗
δT ) = (α⊘ λR)⊘ δT from the properties of⊘ (Chapter 3). Note that

(f ⊘ δT )(t) = f(t+ T )

for all f (shift to the left).

The computation ofα ⊘ λR is explained in Theorem 3.1.14 on Page 126: it consists in inverting time, and
smoothing. Here, we give however a direct derivation, whichis possible sinceα is concave. Indeed, for a
concaveα, definet0 as

t0 = inf{t ≥ 0 : α′(t) ≤ R}
whereα′ is the left-derivative, and assume thatt0 < +∞. A concave function always has a left-derivative,
except maybe at the ends of the interval where it is defined. Then by studying the variations of the function
u → α(t + u)− Ru we find that(α ⊘ λR)(s) = α(s) if s ≥ t0, and(α ⊘ λR)(s) = α(t0) + (s − t0)R if
s < t0.

Putting the pieces all together we see that the output functionα∗ is obtained fromα by

• replacingα on [0, t0] by the linear function with slopeR that has the same value asα for t = t0,
keeping the same values asα on [t0,+∞[,

• and shifting byT to the left.

Figure 1.12 illustrates the operation. Note that the two operations can be performed in any order since⊗ is
commutative. Check that the operation is equivalent to the construction in Theorem 3.1.14 on Page 126.

If we apply this to a VBR connection, we obtain the following result.

PROPOSITION1.4.2 (Intserv model, output bound).With the same assumption as in Proposition 1.4.1, the
output flow has an arrival curveα∗ given by:

{
if b−M

p−r ≤ T then α∗(t) = b+ r(T + t)

else α∗(t) = min
{
(t+ T )(p ∧R) +M + b−M

p−r (p−R)+, b+ r(T + t)
}
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bits slope = R

arrival
curve

time

t0-T-T

departure curve

Figure 1.12:Derivation of arrival curve for the output of a flow served in a node with rate-latency service
curve βR,T .

AN ATM E XAMPLE Consider the example illustrated in Figure 1.13. The aggregate flow has as an
arrival curve equal to the stair function10v25,4. The figure illustrates that the required buffer is10 ATM
cells and the maximum delay is18 time slots. We know from Corollary 1.2.1 that a GCRA constraint is

d

x �
d �

1 0  u  2 5 ,  4

g r , b

b 1 ,  8

1 0 2 00 3 0 4 0 5 0

c e l l s

t i m e  s l o t s

x

Figure 1.13:Computation of bounds for buffer x and delay d for an ATM example. An ATM node serves
10 ATM connections, each constrained with GCRA(25, 4) (counted in time slots). The node offers to the
aggregate flow a service curve βR,T with rate R = 1 cell per time slot and latency T = 8 time slots.
The figure shows that approximating the stair function 10v25,4 by an affine function γr,b results into an
overestimation of the bounds.

equivalent to a leaky bucket. Thus, each of the 10 connections is constrained by an affine arrival curveγr,b
with r = 1

25 = 0.04 andb = 1 + 4
25 = 1.16. However, if we take as an arrival curve for the aggregate flow

the resulting affine function10γr,b, then we obtain a buffer bound of11.6 and a delay bound of19.6. The
affine function overestimates the buffer and delay bounds. Remember that the equivalence between stair
function and affine function is only for a flow where the packetsize is equal to the value of the step, which
is clearly not the case for an aggregate of several ATM connections.

A direct application of Theorem 1.4.3 shows that an arrival curve for the output flow is given byα∗
0(t) =



1.4. NETWORK CALCULUS BASICS 27

α(t+ T ) = v25,12(t).

In Chapter 2, we give a slight improvement to the bounds if we know that the service curve is a strict service
curve.

1.4.2 ARE THE BOUNDS T IGHT ?

We now examine how good the three bounds are. For the backlog and delay bounds, the answer is simple:

THEOREM 1.4.4. Consider the backlog and delay bounds in Theorems 1.4.1 and 1.4.2. Assume that

• α is a “good” function (that is, namely, is wide-sense increasing, sub-additive andα(0) = 0)
• β is wide-sense increasing andβ(0) = 0

Then the bounds are tight. More precisely, there is one causal system with input flowR(t) and output flow
R∗(t), such that the input is constrained byα, offering to the flow a service curveβ, and which achieves
both bounds.

A causal system means thatR(t) ≤ R∗(t). The theorem means that the backlog bound in Theorem 1.4.1 is
equal tosupt≥0[R(t)−R∗(t)], and the delay bound in Theorem 1.4.1 is equal tosupt≥0 d(t). In the above,
d(t) is the virtual delay defined in Definition 1.1.1.

PROOF: We build one such systemR,R∗ by definingR = α,R∗ = min(α, β). The system is causal
becauseR∗ ≤ α = R. Now consider some arbitrary timet. If α(t) < β(t) then

R∗(t) = R(t) = R(t) + β(0)

Otherwise,
R∗(t) = β(t) = R(0) + β(t)

In all cases, for allt there is somes ≤ t such thatR∗(t) ≥ R(t− s) + β(s), which shows the service curve
property.

Of course, the bounds are as tight as the arrival and service curves are. We have seen that a source such that
R(t) = α(t) is calledgreedy. Thus, the backlog and delay bounds are worst-case bounds that are achieved
for greedy sources.

In practice, the output bound is also a worst-case bound, even though the detailed result is somehow less
elegant.

THEOREM 1.4.5. Assume that

1. α is a “good” function (that is, is wide-sense increasing, sub-additive andα(0) = 0)
2. α is left-continuous
3. β is wide-sense increasing andβ(0) = 0
4. α⊘α is not bounded from above.

Then the output bound in Theorem 1.4.3 is tight. More precisely, there is one causal system with input flow
R(t) and output flowR∗(t), such that the input is constrained byα, offering to the flow a service curveβ,
andα∗ (given by Theorem 1.4.3) is theminimumarrival curve forR∗.

We know in particular from Section 1.2 that the first three conditions are not restrictive. Let us first discuss
the meaning of the last condition. By definition of max-plus deconvolution:

(α⊘α)(t) = inf
s≥0

{α(t+ s)− α(s)}
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One interpretation ofα⊘α is as follows. Consider a greedy source, withR(t) = α(t); then(α⊘α)(t) is
the minimum number of bits arriving over an interval of duration t. Given that the function is wide-sense
increasing, the last condition means thatlimt→+∞(α⊘α)(t) = +∞. For example, for a VBR source with
T-SPEC(p,M, r, b) (Figure 1.5), we have(α⊘α)(t) = rt and the condition is satisfied. The alert reader
will easily be convinced that the condition is also true if the arrival curve is a stair function.

The proof of Theorem 1.4.5 is a little technical and is left atthe end of this chapter.

We might wonder whether the output boundα∗ is a “good” function. The answer is no, sinceα∗(0) is the
backlog bound and is positive in reasonable cases. However,α∗ is sub-additive (the proof is easy and left
to the reader) thus the modified functionδ0 ∧ α∗ defined asα∗(t) for t > 0 and0 otherwise is a “good”
function. If α is left-continuous,δ0 ∧ α∗ is even a “very good” function since we know from the proof of
Theorem 1.4.5 that it is left-continuous.

1.4.3 CONCATENATION

So far we have considered elementary network parts. We now come to the main result used in the concate-
nation of network elements.

THEOREM1.4.6 (Concatenation of Nodes).Assume a flow traverses systemsS1 andS2 in sequence. Assume
thatSi offers a service curve ofβi, i = 1, 2 to the flow. Then the concatenation of the two systems offers a
service curve ofβ1 ⊗ β2 to the flow.

PROOF: Call R1 the output of node 1, which is also the input to node 2. The service curve property at
node 1 gives

R1 ≥ R⊗ β1

and at node 2
R∗ ≥ R1 ⊗ β2 ≥ (R⊗ β1)⊗ β2 = R⊗ (β1 ⊗ β2)

EXAMPLES : Consider two nodes offering each a rate-latency service curve βRi,Ti
, i = 1, 2, as is com-

monly assumed with Intserv. A simple computation gives

βR1,T1 ⊗ βR1,T1 = βmin(R1,R2),T1+T2

Thus concatenating Intserv nodes amounts to adding the latency components and taking the minimum of
the rates.

We are now also able to give another interpretation of the rate-latency service curve model. We know that
βR,T = (δT ⊗ λR)(t); thus we can view a node offering a rate-latency service curve as the concatenation of
a guaranteed delay node, with delayT and a constant bit rate or GPS node with rateR.

PAY BURSTS ONLY ONCE The concatenation theorem allows us to understand a phenomenon known
as “Pay Bursts Only Once”. Consider the concatenation of twonodes offering each a rate-latency service
curveβRi,Ti

, i = 1, 2, as is commonly assumed with Intserv. Assume the fresh inputis constrained byγr,b.
Assume thatr < R1 andr < R2. We are interested in the delay bound, which we know is a worstcase. Let
us compare the results obtained as follows.

1. by applying the network service curve;
2. by iterative application of the individual bounds on every node
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The delay boundD0 can be computed by applying Theorem 1.4.2:

D0 =
b

R
+ T0

with R = mini(Ri) andT0 =
∑

i Ti as seen above.

Now apply the second method. A bound on the delay at node 1 is (Theorem 1.4.2):

D1 =
b

R1
+ T1

The output of the first node is constrained byα∗, given by :

α∗(t) = b+ r × (t+ T1)

A bound on the delay at the second buffer is:

D2 =
b+ rT1
R2

+ T2

And thus

D1 +D2 =
b

R1
+
b+ rT1
R2

+ T0

It is easy to see thatD0 < D1 +D2. In other words, the bounds obtained by considering the global service
curve are better than the bounds obtained by considering every buffer in isolation.

Let us continue the comparison more closely. The delay through one node has the formbR1
+ T1 (for the

first node). The elementbR1
is interpreted as the part of the delay due to the burstiness of the input flow,

whereasT1 is due to the delay component of the node. We see thatD1 +D2 contains twice an element of
the form b

Ri
, whereasD0 contains it only once. We sometimes say that “we pay bursts only once”. Another

difference betweenD0 andD1 +D2 is the elementrT1
R2

: it is due to the increase of burstiness imposed by
node 1. We see that this increase of burstiness does not result into an increase of the overall delay.

A corollary of Theorem 1.4.6 is also that the end-to-end delay bound does not depend on the order in which
nodes are concatenated.

1.4.4 IMPROVEMENT OF BACKLOG BOUNDS

We give two cases where we can slightly improve the backlog bounds.

THEOREM 1.4.7. Assume that a lossless node offers astrict service curveβ to a flow with arrival curveα.
Assume thatα(u0) ≤ β(u0) for someu0 > 0. Then the duration of the busy period is≤ u0. Furthermore,
for any timet, the backlogR(t)−R∗(t) satisfies

R(t)−R∗(t) ≤ sup
u:0≤u<u0

[R(t)−R(t− u)− β(u)] ≤ sup
u:0≤u<u0

[α(u)− β(u)]

The theorem says that, for the computation of a buffer bound,it is sufficient to consider time intervals less
thanu0. The idea is that the busy period duration is less thanu0.

PROOF: Consider a given timet at which the buffer is not empty, and calls the last time instant beforet
at which the buffer was empty. Then, from the strict service curve property, we have

R∗(t) ≥ R∗(s) + β(t− s) = R(s) + β(t− s)
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Thus the buffer sizeb(t) = R(t)−R∗(t) at timet satisfies

b(t) ≤ R(t)−R(s)− β(t− s) ≤ α(t− s)− β(t− s)

Now if t− s ≥ u0, then there is a timet′ = s+u0, with s+1 ≤ t′ ≤ t such thatb(t′) = 0. This contradicts
the definition ofs. Thus we can assume thatt− s < u0.

THEOREM 1.4.8. Assume that a lossless node offers a service curveβ to a flow with sub-additive arrival
curveα. Assume thatβ is super-additive, and thatα(u0) ≤ β(u0) for someu0 > 0. Then for any timet,
the backlogR(t)−R∗(t) satisfies

R(t)−R∗(t) ≤ sup
u:0≤u<u0

[R(t)−R(t− u)− β(u)] ≤ sup
u:0≤u<u0

[α(u)− β(u)]

Note that the condition thatα is sub-additive is not a restriction. In contrast, the condition thatβ is super-
additive is a restriction. It applies in particular to rate-latency service curves. The theorem does not say
anything about the duration of the busy period, which is consistent with the fact we do not assume here that
the service curve is strict.

PROOF: For an arbitrary timet the backlog at timet satisfies

b(t) ≤ sup
u≥0

[R(t)−R(t− u)− β(u)]

Fors ≤ t definek = ⌈ t−s
u0

⌉ ands′ = ku0 + s. We haves ≤ s′ ≤ t and

t− u0 < s′ (1.11)

Now from the super-additivity ofβ:

R(t)−R(s) ≤
[
R(t)−R(s′)− β(t− s′)

]
+
[
R(s′)−R(s)− β(s′ − s)

]

Note that for the second part we have

R(s′)−R(s)− β(s′ − s) ≤ k [α(u0)− β(u0)] ≤ 0

thus
R(t)−R(s) ≤

[
R(t)−R(s′)− β(t− s′)

]

which shows the theorem.

1.5 GREEDY SHAPERS

1.5.1 DEFINITIONS

We have seen with the definition of the leaky bucket and of the GCRA two examples of devices that enforce
a general arrival curve. We callpolicerwith curveσ a device that counts the bits arriving on an input flow
and decides which bits conform with an arrival curve ofσ. We call shaper, with shaping curveσ, a bit
processing device that forces its output to haveσ as an arrival curve. We callgreedy shapera shaper that
delays the input bits in a buffer, whenever sending a bit would violate the constraintσ, but outputs them as
soon as possible.

With ATM and sometimes with Intserv, traffic sent over one connection, or flow, is policed at the network
boundary. Policing is performed in order to guarantee that users do not send more than specified by the
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contract of the connection. Traffic in excess is either discarded, or marked with a low priority for loss in
the case of ATM, or passed as best effort traffic in the case of Intserv. In the latter case, with IPv4, there is
no marking mechanism, so it is necessary for each router along the path of the flow to perform the policing
function again.

Policing devices inside the network are normally buffered,they are thus shapers. Shaping is also often
needed because the output of a buffer normally does not conform any more with the traffic contract specified
at the input.

1.5.2 INPUT-OUTPUT CHARACTERIZATION OF GREEDY SHAPERS

The main result with greedy shapers is the following.

THEOREM 1.5.1 (Input-Output Characterization of Greedy Shapers).Consider a greedy shaper with shap-
ing curveσ. Assume that the shaper buffer is empty at time0, and that it is is large enough so that there is
no data loss. For an input flowR, the outputR∗ is given by

R∗ = R⊗ σ̄ (1.12)

whereσ̄ is the sub-additive closure ofσ.

PROOF: Remember first that ifσ is sub-additive andσ(0) = 0, thenσ̄ = σ. In general, we know that we
can replaceσ by σ̄ without changing the definition of the shaper. We thus assumewithout loss of generality
that σ̄ = σ.

The proof of the theorem is an application of min-plus algebra. First, let us consider a virtual system that
would takeR as input and have an outputS satisfying the constraints:

{
S ≤ R
S ≤ S ⊗ σ

(1.13)

Such a system would behave as a buffer (the first equation saysthat the output is derived from the input) and
its output would satisfy the arrival curve constraintσ. However, such a system is not necessarily a greedy
shaper; we could have for example a lazy shaper withS(t) = 0 for all t ≥ 0 ! For this system to be a greedy
shaper, it has to output the bits as soon as possible. Now there is a general result about systems satisfying
conditions 1.13.

LEMMA 1.5.1 (A min-plus linear system).Assume thatσ is a “good” function (that is, is sub-additive and
σ(0) = 0). Among all functionsS(t) satisfying conditions 1.13 for some fixed functionR, there is one that
is an upper bound for all. It is equal toR⊗ σ

PROOF OF THE LEMMA : The lemma is a special case of a general result in Chapter 4. However, it is
also possible to give a very simple proof, as follows.

DefineS∗ = R ⊗ σ. Sinceσ is a “good” function, it follows immediately thatS∗ is a solution to Sys-
tem (1.13). Now, letS′ be some other solution. By the first condition in (1.13),S′ ≤ R and thus
S′ ⊗ σ ≤ R⊗ σ = S∗. By the second condition,

S′ ≤ S′ ⊗ σ ≤ S∗

This shows thatS∗ is the maximal solution.

Note that the lemma proves the existence of a maximal solution to System (1.13). Note also that, in the
lemma, functionR need not be wide-sense increasing.
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Now we can use the lemma by showing thatR∗ = S∗. FunctionR is wide-sense increasing, thus so isS∗.
Obviously,R∗ is a solution of System (1.13), thusR∗(t) ≤ S∗(t) for all t. Now if there would be somet
such thatR∗(t) 6= S∗(t), then this would contradict the condition that the greedy shaper attempts to send
the bits out as early as possible.

The following corollary derives immediately.

COROLLARY 1.5.1 (Service Curve offered by a Greedy Shaper).Consider a greedy shaper with shaping
curveσ. Assume thatσ is sub-additive andσ(0) = 0. This system offers to the flow a service curve equal to
σ.

f r e s h  t r a f f i c
a - s m o o t h

s h a p e r
sb 1 b 2

R R *

Figure 1.14:Reshaping example.

EXAMPLE : BUFFER SIZING AT A RE-SHAPER Re-shaping is often introduced because the output of
a buffer normally does not conform any more with the traffic contract specified at the input. For example,
consider a flow with the arrival curveσ(t) = min(pt + M, rt + b)1{t>0} that traverses a sequence of
nodes, which offer a service curveβ1 = βR,T . A greedy shaper, with shaping curveσ, is placed after the
sequence of nodes (Figure 1.14). The input to the shaper (R in the figure) has an arrival curveα∗, given
by Proposition 1.4.2. Corollary 1.5.1 gives a service curveproperty for the greedy shaper; observe that we
need to make sure thatσ(t) = 0. The bufferB required at the greedy shaper is then obtained as the vertical
distancev(α∗, σ). After some algebra, we obtain:

B =





if b−M
p−r < T then b+ Tr

if b−M
p−r ≥ T and p > R thenM + (b−M)(p−R)

p−r + TR

else M + Tp

(1.14)

COROLLARY 1.5.2 (Buffer Occupancy at a Greedy Shaper).Consider a greedy shaper with shaping curve
σ. Assume thatσ is sub-additive andσ(0) = 0. Call R(t) the input function. The buffer occupancyx(t) at
timet is given by

x(t) = sup
0≤s≤t

{R(t)−R(s)− σ(t− s)}

PROOF: The backlog is defined byx(t) = R(t)−R∗(t), whereR∗ is the output. We apply Theorem 1.5.1
and get:

x(t) = R(t)− inf
0≤s≤t

{R(s) + σ(t− s)} = R(t) + sup
0≤s≤t

{−R(s)− σ(t− s)}

Note that Lemma 1.2.2 is a special case of this corollary.

In min-plus algebraic terms, we say that a system is linear and time invariant if its input-output character-
ization has the formR∗ = R ⊗ β (whereβ is not necessarily sub-additive). We can thus say from the
theorem that greedy shapers are min-plus linear and time invariant systems. There are min-plus linear and
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time invariant system that are not greedy shapers. For example, a node imposing aconstantdelayT is
characterized by the input-output relationship

R∗ = R⊗ δT

Compare to the guaranteed delay node (namely, a node imposing a variable delay bounded byT ), for which
the input-output relationship is a service curve property :

R∗ ≥ R⊗ δT

The rest of this Section illustrates similarly that the input-output characterization of greedy shapersR∗ =
R⊗ σ is much stronger than the service curve property described in Corollary 1.5.1.

1.5.3 PROPERTIES OF GREEDY SHAPERS

Consider again Figure 1.14. We have seen in the previous section how we can compute the buffer size
required at the greedy shaper. Now if greedy shapers are introduced along a path, then some bits may be
delayed at the shaper, thus the end-to-end delay might increase. However, this is not true, as the following
results state that, from a global viewpoint, “greedy shapers come for free”.

THEOREM 1.5.2 (Re-Shaping does not increase delay or buffer requirements). Assume a flow, constrained
by arrival curveα, is input to networksS1 andS2 in sequence. Assume a greedy shaper, with curveσ ≥ α
is inserted betweenS1 andS2. Then the backlog and delay bounds given by Theorem 1.4.2 forthe system
without shaper are also valid for the system with shaper.

The conditionσ ≥ α means that re-shaping maybe only partial.

PROOF: Call βi the service curve ofSi. The backlog bound in Theorem 1.4.1 is given by

v(α, β1 ⊗ σ ⊗ β2) = v(α, σ ⊗ β1 ⊗ β2) (1.15)

Now the last expression is the backlog bound obtained if we put the shaper immediately at the entrance of
the network. Clearly, this introduces no backlog, which shows that the overall backlog is not influenced by
the shaper. The same reasoning applies to the delay bound.

If you read carefully, you should not agree with the last paragraph. Indeed, there is a subtlety. The bounds in
Section 1.4 are tight, but since we are using several bounds together, there is no guarantee that the resulting
bound is tight. All we can say at this point is that the bound computed for the system with shaper is the
same if we put the shaper in front; we still need to show that the bound for such a system is the same bound
as if there would be no shaper. This can be proven in a number ofways. We give here a computational one.
The proof relies on Lemma 1.5.2, given below.

LEMMA 1.5.2. Letα andσ be “good” functions. Assumeα ≤ σ. Then for any functionβ, v(α, σ ⊗ β) =
v(α, β) andh(α, σ ⊗ β) = h(α, β).

PROOF: We use the reduction to min-plus deconvolution explained inSection 3.1.11. We have:

v(α, σ ⊗ β) = [α⊘ (σ ⊗ β)](0)

Now from Theorem 3.1.12 on Page 123:α ⊘ (σ ⊗ β) = (α ⊘ σ) ⊘ β. Also, sinceσ ≥ α, we have
α⊘ σ ≤ α⊘ α. Nowα⊘ α = α becauseα is a “good” function, thus

α⊘ (σ ⊗ β) = α⊘ β (1.16)
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and finallyv(α, σ ⊗ β) = v(α, β).

Similarly h(α, β) = inf{d such that (α⊘β)(−d) ≤ 0} which, combined with (1.16) proves thath(α, σ⊗
β) = h(α, β).

Consider again Figure 1.14. Assume that the first network element and the greedy shaper are placed in the
same node. Theorem 1.5.2 says that thetotal buffer required for this combined node is the same as if there
would be no greedy shaper at the output. Thus, if you can dynamically allocate buffer space from a common
pool to the first network element and the greedy shaper, then the greedy shaper costs no memory. However,
the greedy shaper does need some buffer space, as given in Equation (1.14). Similarly, the theorem says that
there is no penalty for the worst-case delay.

In contrast, placing a greedy shaper has an obvious benefit. The burstiness of the flow admitted in the next
network element is reduced, which also reduces the buffer required in that element. To be more concrete,
consider the example “Pay Bursts Only Once” in Section 1.4.3. Assume that a re-shaper is introduced at
the output of the first node. Then the input to the second node has the same arrival curve as the fresh
input, namely,γr,b instead ofγr,b+rT1. The buffer required for the flow at node 2 is thenb+ rT2 instead of
b+ r(T1 + T2).

The following result is another “physical” property of greedy shapers. It says that shaping cannot be undone
by shaping.

THEOREM 1.5.3 (Shaping Conserves Arrival Constraints).Assume a flow with arrival curveα is input
to a greedy shaper with shaping curveσ. Assumeσ is a “good” function. Then the output flow is still
constrained by the original arrival curveα.

PROOF:
R∗ = R⊗ σ ≤ (R ⊗ α)⊗ σ

since the conditionR ≤ R⊗ α expresses thatα is an arrival curve. Thus

R∗ ≤ R⊗ σ ⊗ α = R∗ ⊗ α

The output of the greedy shaper has thusmin(α, σ) as an arrival curve. Ifα is also a “good” function, we
know (Lemma 1.2.5) that the sub-additive closure ofmin(α, σ) is α⊗ σ.

EXAMPLE (ATM M ULTIPLEXER ): Consider an ATM switch that receives 3 ATM connections, each
constrained by GCRA(10, 0) (periodic connections). The switch serves the connection in any work con-
serving manner and outputs them on a link with rate 1 cell per time slot. What is a good arrival curve for the
aggregate output ?

The aggregate input has an arrival curveα = 3v10,0. Now the server is a greedy shaper with shaping curve
σ = v1,0, thus it keeps arrival constraints. Thus the output is constrained by3v10,0⊗ v1,0, which is a “good”
function. We have already met this example in Figure 1.6.

1.6 MAXIMUM SERVICE CURVE , VARIABLE AND FIXED DELAY

1.6.1 MAXIMUM SERVICE CURVES

If we modify the sense of the inequation in the definition of service curve in Section 1.3, then we obtain a
new concept, calledmaximum service curve, which is useful to (1) account for constant delays and (2) in
some cases to establish a relationship between delay and backlog.
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DEFINITION 1.6.1 (Maximum Service Curve).Consider a systemS and a flow throughS with input and
output functionR andR∗. We say thatS offers to the flow amaximum service curveγ if and only ifγ ∈ F
andR∗ ≤ R⊗ γ

Note that the definition is equivalent to saying thatγ is wide-sense increasing and that

R∗(t) ≤ R(s) + γ(t− s)

for all t and alls ≤ t, or equivalently

R∗(t)−R∗(s) ≤ B(s) + γ(t− s)

whereB(s) is the backlog at times. A greedy shaper with shaping curveσ offersσ both as a service curve
and a maximum service curve.

In general, the concept of maximum service curve is not as powerful as the concept of service curve. How-
ever, as we see below, it can be useful to account for maximum rates and for constant propagation delays.
We also see in Chapter 6 that it allows us to find good bounds foraggregate multiplexing.

The following propositions give two special cases of interest. Their proof is easy and left to the reader.

PROPOSITION1.6.1 (Minimum Delay).A lossless node offers a maximum service curve equal toδT if and
only if it imposes a minimum virtual delay equal toT .

PROPOSITION1.6.2 (Arrival Constraint on Output).Assume the output of a lossless node is constrained by
some arrival curveσ. Then the node offersσ as a maximum service curve.

Like minimum service curves, maximum service curves can be concatenated:

THEOREM1.6.1 (Concatenation of Nodes).Assume a flow traverses systemsS1 andS2 in sequence. Assume
thatSi offers a maximum service curve ofγi, i = 1, 2 to the flow.

PROOF: The proof mimics the proof of Theorem 1.4.6

APPLICATION : Consider a node with a maximum output rate equal toc and with internal propagation
delay equal toT . It follows from Theorem 1.6.1 and the two previous propositions that this node offers to
any flow a maximum service curve equal to the rate-latency functionβc,T (t) = [c(t− T )]+.

Maximum service curves do not allow us to derive as strong results as (ordinary) service curves. However,
they can be used to reduce the output bound and, in some cases,to obtain a minimum delay bound. Indeed,
we have the following two results.

THEOREM 1.6.2 (Output Flow, generalization of Theorem 1.4.3 ).Assume a flow, constrained by arrival
curveα, traverses a system that offers a service curveβ and a maximum service curveγ. The output flow is
constrained by the arrival curveα∗ = (α⊗ γ)⊘ β.

PROOF: Instead of a computational proof as with Theorem 1.4.3, it issimpler at this stage to use min-
plus algebra. CallR andR∗ the input and output functions, and considerR∗ ⊘ R∗, the minimum arrival
curve forR∗. We haveR∗ ≤ R⊗ γ andR∗ ≥ R⊗ β, thus

R∗ ⊘R∗ ≤ (R⊗ γ)⊘ (R⊗ β)

From Rule 12 in Chapter 3, Theorem 3.1.12, applied tof = R⊗ γ, g = R andh = β, we derive

R∗ ⊘R∗ ≤ {(R ⊗ γ)⊘R} ⊘ β
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Now from the commutativity of⊗ and from Rule 13 in Theorem 3.1.12:

{(R⊗ γ)⊘R} = {(γ ⊗R)⊘R} ≤ {γ ⊗ (R ⊘R)}

Thus
R∗ ⊘R∗ ≤ {γ ⊗ (R⊘R)} ⊘ β ≤ (γ ⊗ α)⊘ β

THEOREM 1.6.3 (Minimum Delay Bound).Assume a flow, constrained by arrival curveα, traverses a
system that offers a maximum service curve ofγ and is FIFO for this flow. Assume thatγ(D) = 0. The
delay for any bit is≥ D.

PROOF: We haveR∗(t+D) ≤ R(t)+γ(D) thusR∗(t+D) ≤ R(t) for anyt ≥ 0. Assume first that the
input and output functions are left-continuous and consider a bit that arrives at some time, sayt. It follows
that for anyt1 > t we haveR(t) < R(t1) and thusR∗(t +D) < R(t1). Assume further thatt1 ≤ t+D;
the previous inequality can be re-written asR∗(t1+(D− (t1− t))) < R(t1) and thusd(t1) ≥ D+(t− t1).
Take the limit whent1 → t and obtaindr(t) ≥ D (wheredr is the limit from the right ofd). Now the delay
for a bit that arrives at timet is dr(t).

If the input and output functions are right-continuous instead of left-continuous (recall that we always as-
sume either case), the proof is similar, by observing thatR(t1) < R(t) for t1 < t and establishing that
d(t) ≥ D.

Note that the output bound is improved by the knowledge of themaximum service curve since in general we
expectα ⊗ γ to be less thanα. In contrast, the minimum delay bound gives some new information only in
the cases where there is a latency part in the maximum servicecurve, which is the case for the first example
(Minimum Delay ), but not in general for the second example (Arrival Constraint on Output).

NUMERICAL EXAMPLE : Consider the following example, which is a variant of Figure1.13; time is
discrete; a flow with arrival curveα0 = v25,4 is served in a system that guarantees a service curveβ1,8. Let
us apply Theorem 1.4.3 and compute an arrival curveα∗

0 for the output. We have

α∗
0 = v25,4 ⊘ β1,8 = v25,4 ⊘ (λ1 ⊗ δ8)

Now from Rule 15 in Chapter 3, we have

α∗
0 = (v25,4 ⊘ δ8)⊘ λ1

Now (v25,4 ⊘ δ8)(t) = v25,4(t + 8) = v25,12(t). To compute the deconvolution withλ1 we can use
its interpretation as a smoothing operation in Section 3.1.10, or a direct computation, and finally obtain
α∗
0 = v25,12 (recall that time is discrete; in continuous time, we would obtainα∗

0 = v25,11 ⊗ λ1, i.e. the
jumps of the staircase function are smoothed with a slope of1).

Assume now that we have more information about the node, and that we can model is as nodeS1 defined as
the concatenation of two schedulers and a fixed delay element(Figure 1.15). Each scheduler offers to the
aggregate flow a service curveβR0,T0 with rateR0 = 1 cell per time slot and latencyT0 = 2 time slots.
The delay element is a link with maximum rate equal to1 cell per time slot, and a fixed propagation and
transmission delay equal to4 time slots. The delay element is thus the combination of a greedy shaper with
shaping curveλ1(t) = t and a fixed delay elementδ4. We can verify that the concatenation of the three
elements in node 1 offers a service curve equal toβ1,2⊗λ1⊗δ4⊗β1,2 = β1,8. Now, from the delay element
allows us to say that, in addition, the node also offers to theaggregate flow amaximum service curveequal
to β1,4. We can apply Theorem 1.6.2 and derive from that the output isconstrained by the arrival curveα∗

1

given by
α∗
1 = (α⊗ β1,4)⊘ β1,8
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The computation is similar to that ofα∗
0 and involves the computation of10v25,4 ⊗ λ1, which is similar to

the example illustrated in Figure 1.6. Finally, we have:

α∗
1(t) = (10v25,4 ⊗ λ1)(t+ 4)

Figure 1.15 shows thatα∗
1 is a better bound than the arrival curveα∗

0 that we would obtain if we did not
know the maximum service curve property.

Assume next that we change the order of the delay element in nodeS1 and place it as the last element of
the node. CallS2 the resulting node. Then the conclusion of the previous paragraph remains, since the
bounds are insensitive to the order, due to the commutativity of min-plus convolution. Thus the output of
systemS2 also hasα∗

1 as an arrival curve. However, in that case, we can also model the delay element as
the combination of a shaper, with shaping curveλ1 (corresponding to a fixed rate of1 cell per time slot),
followed by a fixed delay element, with constant delay equal to 4 time slots. The input to the shaper has an
arrival curve equal toα ⊘ β1,4, whereα = 10v25,4 is the fresh arrival curve. Thus, from the properties of
shapers, the output of the shaper is constrained by

α∗
2 = (α⊘ β1,4)⊗ λ1 = 10v25,8 ⊗ λ1

Since the fixed delay component does not alter the flow, the output of systemS2 hasα∗
2 as an arrival curve.

Figure 1.15 shows thatα∗
2 is a better bound thanα∗

1.

This fact is true in general: whenever a network element can be modeled as a shaper, then this model
provides stronger bounds than the maximum service.

1.6.2 DELAY FROM BACKLOG

In general it is not possible to bound delay from backlog withthe framework of service curves, except in
one particular but important case.

THEOREM1.6.4. Assume a lossless node offers to a flow a minimum service curveβ and a maximum service
curveγ, such thatβ(t) = γ(t− v). Letf be the max-plus deconvolutionγ⊘γ, that is,

f(t) = inf
s≥0

[γ(s+ t)− γ(s)]

Then the backlogB(t) and the virtual delayd(t) satisfy

f(d(t)− v) ≤ B(t)

If in addition γ is super-additive, then
β(d(t)) ≤ B(t)

PROOF: Fix somet ≥ 0; we haved(t) = inf Et where the setEt is defined by

Et = {s ≥ 0 : R∗(t+ s) ≥ R(t)}

SinceR∗ andR are wide-sense increasing,Et is an interval. Thus

d(t) = sup{s ≥ 0 : R∗(t+ s) < R(t)}

We assume thatR andR∗ are left-continuous. It follows that

R∗(t+ d(t)) ≤ R(t)
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Figure 1.15:Use of maximum service curve to improve output bound. The figure is for the same example
as Figure 1.15. Top: nodes S1 and S2, two possible implementations of a system offering the overall service
curve β1,8. Middle: arrival curve α and overall service curve β1,8. Bottom: constraint for the output. α∗

0 (top
curve, thick, plain line) is obtained with the only knowledge that the service curve is β1,8. α∗

1 (middle curve,
thick, dashed line) is obtained assuming the system is S1. α∗

2 (bottom curve, thin, plain line) is obtained
assuming the system is S2.
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For some arbitraryǫ, we can find somes such that

R∗(t+ d(t)) ≥ R(s) + β(t− s+ d(t)) − ǫ

Now from the maximum service curve property

R∗(t)−R(s) ≤ γ(t− s)

Combining the three gives

B(t) = R(t)−R∗(t) ≥ β(t− s+ d(t))− γ(t− s)− ǫ = γ(t− s+ d(t)− v)− γ(t− s)− ǫ

and thus
B(t) ≥ inf

u≥0
[γ(d(t)− v + u)− γ(u)] (1.17)

From the definition off , the latter term isf(d(t)− v). Finally, if γ is super-additive, thenγ⊘γ = γ

We can apply the theorem to a practical case:

COROLLARY 1.6.1. Assume a lossless node offers to a flow a minimum service curveβ = βr,v and a
maximum service curveγ = βr,v′ , with v′ ≤ v. The backlogB(t) and the virtual delayd(t) satisfy

d(t) ≤ B(t)

r
+ v

PROOF: We apply the theorem and note thatγ is super-additive, because it is convex.

1.6.3 VARIABLE VERSUS FIXED DELAY

Some network elements impose fixed delays (propagation and transmission), whereas some other network
elements impose variable delays (queueing). In a number of cases, it is important to evaluate separately the
total delay and the variable part of the delay. The total delay is important, for example, for determining
throughput and response time; the variable part is important for dimensioning playout buffers (see Sec-
tion 1.1.3 for a simple example, and chapter 5 for a more general discussion). We have seen at the end of
end of Section 1.5.2 that a node imposing a constant delay canbe modeled as a min-plus linear system. Be-
yond this, the concept of maximum service curve is a tool for telling apart variable delay from fixed delay,
as follows.

Consider a network, made of a series of network elements1, ..., I, each element being the combination of a
fixed delaydi and a variable delay. Assume the variable delay component offers a service curveβi. A fixed
delay component offersδdi both as a service curve and as a maximum service curve. Defineβ = β1⊗...⊗βI ;
the network offers as end-to-end service curveβ ⊗ δd1+...+dI , and as end-to-end maximum service curve
δd1+...+dI . Assume the input flow is constrained by some arrival curveα; from Theorems 1.4.2 and 1.6.3,
the end-to-delayd(t) satisfies

d1 + ...+ dI ≤ d(t) ≤ h(α, β ⊗ δd1+...+dI )

By simple inspection,h(α, β ⊗ δd1+...+dI ) = d1 + ...+ dI + h(α, β), thus the end-to-end delay satisfies

0 ≤ d(t)− [d1 + ...+ dI ] ≤ h(α, β)

In the formula,d1 + ... + dI is the fixed part of the delay, andh(α, β) is the variable part. Thus, for the
computation of the variable part of the delay, we can simply ignore fixed delay components.
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Similarly, an arrival curve constraint for the output is

α∗ = (α⊗ δd1+...+dI )⊘ (β ⊗ δd1+...+dI ) = α⊘ β

thus the fixed delay can be ignored for the computation of the output bound.

For the determination of backlog, the alert reader can easily be convinced that fixed delays cannot be ignored.
In summary:

PROPOSITION1.6.3. 1. For the computation of backlog and fixed delay bounds, fixedor variable delay
are modeled by introducingδT functions in the service curves. As a consequence of the commutativity
of⊗, such delays can be inserted in any order along a sequence of buffers, without altering the delay
bounds.

2. For the computation of variable delay bounds, or for an arrival constraint on the output, fixed delays
can be ignored.

1.7 HANDLING VARIABLE L ENGTH PACKETS

All results in this chapter apply directly to ATM systems, using discrete time models. In contrast, for variable
length packets (as is usually the case with IP services), there are additional subtleties, which we now study
in detail. The main parts in this section is the definition of apacketizer, and a study of its effect on delay,
burstiness and backlog bounds. We also revisit the notion ofshaper in a variable length context. For the rest
of this section, time is continuous.

Throughout the section, we will consider some wide sense increasing sequences of packet arrival times
Ti ≥ 0. We assume that for allt the set{i : Ti ≤ t} is finite.

1.7.1 AN EXAMPLE OF I RREGULARITY I NTRODUCED BY VARIABLE L ENGTH PACKETS

The problem comes from the fact that real packet switching systems normally output entire packets, rather
than a continuous data flow. Consider the example illustrated in Figure 1.16. It shows the output of a
constant bit rate trunk, with ratec, that receives as input a sequence of packets, of different sizes. Callli, Ti
the size (in bits) and the arrival epoch for theith packet,i = 1, 2, .... The input function is

R(t) =
∑

i

li1{Ti≤t} (1.18)

In the formula, we used the indicator function1{expr}which is equal to1 if expr is true, and0 otherwise.

We assume, as is usual in most systems, that we observe only entire packets delivered by the trunk. This is
shown asR′(t) in the figure, which results from the bit-by-bit outputR∗ by a packetization operation. The
bit-by-bit outputR∗ is well understood; we know from Section 1.5 thatR∗ = R⊗λc. However, what is the
effect of packetization ? Do the results in Sections 1.4 and 1.5 still hold ?

Certainly, we should expect some modifications. For example, the bit-by-bit outputR∗ in the figure is the
output of a greedy shaper with curveλc, thus it hasλc as an arrival curve, but this is certainly not true
for R′. Worse, we know that a greedy shaper keeps arrival constraints, thus ifR is σ-smooth for someσ,
then so isR∗. However, this is not true forR′. Consider the following example (which is originally from
[34]). Assume thatσ(t) = lmax + rt with r < c. Assume that the input flowR(t) sends a first packet
of size l1 = lmax at timeT1 = 0, and a second packet of sizel2 at timeT2 = l2

r . Thus the flowR is
indeedσ-smooth. The departure time for the first packet isT ′

1 = lmax
c . Assume that the second packetl2 is

small, specifically,l2 < r
c lmax; then the two packets are sent back-to-back and thus the departure time for

the second packet isT ′
2 = T ′

1 +
l2
c . Now the spacingT ′

2 − T ′
1 is less thanl2r , thus the second packet is not
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Figure 1.16:A real, variable length packet trunk of constant bit rate, viewed as the concatenation of a
greedy shaper and a packetizer. The input is R(t), the output of the greedy shaper is R∗(t), the final output
is the output of the packetizer is R′(t).

conformant, in other words,R′ is notσ-smooth. Note that this example is not possible if all packets are the
same size.

We will see in this section that this example is quite general: packetizing variable length packets does
introduce some additional irregularities. However, we areable to quantify them, and we will see that the
irregularities are small (but may be larger than the order ofa packet length). Most results are extracted from
[50]

1.7.2 THE PACKETIZER

We first need a few definitions.

DEFINITION 1.7.1 (cumulative packet lengths).A sequenceL of cumulative packet lengths is a wide sense
increasing sequence(L(0) = 0, L(1), L(2), ...) such thatlimn→∞L(n) = +∞ and

lmax = sup
n
{L(n+ 1)− L(n)}

is finite

In this chapter, we interpretL(n) − L(n − 1) as the length of thenth packet. We now introduce a new
building block, which was introduced in [11].

DEFINITION 1.7.2 (FunctionPL [11]). Consider a sequence of cumulative packet lengthsL withL(0) = 0.
For any real numberx, define

PL(x) = sup
n∈N

{L(n)1{L(n)≤x}} (1.19)

Figure 1.17 illustrates the definition. Intuitively,PL(x) is the largest cumulative packet length that is entirely
contained inx. FunctionPL is right-continuous; ifR is right-continuous, then so isPL(R(t)). For example,
if all packets have unit length, thenL(n) = n and forx > 0: PL(x) = ⌊x⌋. An equivalent characterization
of PL is

PL(x) = L(n) ⇐⇒ L(n) ≤ x < L(n+ 1) (1.20)

DEFINITION 1.7.3 (Packetizer [31, 67, 19, 11]).Consider a sequenceL of cumulative packet lengths. An
L-packetizer is the system that transforms the inputR(t) into PL(R(t)).
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Figure 1.17:Definition of function PL.

For the example in Figure 1.16, we haveR′(t) = PL(R∗(t)) and the system can thus be interpreted as the
concatenation of a greedy shaper and a packetizer.

The following equation follows immediately:

x− lmax < PL(x) ≤ x (1.21)

DEFINITION 1.7.4. We say that a flowR(t) isL-packetized ifPL(R(t)) = R(t) for all t.

The following properties are easily proven and left to the reader.

• (The packetizer is isotone) Ifx ≤ y thenPL(x) ≤ PL(y) for all x, y ∈ R.
• (PL is idempotent)PL(PL(x)) = PL(x) for all x ∈ R

• (Optimality of Packetizer) We can characterize a packetizer in a similar way as we did for a greedy
shaper in Section 1.5. Among all flowsx(t) such that

{
x is L-packetized
x ≤ R

(1.22)

there is one that upper-bounds all, and it is given byx(t) = PL(R(t)).
The proof for this last item mimics that of Lemma 1.5.1; it relies on the property thatPL is idempotent.

We now study the effect of packetizers on the three bounds found in Section 1.4. We first introduce a
definition.

DEFINITION 1.7.5 (Per-packet delay).Consider a system withL- packetized input and output. CallTi, T ′
i

the arrival and departure time for theith packet. Assume there is no packet loss. The per-packet delay is
supi(T

′
i − Ti)

Our main result in this section is the following theorem, illustrated in Figure 1.18.

THEOREM 1.7.1 (Impact of packetizer).Consider a system (bit-by-bit system) with L-packetized input
R and bit-by-bit outputR∗, which is thenL-packetized to produce a final packetized outputR′. We call
combined systemthe system that mapsR intoR′. Assume both systems are first-in-first-out and lossless.

1. Theper-packet delayfor the combined system is the maximum virtual delay for the bit-by-bit system.
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2. CallB∗ the maximum backlog for the bit-by-bit system andB′ the maximum backlog for the combined
system. We have

B∗ ≤ B′ ≤ B∗ + lmax

3. Assume that the bit-by-bit system offers to the flow a maximum service curveγ and a minimum service
curveβ. The combined system offers to the flow a maximum service curve γ and a minimum service
curveβ′ given by

β′(t) = [β(t)− lmax]
+

4. If some flowS(t) hasα(t) as an arrival curve, thenPL(S(t)) hasα(t) + lmax1{t>0} as an arrival
curve.

The proof of the theorem is given later in this section. Before, we discuss the implications. Item 1 says that

R * ( t )
P ( L )

B i t - b y - b i t  s y s t e m

C o m b i n e d  S y s t e m

R ( t ) R � ( t )
b ,  g

Figure 1.18:The scenario and notation in Theorem 1.7.1.

appending a packetizer to a node does not increase the packetdelay at this node. However, as we see later,
packetization does increase the end-to-end delay.

Consider again the example in Section 1.7.1. A simple look atthe figure shows that the backlog (or required
buffer) is increased by the packetization, as indicated by item 2. Item 4 tells us that the final outputR′ has
σ′(t) = σ(t) + lmax1t>0 as an arrival curve, which is consistent with our observation in Section 1.7.1 that
R′ is notσ-smooth, even thoughR∗ is. We will see in Section 1.7.4 that there is a stronger result, in relation
with the concept of “packetized greedy shaper”.

Item 3 is the most important practical result in this section. It shows that packetizing weakens the service
curve guarantee by one maximum packet length. For example, if a system offers a rate-latency service curve
with rateR, then appending a packetizer to the system has the effect of increasing the latency bylmax

R .

Consider also the example in Figure 1.16. The combination ofthe trunk and the packetizer can be modeled
as a system offering

• a minimum service curveβc, lmax
c

• a maximum service curveλc

PROOF OF THEOREM 1.7.1

1. For somet such thatTi ≤ t < Ti+1 we haveR(t) = L(i) and thus

sup
t∈[Ti,Ti+1)

d(t) = d(Ti)

now
d(Ti) = T ′

i − Ti
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Combining the two shows that
sup
t
d(t) = sup

i
(T ′

i − Ti)

2. The proof is a direct consequence of (1.21).
3. The result on maximum service curveγ follows immediately from (1.21). Consider now the minimum

service curve property.
Fix some timet and definei0 by Ti0 ≤ t < Ti0+1. For1 ≤ i ≤ i0 and forTi−1 ≤ s < Ti we have
R(s) = R(Ti−1) andβ is wide-sense increasing, thus

inf
Ti−1≤s<Ti

(R(s) + β(t− s)) = R(Ti−1) + βr(t− Ti) = Rl(Ti) + βr(t− Ti)

whereβr [resp.Rl] is the limit of β from the right [resp. ofR from the left]. Similarly

inf
s∈[Ti0

,t]
(R(s) + β(t− s)) = R(t)

sinceβ(0) = 0. Thus (case 1) either there is somei ≤ i0 such that(R⊗β)(t) = Rl(Ti)+βr(t−Ti)
or (case 2)(R⊗ β)(t) = R(t).
Consider case 1. By hypothesis,R∗(t) ≥ (R ⊗ β)(t), thus

R′(t) ≥ R∗(t)− lmax ≥ Rl(Ti) + βr(t− Ti)− lmax

On the other hand,R∗(t) ≥ Rl(Ti) = R(Ti−1) andR isL-packetized, thus

R′(t) ≥ Rl(Ti)

Combining the two shows that

R′(t) ≥ max [Rl(Ti), Rl(Ti) + βr(t− Ti)− lmax]
= Rl(Ti) + max [βr(t− Ti)− lmax, 0]
= Rl(Ti) + β′r(t− Tj)

Now fix some arbitraryǫ > 0. By definition of the limit from the right, we can find somes ∈
(Ti−1, Ti) such thatβ(t− s) ≤ βr(t− Ti) + ǫ. NowR(s) = Rl(Ti) thus

R′(t) ≥ R(s) + β(t− s)− ǫ ≥ (R ⊗ β′)(t)− ǫ

This is true for allǫ > 0 thusR′(t) ≥ (R⊗β′)(t), which proves that the service curve property holds
for case 1. The proof for case 2 is immediate.

4. The proof is a direct consequence of (1.21).

EXAMPLE : CONCATENATION OF GPSNODES Consider the concatenation of the theoretical GPS node,
with guaranteed rateR (see Section 1.3.1 on Page 18) and anL-packetizer. Assume this system receives
a flow of variable length packets. This models a theoretical node that would work as a GPS node but is
constrained to deliver entire packets. This is not very realistic, and we will see in Chapter 2 more realistic
implementations of GPS, but this example is sufficient to explain one important effect of packetizers.

By applying Theorem 1.7.1, we find that this node offers a rate-latency service curveβR, lmax
R

. Now con-

catenatem such identical nodes, as illustrated in Figure 1.19. The end-to-end service curve is the rate
latency-functionβR,T with

T = m
lmax

R

We see on this example that the additional latency introduced by one packetizer is indeed of the order of one
packet length; however, this effect is multiplied by the number of hops.
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Figure 1.19:The concatenation of several GPS fluid nodes with packetized outputs

For the computation of the end-to-end delay bound, we need totake into account Theorem 1.7.1, which tells
us that we can forget the last packetizer. Thus, a bound on end-to-end delay is obtained by considering that
the end-to-end path offers a service curve equal to the latency-functionβR,T0 with

T0 = (m− 1)
lmax

R

For example, if the original input flow is constrained by one leaky bucket of rater and bucket pool of size
b, and ifr ≤ R, then an end-to-end delay bound is

b+ (m− 1)lmax

R
(1.23)

The alert reader will easily show that this bound is a worst case bound. This illustrates that we should be
careful in interpreting Theorem 1.7.1. It is only at the lasthop that the packetizer implies no delay increase.
The interpretation is as follows. Packetization delays thefirst bits in a packet, which delays the processing
at downstream nodes. This effect is captured in (1.23). In summary:

REMARK 1.7.1. Packetizers do not increase the maximum delay at the node where they are appended.
However, they generally increase the end-to-end delay.

We will see in Chapter 2 that many practical schedulers can bemodeled as the concatenation of a node
offering a service curve guarantee and a packetizer, and we will give a practical generalization of (1.23).

1.7.3 A RELATION BETWEEN GREEDY SHAPER AND PACKETIZER

We have seen previously that appending a packetizer to a greedy shaper weakens the arrival curve property
of the output. There is however a case where this is not true. This case is important for the results in
Section 1.7.4, but also has practical applications of its own. Figure 1.20 illustrates the theorem.

R ( t ) R * ( t ) R ( 1 ) ( t )R 0 ( t )

( P L  )( P L  ) ( s )

Figure 1.20:Theorem 1.7.2 says that R(1) is σ-smooth.
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THEOREM 1.7.2. Consider a sequenceL of cumulative packet lengths and callPL theL-packetizer. Con-
sider a “good” functionσ and assume that

{
There is a sub-additive functionσ0 and a numberl ≥ lmax such that
σ(t) = σ0(t) + l1t>0

(1.24)

Call Cσ the greedy shaper with shaping curveσ. For any input, the output of the composition6PL ◦ Cσ ◦ PL

is σ-smooth.

In practical terms, the theorem is used as follows. ConsideranL-packetized flow, pass it through a greedy
shaper with shaping curveσ; and packetize the output; then the result isσ-smooth (assuming thatσ satisfies
condition in (1.24) in the theorem).

Note that in general the output ofCσ ◦PL is notL-packetized, even ifσ satisfies the condition in the theorem
(finding a counter-example is simple and is left to the readerfor her enjoyment). Similarly, if the input to
PL ◦ Cσ is notL-packetized, then the output is notσ-smooth, in general.

The theorem could also be rephrased by saying that, under condition in (1.24)

PL ◦ Cσ ◦ PL = Cσ ◦ PL ◦ Cσ ◦ PL

since the two above operators always produce the same output.

DISCUSSION OF CONDITION IN (1.24) Condition (1.24) is satisfied in practice ifσ is concave and
σr(0) ≥ lmax, whereσr(0) = inft>0 σ(t) is the limit from the right ofσ at 0. This occurs for example if
the shaping curve is defined by the conjunction of leaky buckets, all with bucket size at least as large as the
maximum packet size.

This also sheds some light on the example in Figure 1.16: the problem occurs because the shaping curveλC
does not satisfy the condition.

The alert reader will ask herself whether a sufficient condition for (1.24) to hold is thatσ is sub-additive and
σr(0) ≥ lmax. Unfortunately, the answer is no. Consider for example the stair functionσ = lmaxvT . We
haveσr(0) = lmax but if we try to rewriteσ intoσ(t) = σ0(t)+l1t>0 we must havel = lmax andσ0(t) = 0
for t ∈ (0, T ]; if we impose thatσ0 is sub-additive, the latter impliesσ0 = 0 which is not compatible with
(1.24).7

PROOF OF THEOREM 1.7.2: We use the notation in Figure 1.20. We want to show thatR(1) is σ-
smooth. We haveR∗ = R ⊗ σ. Consider now some arbitrarys andt with s < t. From the definition of
min-plus convolution, for allǫ > 0, there is someu ≤ s such that

(R⊗ σ)(s) ≥ R(u) + σ(s − u)− ǫ (1.25)

Now consider the setE of ǫ > 0 such that we can find oneu < s satisfying the above equation. Two cases
are possible: either0 is an accumulation point forE8 (case 1) , or not (case 2).

Consider case 1; there is a sequence(ǫn, sn), with sn < s,

lim
n→+∞

ǫn = 0

and
(R⊗ σ)(s) ≥ R(sn) + σ(s− sn)− ǫn

6We use the notationPL ◦ Cσ to denote the composition of the two operators, withCσ applied first; see Section 4.1.3.
7The same conclusion unfortunately also holds if we replace sub-additive by “star-shaped” (Section 3.1).
8namely, there is a sequence of elements inE which converges to0
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Now sincesn ≤ t:
(R⊗ σ)(t) ≤ R(sn) + σ(t− sn)

Combining the two:

(R⊗ σ)(t) − (R⊗ σ)(s) ≤ σ(t− sn)− σ(s − sn) + ǫn

Now t− sn > 0 ands− sn > 0 thus

σ(t− sn)− σ(s− sn) = σ0(t− sn)− σ0(s − sn)

We have assumed thatσ0 is sub-additive. Nowt ≥ s thus

σ0(t− sn)− σ0(s− sn) ≤ σ0(t− s)

we have thus shown that, for alln

(R⊗ σ)(t)− (R⊗ σ)(s) ≤ σ0(t− s) + ǫn

and thus
(R⊗ σ)(t) − (R⊗ σ)(s) ≤ σ0(t− s)

Now from (1.21), it follows that

R(1)(t)−R(1)(s) ≤ σ0(t− s) + lmax ≤ σ(t− s)

which ends the proof for case 1.

Now consider case 2. There is someǫ0 such that for0 < ǫ < ǫ0, we have to takeu = s in (1.25), and
therefore

(R ⊗ σ)(s) ≥ R(s) + σ(0)− ǫ = R(s)− ǫ

Since this holds for everyǫ such that0 < ǫ < ǫ0, it comes that(R⊗ σ)(s) ≥ R(s), and thus(R⊗ σ)(s) =
R(s).

NowR isL-packetized by hypothesis. Thus

R(1)(s) = PL((R ⊗ σ)(s)) = PL(R(s)) = R(s) = (R⊗ σ)(s)

thus
R(1)(t)−R(1)(s) = PL((R⊗ σ)(t)) − (R⊗ σ)(s)

≤ (R⊗ σ)(t)− (R⊗ σ)(s)

nowR⊗ σ hasσ as an arrival curve thus

R(1)(t)−R(1)(s) ≤ σ(t− s)

which ends the proof for case 2.

EXAMPLE : BUFFERED L EAKY BUCKET CONTROLLER BASED ON V IRTUAL FINISH T IMES The-
orem 1.7.2 gives us a practical implementation for a packet based shaper. Consider that we want to build a
device that ensures that a packet flow satisfies some concave,piecewise linear arrival curve (and is of course
L- packetized). We can realize such a device as the concatenation of a buffered leaky bucket controller
operating bit-by-bit and a packetizer. We compute the output time for the last bit of a packet (= finish time)
under the bit-by-bit leaky bucket controller, and release the entire packet instantly at this finish time. If each
bucket pool is at least as large as the maximum packet size then Theorem 1.7.2 tells us that the final output
satisfies the leaky bucket constraints.
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Figure 1.21:A counter example for Theorem 1.7.2. A burst of 10 packets of size equal to 10 data units
arrive at time t = 0, and σ = 25v1. The greedy shaper emits 25 data units at times 0 and 1, which forces the
packetizer to create a burst of 3 packets at time 1, and thus R(1) is not σ-smooth.

COUNTER-EXAMPLE If we consider non-concave arrival curves, then we can find anarrival curveσ
that does satisfyσ(t) ≥ lmax for t > 0 but that does not satisfy (1.24). In such a case, the conclusion
of Theorem 1.7.2 may not hold in general. Figure 1.21 shows anexample where the outputR(1) is not
σ-smooth, whenσ is a stair function.

1.7.4 PACKETIZED GREEDY SHAPER

We can come back to the questions raised by the example in Figure 1.16 and give a more fundamental
look at the issue of packetized shaping. Instead of synthesizing the concatenation of a greedy shaper and a
packetizer as we did earlier, we define the following, consistent with Section 1.5.

DEFINITION 1.7.6. [Packetized Greedy Shaper] Consider an input sequence of packets, represented by the
functionR(t) as in (1.18). CallL the cumulative packet lengths. We callpacketized shaper, with shaping
curveσ, a system that forces its output to haveσ as an arrival curveand beL-packetized. We callpacketized
greedy shapera packetized shaper that delays the input packets in a buffer, whenever sending a packet would
violate the constraintσ, but outputs them as soon as possible.

EXAMPLE : BUFFERED L EAKY BUCKET CONTROLLER BASED ON BUCKET REPLENISHMENT The
caseσ(t) = minm=1,...,M(γrm,bm(t) can be implemented by a controller that observes a set ofM fluid buck-
ets, where themth bucket is of sizebm and leaks at a constant raterm. Every bucket receivesli units of
fluid when packeti is released (li is the size of packeti). A packet is released as soon as the level of fluid
in bucketm allows it, that is, has gone down belowbm − li, for all m. We say that now we have defined
a buffered leaky bucket controller based on “bucket replenishment”. It is clear that the output hasσ as an
arrival curve, isL-packetized and sends the packets as early as possible. Thusit implements the packetized
greedy shaper. Note that this implementation differs from the buffered leaky bucket controller based on vir-
tual finish times introduced in Section 1.7.3. In the latter,during a period where, say, bucketm only is full,
fragments of a packet are virtually released at raterm, bucketm remains full, and the (virtual) fragments are
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then re-assembled in the packetizer; in the former, if a bucket becomes full, the controller waits until it emp-
ties by at least the size of the current packet. Thus we expectthat the level of fluid in both systems is not the
same, the former being an upper bound. We will see however in Corollary 1.7.1 that both implementations
are equivalent.

In this example, if a bucket size is less than the maximum packet size, then it is never possible to output a
packet: all packets remain stuck in the packet buffer, and the output isR(t) = 0. In general, we can say that

PROPOSITION 1.7.1. If σr(0) < lmax then the the packetized greedy shaper blocks all packets forever
(namely,R(t) = 0). Thus in this section, we assume thatσ(t) ≥ lmax for t > 0.

Thus, for practical cases, we have to assume that the arrivalcurveσ has a discontinuity at the origin at least
as large as one maximum packet size.

How does the packetized greedy shaper compare with the concatenation of a greedy shaper with shap-
ing curveσ and a packetizer ? We know from the example in Figure 1.16 thatthe output hasσ′(t) =
σ(t) + lmax1t>0 as an arrival curve, but notσ. Now, does the concatenation implement a packetized greedy
shaper with shaping curveσ′ ? Before giving a general answer, we study a fairly general consequence of
Theorem 1.7.2.

THEOREM 1.7.3 (Realization of packetized Greedy Shaper).Consider a sequenceL of cumulative packet
lengths and a “good” functionσ. Assume thatσ satisfies the condition in (1.24). Consider only inputs that
areL packetized. Then the packetized greedy shaper forσ andL can be realized as the concatenation of
the greedy shaper with shaping curveσ and theL-packetizer.

P a c k e t i z e d  
G r e e d y  S h a p e r

( L )  a n d s

( P L  )( s )

Figure 1.22: The packetized greedy shaper can be realized as a (bit-by-bit fluid shaper followed by a
packetizer, assuming (1.24) holds. In practice, this means that we can realize packetized greedy shaping
by computing finish times in the virtual fluid system and release packets at their finish times.

PROOF: CallR(t) the packetized input; the output of the bit-by-bit greedy shaper followed by a packe-
tizer isR(1)(t) = PL(R ⊗ σ)(t)). CallR(t) the output of the packetized greedy shaper. We haveR ≤ R
thusR⊗ σ ≤ R⊗ σ and thus

PL(R ⊗ σ) ≤ PL(R⊗ σ)

ButR is σ-smooth, thusR⊗σ = R, and isL-packetized, thusPL(R⊗σ) = R. Thus the former inequality
can be rewritten asR ≤ R(1). Conversely, from Theorem 1.7.2,R(1) is alsoσ-smooth andL-packetized.
The definition of the packetized greedy shaper implies thatR ≥ R(1) (for a formal proof, see Lemma 1.7.1)
thus finallyR = R(1).

We have seen that the condition in the theorem is satisfied in particular if σ is concave andσr(0) ≥ lmax,
for example if the shaping curve is defined by the conjunctionof leaky buckets, all with bucket size at least
as large as the maximum packet size. This shows the following.
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COROLLARY 1.7.1. For L-packetized inputs, the implementations of buffered leakybucket controllers based
on bucket replenishment and virtual finish times are equivalent.

If we relax (1.24) then the construction of the packetized greedy shaper is more complex:

THEOREM 1.7.4 (I/O characterisation of packetized greedy shapers). Consider a packetized greedy shaper
with shaping curveσ and cumulative packet lengthL. Assume thatσ is a “good” function. The outputR(t)
of the packetized greedy shaper is given by

R = inf
{
R(1), R(2), R(3), ...

}
(1.26)

withR(1)(t) = PL((σ ⊗R)(t)) andR(i)(t) = PL((σ ⊗R(i−1))(t)) for i ≥ 2.

Figure 1.23 illustrates the theorem, and shows the iterative construction of the output on one example. Note
that this example is for a shaping function that does not satisfy (1.24). Indeed, otherwise, we know from
Theorem 1.7.3 that the iteration stops at the first step, namely, R = R(1) in that case. We can also check for
example that ifσ = λr (thus the condition in Proposition 1.7.1 is satisfied) then the result of (1.26) is0.

P L s

i n f
R

R  =  R ( 4 )

0 1 2 3 4 5

R ( 1 )

R ( 2 )

R ( 3 )

Figure 1.23:Representation of the output of the packetized greedy shaper (left) and example of output
(right). The data are the same as with Figure 1.21.

PROOF: The proof is a direct application of Lemma 1.7.1 (which itself is an application of the general
method in Section 4.3 on Page 144).

LEMMA 1.7.1. Consider a sequenceL of cumulative packet lengths and a “good” functionσ. Among all
flowsx(t) such that 




x ≤ R
x isL-packetized
x hasσ as an arrival curve

(1.27)

there is one flowR(t) that upper-bounds all. It is given by (1.26).
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PROOF: The lemma is a direct application of Theorem 4.3.1, as explained in Section 4.3.2. However, in
order to make this chapter self-contained, we give an alternative, direct proof, which is quite short.

If x is a solution, then it is straightforward to show by induction on i thatx(t) ≤ R(i)(t) and thusx ≤ R.
The difficult part is now to show thatR is indeed a solution. We need to show that the three conditions in
(1.27) hold. Firstly,R(1) ≤ R(t) and by induction oni,R(i) ≤ R for all i; thusR ≤ R.

Secondly, consider some fixedt; R(i)(t) is L-packetized for alli ≥ 1. Let L(n0) := R(1)(t). Since
R(i)(t) ≤ R(1)(t), R(i)(t) is in the set

{L(0), L(1), L(2), ..., L(n0)}.

This set is finite, thus,R(t), which is the infimum of elements in this set, has to be one of the L(k) for
k ≤ n0. This shows thatR(t) is L-packetized, and this is true for any timet.

Thirdly, we have, for alli

R(t) ≤ R(i+1)(t) = PL((σ ⊗R(i))(t)) ≤ (σ ⊗R(i))(t)

thus
R ≤ inf

i
(σ ⊗R(i))

Now convolution by a fixed function is upper-semi-continuous, which means that

inf
i
(σ ⊗R(i)) = σ ⊗R

This is a general result in Chapter 4 for any min-plus operator. An elementary proof is as follows.

infi(σ ⊗R(i))(t) = infs∈[0,t],i∈N
[
σ(s) +R(i)(t− s)

]

= infs∈[0,t]
{
inf i∈N

[
(σ(s) +R(i)(t− s)

]}

= infs∈[0,t]
{
σ(s) + infi∈N

[
R(i)(t− s)

]}

= infs∈[0,t]
[
σ(s) +R(t− s)

]

= (σ ⊗R)(t)

Thus
R ≤ σ ⊗R,

which shows the third condition. Note thatR is wide-sense increasing.

DOES A PACKETIZED GREEDY SHAPER KEEP ARRIVAL CONSTRAINTS ? Figure 1.24 shows a counter-
example, namely, a variable length packet flow that has lost its initial arrival curve constraint after traversing
a packetized greedy shaper.

However, if arrival curves are defined by leaky buckets, we have a positive result.

THEOREM 1.7.5 (Conservation of concave arrival constraints).Assume anL-packetized flow with arrival
curveα is input to a packetized greedy shaper with cumulative packet lengthL and shaping curveσ. Assume
thatα andσ are concave withαr(0) ≥ lmax andσr(0) ≥ lmax. Then the output flow is still constrained by
the original arrival curveα.

PROOF: Sinceσ satisfies (1.24), it follows from Theorem 1.7.3 thatR = PL(σ⊗R). NowR isα-smooth
thus it is not modified by a bit-by-bit greedy shaper with shaping curveα, thusR = α⊗R. Combining the
two and using the associativity of⊗ givesR = PL[(σ⊗α)⊗R]. From our hypothesis,σ⊗α = min(σ, α)
(see Theorem 3.1.6 on Page 112) and thusσ⊗α satisfies (1.24). Thus, by Theorem 1.7.2,R isσ⊗α-smooth,
and thusα-smooth.
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0 1 2 3 4 5
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R

Figure 1.24:The input flow is shown above; it consists of 3 packets of size 10 data units and one of size
5 data units, spaced by one time unit. It is α-smooth with α = 10v1,0. The bottom flow is the output of the
packetized greedy shaper with σ = 25v3,0. The output has a burst of 15 data units packets at time 3. It is
σ-smooth but not α-smooth.

SERIES DECOMPOSITION OF SHAPERS

THEOREM 1.7.6. Consider a tandem ofM packetized greedy shapers in series; assume that the shaping
curveσm of themth shaper is concave withσmr (0) ≥ lmax. For L-packetized inputs, the tandem is equiva-
lent to the packetized greedy shaper with shaping curveσ = minm σ

m.

PROOF: We do the proof forM = 2 as it extends without difficulty to larger values ofM . CallR(t) the
packetized input,R′(t) the output of the tandem of shapers, andR(t) the output of the packetized greedy
shaper with inputR(t) and shaping curveσ.

Firstly, by Theorem 1.7.3

R′ = PL[σ2 ⊗ PL(σ1 ⊗R)]

Now σm ≥ σ for all m thus

R′ ≥ PL[σ ⊗ PL(σ ⊗R)]

Again by Theorem 1.7.3, we haveR = PL(σ ⊗ R). MoreoverR is L-packetized andσ-smooth, thus
R = PL(R) andR = σ ⊗R. Thus finally

R′ ≥ R (1.28)

Secondly,R′ is L-packetized and by Theorem 1.7.5, it isσ-smooth. Thus the tandem is a packetized
(possibly non greedy) shaper. SinceR(t) is the output of the packetized greedy shaper, we must have
R′ ≤ R. Combining with (1.28) ends the proof.

It follows that a shaper with shaping curveσ(t) = minm=1,...,M(rmt + bm), wherebm ≥ lmax for all
m, can be implemented by a tandem ofM individual leaky buckets, in any order. Furthermore, by Corol-
lary 1.7.1, every individual leaky bucket may independently be based either on virtual finish times or on
bucket replenishment.

If the condition in the theorem is not satisfied, then the conclusion may not hold. Indeed, for the example
in Figure 1.24, the tandem of packetized greedy shapers withcurvesα andσ does not have anα-smooth
output, therefore it cannot be equivalent to the packetizedgreedy shaper with curvemin(α, σ).

Unfortunately, the other shaper properties seen in Section1.5 do not generally hold. For shaping curves
that satisfy (1.24), and when a packetized greedy shaper is introduced, we need to compute the end-to-end
service curve by applying Theorem 1.7.1.
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1.8 LOSSLESSEFFECTIVE BANDWIDTH AND EQUIVALENT CAPACITY

1.8.1 EFFECTIVE BANDWIDTH OF A FLOW

We can apply the results in this chapter to define a function ofa flow called the effective bandwidth. This
function characterizes the bit rate required for a given flow. More precisely, consider a flow with cumulative
functionR; for a fixed, but arbitrary delayD, we define theeffective bandwidtheD(R) of the flow as the bit
rate required to serve the flow in a work conserving manner, with a virtual delay≤ D.

PROPOSITION1.8.1. The effective bandwidth of a flow is given by

eD(R) = sup
0≤s≤t

R(t)−R(s)

t− s+D
(1.29)

For an arrival curveα we define the effective bandwidtheD(α) as the effective bandwidth of the greedy
flow R = α. By a simple manipulation of Equation 1.29, the following comes.

PROPOSITION1.8.2. The effective bandwidth of a “good” arrival curve is given by

eD(α) = sup
0≤s

α(s)

s+D
(1.30)

The alert reader will check that the effective bandwidth of aflow R is also the effective bandwidth of its
minimum arrival curveR⊘R. For example, for a flow with T-SPEC(p,M, r, b), the effective bandwidth is
the maximum ofr and the slopes of lines(QA0) and(QA1) in Figure 1.25; it is thus equal to:

eD = max

{
M

D
, r, p

(
1−

D − M
p

b−M
p−r +D

)}
(1.31)

Assumeα is sub-additive. We define the sustainable ratem asm = lim infs→+∞
α(s)
s and the peak rate by

Q
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Figure 1.25:Computation of Effective Bandwidth for a VBR flow (left); example for r = 20 packets/second,
M = 10 packets, p = 200 packets per second and b = 26 packets (right).

p = sups>0
α(s)
s . Thenm ≤ eD(α) ≤ p for allD. Moreover, ifα is concave, thenlimD→+∞ eD(α) = m.If

α is differentiable,e(D) is the slope of the tangent to the arrival curve, drawn from the time axis att = −D
(Figure 1.26). It follows also directly from the definition in (1.29) that

eD(
∑

i

αi) ≤
∑

i

eD(αi) (1.32)

In other words, the effective bandwidth for an aggregate flowis less than or equal to the sum of effective
bandwidths. If the flows have allidentical arrival curves, then the aggregate effective bandwidth is simply
I × eD(α1). It is this latter relation that is the origin of the term “effective bandwidth”. The difference∑

i eD(αi) − eD(
∑

i αi) is a buffering gain; it tells us how much capacity is saved by sharing a buffer
between the flows.
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Figure 1.26:Effective Bandwidth for a delay constraint D and Equivalent Capacity for a buffer size B

1.8.2 EQUIVALENT CAPACITY

Similar results hold if we replace delay constraints by the requirement that a fixed buffer size is not exceeded.
Indeed, the queue with constant rateC, guarantees a maximum backlog ofB (in bits) for a flowR if
C ≥ fB(R), with

fB(R) = sup
0≤s<t

R(t)−R(s)−B

t− s
(1.33)

Similarly, for a “good” functionα, we have:

fB(α) = sup
s>0

α(s)−B

s
(1.34)

We call fB(α) the equivalent capacity, by analogy to [48]. Similar to effective bandwidth, the equivalent
capacity of a heterogeneous mix of flows is less than or equal to the sum of equivalent capacities of the
flows, provided that the buffers are also added up; in other words,fB(α) ≤

∑
i fBi

(αi), with α =
∑

i αi

andB =
∑

iBi. Figure 1.26 gives a graphical interpretation.

For example, for a flow with T-SPEC(p,M, r, b), using the same method as above, we find the following
equivalent capacity:

fB =

{
if B < M then +∞
else r + (p−r)(b−B)+

b−M

(1.35)

An immediate computation shows thatfb(γr,b) = r. In other words, if we allocate to a flow, constrained by
an affine functionγr,b, a capacity equal to its sustainable rater, then a buffer equal to its burst toleranceb is
sufficient to ensure loss-free operation.

Consider now a mixture of Intserv flows (or VBR connections),with T-SPECs (Mi, pi, ri, bi). If we allocate
to this aggregate of flows the sum of their sustainable rates

∑
i ri, then the buffer requirement is the sum of

the burst tolerances
∑

i bi, regardless of other parameters such as peak rate. Conversely, Equation 1.35 also
illustrates that there is no point allocating more buffer than the burst tolerance: ifB > b, then the equivalent
capacity is stillr.

The above has illustrated that it is possible to reduce the required buffer or delay by allocating a rate larger
than the sustainable rate. In Section 2.2, we described how this may be done with a protocol such as RSVP.

Note that formulas (1.29) or (1.33), or both, can be used to estimate the capacity required for a flow, based
on a measured arrival curve. We can view them as low-pass filters on the flow functionR.
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1.8.3 EXAMPLE : ACCEPTANCE REGION FOR A FIFO M ULTIPLEXER

Consider a node multiplexingn1 flows of type 1 andn2 flows of type 2, where every flow is defined by a
T-SPEC(pi,Mi, ri, bi). The node has a constant output rateC. We wonder how many flows the node can
accept.

If the only condition for flow acceptance is that the delay forall flows is bounded by some valueD, then the
set of acceptable values of(n1, n2) is defined by

eD(n1α1 + n2α2) ≤ C

We can use the same convexity arguments as for the derivationof formula (1.31), applied to the function
n1α1 + n2α2. Defineθi =

bi−M
pi−ri

and assumeθ1 ≤ θ2. The result is:

eD(n1α1 + n2α2) = max





n1M1+n2M2
D ,

n1M1+n2M2+(n1p1+n2p2)θ1
θ1+D ,

n1b1+n2M2+(n1r1+n2p2)θ2
θ2+D ,

n1r1 + n2r2

The set of feasible(n1, n2) derives directly from the previous equation; it is the convex part shown in
Figure 1.27. The alert reader will enjoy performing the computation of the equivalent capacity for the case
where the acceptance condition bears on a buffer sizeB.

i pi Mi ri bi θi

1 20’000 packets/s 1 packet 500 packets/s 26 packets 1.3 ms
2 5’000 packets/s 1 packet 500 packets/s 251 packets 55.5 ms

Figure 1.27: Acceptance region for a mix of type 1 and type 2 flows. Maximum delay D = xx. The
parameters for types 1 and 2 are shown in the table, together with the resulting values of θi.

Coming back to equation 1.32, we can state in more general terms that the effective bandwidth is a convex
function of functionα, namely:

eD(aα1 + (1− a)α2) ≤ aeD(α1) + (1− a)eD(α2)

for all a ∈ [0, 1]. The same is true for the equivalent capacity function.

Consider now a call acceptance criterion based solely on a delay bound, or based on a maximum buffer
constraint, or both. Consider further that there areI types of connections, and define the acceptance region
A as the set of values(n1, . . . , nI) that satisfy the call acceptance criterion, whereni is the number of
connections of classi. From the convexity of the effective bandwidth and equivalent capacity functions,
it follows that the acceptance regionA is convex. In chapter 9 we compare this to acceptance regions for
systems with some positive loss probability.

SUSTAINABLE RATE ALLOCATION If we are interested only in course results, then we can reconsider
the previous solution and take into account only the sustainable rate of the connection mix. The aggregate
flow is constrained (among others) byα(s) = b + rs, with b =

∑
i nibi andr =

∑
i niri. Theorem 1.4.1

shows that the maximum aggregate buffer occupancy is bounded by b as long asC ≥ r. In other words,
allocating the sustainable rate guarantees a loss-free operation, as long as the total buffer is equal to the
burstiness.
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In a more general setting, assume an aggregate flow hasα as minimum arrival curve, and assume that some
parametersr andb are such that

lim
s→+∞

α(s)− rs− b = 0

so that the sustainable rater with burstinessb is a tight bound. It can easily be shown that if we allocate a
rateC = r, then the maximum buffer occupancy isb.

Consider now multiplexing a number of VBR connections. If nobuffer is available, then it is necessary
for a loss-free operation to allocate the sum of the peak rates. In contrast, using a buffer of sizeb makes it
possible to allocate only the sustainable rate. This is whatwe call thebuffering gain, namely, the gain on
the peak rate obtained by adding some buffer. The buffering gain comes at the expense of increased delay,
as can easily be seen from Theorem 1.4.2.

1.9 PROOF OF THEOREM 1.4.5

STEP 1: Consider a fixed timet0 and assume, in this step, that there is some timeu0 that achieves the
supremum in the definition ofα ⊘ β. We construct some input and output functionsR andR∗ such that
R is constrained byα, the system(R,R∗) is causal, andα∗(t0) = (R∗ ⊘ R∗)(t0). R andR∗ are given by
(Figure 1.28)

t i m e

d a t a

0

a

b

R *

R

u 0 u 0  +  t 0

Figure 1.28:Step 1 of the proof of Theorem 1.4.5: a system that attains the output bound at one value t0.





R(t) = α(t) if t < u0 + t0
R(t) = α(u0 + t0) if t ≥ u0 + t0
R∗(t) = inf[α(t), β(t)] if t < u0 + t0
R∗(t) = R(t) if t ≥ u0 + t0

It is easy to see, as in the proof of Theorem 1.4.4 thatR andR∗ are wide-sense increasing, thatR∗ ≤ R and
thatβ is a service curve for the flow. Now

R∗(u0 + t0)−R∗(u0) = α(u0 + t0)−R∗(u0) ≥ α(u0 + t0)− β(u0) = α∗(t0)

STEP 2: Consider now a sequence of timest0, t1, ..., tn, ... (not necessarily increasing). Assume, in this
step, that for alln there is a valueun that achieves the supremum in the definition of(α⊘β)(tn). We prove
that there are some functionsR andR∗ such thatR is constrained byα, the system(R,R∗) is causal, hasβ
as a service curve, andα∗(tn) = (R∗ ⊘R∗)(tn) for all n ≥ 0.

We buildR andR∗ by induction on a set of increasing intervals[0, s0], [0, s1],..., [0, sn].... The induction
property is that the system restricted to time interval[0, sn] is causal, hasα as an arrival curve for the input,
hasβ as a service curve, and satisfiesα∗(ti) = (R∗ ⊘R∗)(ti) for i ≤ n.

The first interval is defined bys0 = u0 + t0; R andR∗ are built on[0, s0] as in step 1 above. Clearly,
the induction property is true forn = 0. Assume we have built the system on interval[0, sn]. Define now



1.9. PROOF OF THEOREM 1.4.5 57

sn+1 = sn + un + tn + δn+1. We choseδn+1 such that

α(s+ δn+1)− α(s) ≥ R(sn) for all s ≥ 0 (1.36)

This is possible from the last condition in the Theorem. The system is defined on]sn, sn+1] by (Figure 1.29)




R(t) = R∗(t) = R(sn) for sn < t ≤ sn + δn+1

R(t) = R(sn) + α(t− sn − δn+1) for sn + δn+1 < t ≤ sn+1

R∗(t) = R(sn) + (α ∧ β)(t− sn − δn+1) for sn + δn+1 < t < sn+1

R∗(sn+1) = R(sn+1)

We show now that the arrival curve constraint is satisfied forthe system defined on[0, sn+1]. Consider

t i m e

d a t a

0

a

b

u 0 s 0 =  u 0  +  t 0
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b

d 1

s 1

u 1 t 1

R *

R
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b

d 2 u 2 t 2

s 2

Figure 1.29:Step 2 of the proof of Theorem 1.4.5: a system that attains the output bound for all values tn,
n ∈ N.

R(t)−R(v) for t andv in [0, sn+1]. If both t ≤ sn andv ≤ sn, or if botht > sn andv > sn then the arrival
curve property holds from our construction and the induction property. We can thus assume thatt > sn and
v ≤ sn. Clearly, we can even assume thatt ≥ sn + δn+1, otherwise the property is trivially true. Let us
rewritet = sn + δn+1 + s. We have, from our construction:

R(t)−R(v) = R(sn + δn+1 + s)−R(v) = R(sn) + α(s)−R(v) ≤ R(sn) + α(s)

Now from Equation (1.36), we have:

R(sn) + α(s) ≤ α(s + δn+1) ≤ α(s + δn+1 + sn − v) = α(t− v)

which shows the arrival curve property.

Using the same arguments as in step 1, it is simple to show thatthe system is causal, hasβ as a service
curve, and that

R∗(un+1 + tn+1)−R∗(un+1) = α∗(tn+1)

which ends the proof that the induction property is also truefor n+ 1.

STEP 3: Consider, as in step 2, a sequence of timest0, t1, ..., tn, ... (not necessarily increasing). We now
extend the result in step 2 to the case where the supremum in the definition ofα∗ = (α ⊘ β)(tn) is not
necessarily attained. Assume first thatα∗(tn) is finite for alln. For alln and allm ∈ N∗ there is someum,n

such that

α(tn + um,n)− β(um,n) ≥ α∗(tn)−
1

m
(1.37)
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Now the set of all couples(m,n) is enumerable. Consider some numbering(M(i), N(i)), i ∈ N for that
set. Using the same construction as in step 2, we can build by induction oni a sequence of increasing
intervals[0, si] and a system(R,R∗) that is causal, hasα as an arrival curve for the input, hasβ as a service
curve, and such that

R∗(si)−R∗(si − tN(i)) ≥ α∗(tN(i))−
1

M(i)

Now consider an arbitrary, but fixedn. By applying the previous equations to alli such thatN(i) = n, we
obtain

(R∗ ⊘R∗)(tn) ≥ supi such that N(i)=n

{
α∗(tN(i))− 1

M(i)

}

= α∗(tn)− inf i such that N(i)=n

{
1

M(i)

}

Now the set of all 1
M(i) for i such thatN(i) = n isN∗, thus

inf
i such that N(i)=n

{
1

M(i)

}
= 0

and thus(R∗ ⊘ R∗)(tn) = α∗(tn), which ends the proof of step 3 in the case whereα∗(tn) is finite for all
n.

A similar reasoning can be used ifα∗(tn) is infinite for sometn. In that case replace Equation (1.37) by
α(tn + um,n)− β(um,n) ≥ m.

STEP 4: Now we conclude the proof. If time is discrete, then step 3 proves the theorem. Otherwise we
use a density argument. The set of nonnegative rational numbersQ+ is enumerable; we can thus apply step
3 to the sequence of all elements ofQ+, and obtain system(R,R∗), with

(R∗ ⊘R∗)(q) = α∗(q) for all q ∈ Q+

FunctionR∗ is right-continuous, thus, from the discussion at the end ofTheorem 1.2.2, it follows that
R∗ ⊘R∗ is left-continuous. We now show thatα∗ is also left-continuous. For allt ≥ 0 we have:

sup
s<t

α∗(s) = sup
(s,v) such that s<t and v≥0

{α(s + v)− β(v)} = sup
v≥0

{sup
s<t

[α(s + v)− β(v)]}

Now

sup
s<t

α(s + v) = α(t+ v)

becauseα is left-continuous. Thus

sup
s<t

α∗(s) = sup
v≥0

{α(t+ v)− β(v)]} = α∗(t)

which shows thatα is left-continuous.

Back to the main argument of step 4, consider some arbitraryt ≥ 0. The setQ+ is dense in the set of
nonnegative real numbers, thus there is a sequence of rational numbersqn ∈ Q+, with n ∈ N, such that
qn ≤ t andlimn→+∞ qn = t. From the left-continuity ofR∗ ⊘R∗ andα∗ we have:

(R∗ ⊘R∗)(t) = lim
n→+∞

(R∗ ⊘R∗)(qn) = lim
n→+∞

α∗(qn) = α∗(t)
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1.10 BIBLIOGRAPHIC NOTES

Network calculus as has been applied to dimensioning ATM switches in [60]. A practical algorithm for
the determination of the minimum arrival curve for ATM system is described in [61]. It uses the burstiness
function of a flow, defined in [57] as follows. For anyr, B(r) is the minimumb such that the flow is
γr,b-smooth, and is thus the required buffer if the flow is served at a constant rater. Note thatB(r) is the
Legendre transform of the minimum arrival curveσ of the flow, namely,B(r) = supt≥0(σ(t) − rt) [61]
gives a fast algorithm for computingB(r). Interestingly, the concept is applied also to the distribution of
symbols in a text.

In [78], the concepts of arrival and service curve are used toanalyze real time processing systems. It is
shown that the service curve for a variable capacity node must be super-additive, and conversely, any super-
additive function is a service curve for a variable capacitynode. Compare to greedy shapers, which have a
sub-additive service curve. This shows that, except for constant bit rate trunks, a greedy shaper cannot be
modeled as a variable capacity node, and conversely.

In [9], the authors consider a crossbar switch, and callri,j the rate assigned to the traffic from input porti
to output portj. Assume that

∑
i ri,j ≤ 1 for all j and

∑
j ri,j ≤ 1 for all i. Using properties of doubly-

stochastic matrices (such as(ri,j) is), they give a simple scheduling algorithm that guarantees that the flow
from port i to port j is allocated a variable capacityC satisfyingCi,j(t) − Ci,j(s) ≥ ri,j(t − s) − si,j for
somesi,j defined by the algorithm. Thus, the node offers a service curve equal to the rate-latency function
βri,j ,si,j .

A dual approach to account for variable length packets is introduced in [11]. It consists in replacing the
definition of arrival curve (orσ-smoothness) by the concept ofg-regularity. Consider a flow of variable
length packets, with cumulative packet lengthL and callTi the arrival epoch for theith packet. The flow
is said to beg-regular ifT (j) − T (i) ≥ g(L(j) − L(i)) for all packet numbersi ≤ j. A theory is then
developed with concepts similar to the greedy shaper. The theory uses max-plus convolution instead of min-
plus convolution. The(b, r) regulator originally introduced by Cruz [21] is a shaper in this theory, whose

output isg-regular, withg(x) = (x−b)
r

+
. This theory does not exactly correspond to the usual concept of

leaky bucket controllers. More specifically, there is not anexact correspondence between the set of flows
that areg-regular on one hand, and that areσ-smooth on the other. We explain why with an example.
Consider the set of flows that areg-regular, withg(x) = x

r . The minimum arrival curve we can put on this
set of flows isσ(t) = rt+ lmax [11]. But conversely, if a flow isσ-smooth, we cannot guarantee that it is
g-regular. Indeed, the following sequence of packets is a flowthat isσ-smooth but notg-regular: the flow
has a short packet (lengthl1 < lmax) at timeT1 = 0, followed by a packet of maximum sizelmax at time

T2 =
l1
r . In fact, if a flow isσ-smooth, then it isg′-regular, withg′(x) = (x−lmax)

r

+
.

The strict service curve in Definition 1.3.2 is called “strong” service curve in [47].

1.11 EXERCISES

EXERCISE1.1. Compute the maximum buffer sizeX for a system that is initially empty, and where the input
function isR(t) =

∫ t
0 r(s)ds, for the following cases.

1. if r(t) = a (constant)
2. one on-off connection with peak rate 1 Mb/s, on period 1 sec, off periodτ seconds, and trunk bit rate
c = 0.5 Mb/s.

3. if r(t) = c+ c sinωt, with trunk bit ratec > 0.

EXERCISE1.2. You have a fixed buffer of sizeX, that receives a data inputr(t). Determine the output rate
c that is required to avoid buffer overflow given that the buffer is initially empty.
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EXERCISE1.3. 1. For a flow with constant bit ratec, give some possible arrival curves.
2. Consider a flow with an arrival curve given by:α(t) = B, whereB is constant. What does this mean

for the flow ?

EXERCISE 1.4. We say that a flow is(P,B) constrained if it hasγP,B as an arrival curve.
1. A trunk system has a buffer size ofB and a trunk bitrate ofP . Fill in the dots: (1) there is no loss if

the input is(., .) constrained (2) the output is(., .) constrained.
2. A (P,B) constrained flow is fed into an infinite buffer served at a rateof c. What is the maximum

delay ?

EXERCISE1.5 (On-Off flows). 1. Assume a data flow is periodical, with periodT , and satisfies the
following: r(t) = p for 0 ≤ t < T0, andr(t) = 0 for T0 ≤ t < T .

(a) DrawR(t) =
∫ t
0 r(s)ds

(b) Find an arrival curve for the flow. Find the minimum arrival curve for the flow.
(c) Find the minimum(r, b) such that the flow is(r, b) constrained.

2. A traffic flow uses a link with bitrateP (bits/s). Data is sent as packets of variable length. The flow
is controlled by a leaky bucket(r, b). What is the maximum packet size ? What is the minimum time
interval between packets of maximum size ?
Application: P = 2 Mb/s, r = 0.2 Mb/s; what is the required burst toleranceb if the packet length is 2
Kbytes ? What is then the minimum spacing between packets ?

EXERCISE1.6. Consider the following alternative definition of the GCRA:

DEFINITION 1.11.1. The GCRA (T, τ ) is a controller that takes as input a cell arrival timet and returns
result. It has internal (static) variablesX (bucket level) andLCT (last conformance time).

• initially, X = 0 andLCT = 0
• when a cell arrives at timet, then

if (X - t + LCT > tau)
result = NON-CONFORMANT;

else {
X = max (X - t + LCT, 0) + T;
LCT = t;
result = CONFORMANT;
}

Show that the two definitions of GCRA are equivalent.

EXERCISE1.7. 1. For the following flows and a GCRA(10, 2), give the conformant and non-conformant
cells. Times are in cell slots at the link rate. Draw the leakybucket behaviour assuming instantaneous
cell arrivals.

(a) 0, 10, 18, 28, 38
(b) 0, 10, 15, 25, 35
(c) 0, 10, 18, 26, 36
(d) 0, 10, 11, 18, 28

2. What is the maximum number of cells that can flow back to backwith GCRA(T, CDVT) (maximum
“clump” size) ?

EXERCISE1.8. 1. For the following flows and a GCRA(100, 500), give the conformant and non-conformant
cells. Times are in cell slots at the link rate.
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(a) 0, 100, 110, 12, 130, 140, 150, 160, 170, 180, 1000, 1010
(b) 0, 100, 130, 160, 190, 220, 250, 280, 310, 1000, 1030
(c) 0, 10, 20, 300, 310, 320, 600, 610, 620, 800, 810, 820, 1000, 1010, 1020, 1200, 1210, 1220,

1400, 1410, 1420, 1600, 1610, 1620

2. Assume that a cell flow has a minimum spacing ofγ time units between cell emission times (γ is the
minimum time between the beginnings of two cell transmissions). What is the maximum burst size for
GCRA(T, τ) ? What is the minimum time between bursts of maximum size ?

3. Assume that a cell flow has a minimum spacing between cells of γ time units, and a minimum spacing
between bursts ofTI . What is the maximum burst size ?

EXERCISE1.9. For a CBR connection, here are some values from an ATM operator:

peak cell rate (cells/s) 100 1000 10000 100000
CDVT (microseconds) 2900 1200 400 135

1. What are the(P,B) parameters in b/s and bits for each case ? How doesT compare toτ ?
2. If a connection requires a peak cell rate of 1000 cells per second and a cell delay variation of 1400

microseconds, what can be done ?
3. Assume the operator allocates the peak rate to every connection at one buffer. What is the amount

of buffer required to assure absence of loss ? Numerical Application for each of the following cases,
where a numberN of identical connections with peak cell rateP is multiplexed.
case 1 2 3 4
nb of connnections 3000 300 30 3
peak cell rate (c/s) 100 1000 10000 100000

EXERCISE1.10. The two questions in this problem are independent.

1. An ATM source is constrained by GCRA(T = 30 slots,τ = 60 slots), where time is counted in slots.
One slot is the time it takes to transmit one cell on the link. The source sends cells according to the
following algorithm.

• In a first phase, cells are sent at timest(1) = 0, t(2) = 15, t(3) = 30, . . . , t(n) = 15(n − 1)
as long as all cells are conformant. In other words, the number n is the largest integer such that
all cells sent at timest(i) = 15(i− 1), i ≤ n are conformant. The sending of celln at timet(n)
ends the first phase.

• Then the source enters the second phase. The subsequent celln + 1 is sent at the earliest time
after t(n) at which a conformant cell can be sent, and the same is repeated for ever. In other
words, callt(k) the sending time for cellk, with k > n; we have then:t(k) is the earliest time
after t(k − 1) at which a conformant cell can be sent.

How many cells were sent by the source in time interval[0, 151] ?
2. A network node can be modeled as a single buffer with a constant output ratec (in cells per second).

It receivesI ATM connections labeled1, . . . , I. Each ATM connection has a peak cell ratepi (in cells
per second) and a cell delay variation toleranceτi (in seconds) for1 ≤ i ≤ I. The total input rate
into the buffer is at least as large as

∑I
i=1 pi (which is equivalent to saying that it is unlimited). What

is the buffer size (in cells) required for a loss-free operation ?

EXERCISE1.11. In this problem, time is counted in slots. One slot is the duration to transmit one ATM cell
on the link.
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1. An ATM sourceS1 is constrained by GCRA(T = 50 slots,τ = 500 slots), The source sends cells
according to the following algorithm.

• In a first phase, cells are sent at timest(1) = 0, t(2) = 10, t(3) = 20, . . . , t(n) = 10(n − 1)
as long as all cells are conformant. In other words, the number n is the largest integer such that
all cells sent at timest(i) = 10(i− 1), i ≤ n are conformant. The sending of celln at timet(n)
ends the first phase.

• Then the source enters the second phase. The subsequent celln + 1 is sent at the earliest time
after t(n) at which a conformant cell can be sent, and the same is repeated for ever. In other
words, callt(k) the sending time for cellk, with k > n; we have then:t(k) is the earliest time
after t(k − 1) at which a conformant cell can be sent.

How many cells were sent by the source in time interval[0, 401] ?
2. An ATM sourceS2 is constrained bybothGCRA(T = 10 slots,τ = 2 slots) and GCRA(T = 50 slots,
τ = 500 slots). The source starts at time0, and has an infinite supply of cells to send. The source
sends its cells as soon as it is permitted by the combination of the GCRAs. We callt(n) the time at
which the source sends thenth cell, witht(1) = 0. What is the value oft(15) ?

EXERCISE1.12. Consider a flowR(t) receiving a minimum service curve guaranteeβ. Assume that

• β is concave and wide-sense increasing
• the inf in R⊗ β is amin

For all t, call τ(t) a number such that

(R⊗ β)(t) = R(τ(t)) + β(t− τ(t))

Show that it is possible to chooseτ such that ift1 ≤ t2 thenτ(t1) ≤ τ(t2).

EXERCISE1.13. 1. Find the maximum backlog and maximum delay for an ATM CBR connection with
peak rateP and cell delay variationτ , assuming the service curve isc(t) = r(t− T0)

+

2. Find the maximum backlog and maximum delay for an ATM VBR connection with peak rateP , cell
delay variationτ , sustainable cell rateM and burst toleranceτB (in seconds), assuming the service
curve isc(t) = r(t− T0)

+

EXERCISE1.14. Show the following statements:

1. Consider a(P,B) constrained flow, served at a ratec ≥ P . The output is also(P,B) constrained.
2. Assumea() has a bounded right-handside derivative. Then the output for a flow constrained bya(),

served in a buffer at a constant ratec ≥ supt≥0 a
′(t), is also constrained bya().

EXERCISE1.15. 1. Find the the arrival curve constraining the output for an ATM CBR connection with
peak rateP and cell delay variationτ , assuming the service curve isc(t) = r(t− T0)

+

2. Find the arrival curve constraining the output for an ATM VBR connection with peak rateP , cell
delay variationτ , sustainable cell rateM and burst toleranceτB (in seconds), assuming the service
curve isc(t) = r(t− T0)

+

EXERCISE 1.16. Consider the figure “Derivation of arrival curve for the output of a flow served in a node
with rate-latency service curveβR,T ”. What can be said ift0 in the Figure is infinite, namely, ifa′(t) > r
for all t ?

EXERCISE 1.17. Consider a series of guaranteed service nodes with service curvesci(t) = ri(t − Ti)
+.

What is the maximum delay through this system for a flow constrained by(m, b) ?

EXERCISE 1.18. A flow with T-SPEC(p,M, r, b) traverses nodes 1 and 2. Nodei offers a service curve
ci(t) = Ri(t− Ti)

+. What buffer size is required for the flow at node 2 ?
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EXERCISE 1.19. A flow with T-SPEC(p,M, r, b) traverses nodes 1 and 2. Nodei offers a service curve
ci(t) = Ri(t − Ti)

+. A shaper is placed between nodes 1 and 2. The shaper forces the flow to the arrival
curvez(t) = min(R2t, bt+m).

1. What buffer size is required for the flow at the shaper ?
2. What buffer size is required at node 2 ? What value do you findif T1 = T2 ?
3. Compare the sum of the preceding buffer sizes to the size that would be required if no re-shaping is

performed.
4. Give an arrival curve for the output of node 2.

EXERCISE1.20. Prove the formula giving of paragraph “Buffer Sizing at a Re-shaper”

EXERCISE 1.21. Is Theorem “Input-Output Characterization of Greedy Shapers” a stronger result than
Corollary “Service Curve offered by a Greedy Shaper” ?

EXERCISE1.22. 1. Explain what is meant by “we pay bursts only once”.
2. Give a summary in at most 15 lines of the main properties of shapers
3. Define the following concepts by using the⊗ operator: Service Curve, Arrival Curve, Shaper
4. What is a greedy source ?

EXERCISE1.23. 1. Show that for a constant bit rate trunk with ratec, the backlog at timet is given by

W (t) = sup
s≤t

{R(t)−R∗(s)− c(t− s)}

2. What does the formula become if we assume only that, instead a constant bit rate trunk, the node is a
scheduler offeringβ as a service curve ?

EXERCISE 1.24. Is it true that offering a service curveβ implies that, during any busy period of lengtht,
the amount of service received rate is at leastβ(t) ?

EXERCISE 1.25. A flow S(t) is constrained by an arrival curveα. The flow is fed into a shaper, with
shaping curveσ. We assume that

α(s) = min(m+ ps, b+ rs)

and
σ(s) = min(Ps,B +Rs)

We assume thatp > r,m ≤ b andP ≥ R.

The shaper has a fixed buffer size equal toX ≥ m. We require that the buffer never overflows.

1. Assume thatB = +∞. Find the smallest ofP which guarantees that there is no buffer overflow. Let
P0 be this value.

2. We do not assume thatB = +∞ any more, but we assume thatP is set to the valueP0 computed
in the previous question. Find the value(B0, R0) of (B,R) which guarantees that there is no buffer
overflow and minimizes the cost functionc(B,R) = aB +R, wherea is a positive constant.
What is the maximum virtual delay if(P,B,R) = (P0, B0, R0) ?

EXERCISE 1.26. We consider a buffer of sizeX cells, served at a constant rate ofc cells per second. We
putN identical connections into the buffer; each of theN connections is constrained both by GCRA(T1, τ1)
and GCRA(T2, τ2). What is the maximum value ofN which is possible if we want to guarantee that there is
no cell loss at all ?

Give the numerical application forT1 = 0.5ms,τ1 = 4.5ms,T2 = 5ms,τ2 = 495 ms,c = 106 cells/second,
X = 104 cells
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EXERCISE 1.27. We consider a flow defined by its functionR(t), withR(t) = the number of bits observed
since timet = 0.

1. The flow is fed into a buffer, served at a rater. Call q(t) the buffer content at timet. We do the same
assumptions as in the lecture, namely, the buffer is large enough, and is initially empty. What is the
expression ofq(t) assuming we knowR(t) ?
We assume now that, unlike what we saw in the lecture, the initial buffer content (at timet = 0) is not
0, but some valueq0 ≥ 0. What is now the expression forq(t) ?

2. The flow is put into a leaky bucket policer, with rater and bucket sizeb. This is a policer, not a shaper,
so nonconformant bits are discarded. We assume that the bucket is large enough, and is initially
empty. What is the condition onR which ensures that no bit is discarded by the policer (in other
words, that the flow is conformant) ?
We assume now that, unlike what we saw in the lecture, the initial bucketcontent (at timet = 0) is
not 0, but some valueb0 ≥ 0. What is now the condition onR which ensures that no bit is discarded
by the policer (in other words, that the flow is conformant) ?

EXERCISE1.28. Consider a variable capacity network node, with capacity curveM(t). Show that there is
one maximum functionS∗(t) such that for all0 ≤ s ≤ t, we have

M(t)−M(s) ≥ S∗(t− s)

Show thatS∗ is super-additive.

Conversely, if a functionβ is super-additive, show that there is a variable capacity network node, with
capacity curveM(t), such that for all0 ≤ s ≤ t, we haveM(t)−M(s) ≥ S∗(t− s).

Show that, with a notable exception, a shaper cannot be modeled as a variable capacity node.

EXERCISE1.29. 1. Consider a packetized greedy shaper with shaping curveσ(t) = rt for t ≥ 0.
Assume thatL(k) = kM whereM is fixed. Assume that the input is given byR(t) = 10M for
t > 0 andR(0) = 0. Compute the sequenceR(i)(t) used in the representation of the output of the
packetized greedy shaper, fori = 1, 2, 3, ....

2. Same question ifσ(t) = (rt+ 2M)1{t > 0}.

EXERCISE1.30. Consider a source given by the function
{
R(t) = B for t > 0
R(t) = 0 for t ≤ 0

Thus the flow consists of an instantaneous burst ofB bits.

1. What is the minimum arrival curve for the flow ?
2. Assume that the flow is served in one node that offers a minimum service curve of the rate latency

type, with rater and latency∆. What is the maximum delay for the last bit of the flow ?
3. We assume now that the flow goes through a series of two nodes, N1 andN2, whereNi offers to the

flow a minimum service curve of the rate latency type, with rate ri and latency∆i, for i = 1, 2. What
is the the maximum delay for the last bit of the flow through theseries of two nodes ?

4. With the same assumption as in the previous item, callR1(t) the function describing the flow at the
output of nodeN1 (thus at the input of nodeN2). What is the worst case minimum arrival curve for
R1 ?

5. We assume that we insert betweenN1 andN2 a “reformatter” S. The input toS is R1(t). We call
R′

1(t) the output ofS. ThusR′
1(t) is now the input toN2. The function of the “reformatter”S is to

delay the flowR1 in order to output a flowR′
1 that is a delayed version ofR. In other words, we must

haveR′
1(t) = R(t − d) for somed. We assume that the reformatterS is optimal in the sense that it

chooses the smallest possibled. In the worst case, what is this optimal value ofd ?
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6. With the same assumptions as in the previous item, what is the worst case end-to-end delay through
the series of nodesN1,S,N2 ? Is the reformatter transparent ?

EXERCISE 1.31. Letσ be a good function. Consider the concatenation of a bit-by-bit greedy shaper, with
curveσ, and anL-packetizer. Assume thatσ(0+) = 0. Consider only inputs that areL-packetized

1. Is this system a packetized shaper forσ ?
2. Is it a packetized shaper forσ + lmax ?
3. Is it a packetized greedy shaper forσ + lmax ?

EXERCISE 1.32. Assume thatσ is a good function andσ = σ0 + lu0 whereu0 is the step function with a
step att = 0. Can we conclude thatσ0 is sub-additive ?

EXERCISE1.33. Is the operator(PL) upper-semi-continuous ?

EXERCISE1.34. 1. Consider the concatenation of anL-packetizer and a network element with mini-
mum service curveβ and maximum service curveγ. Can we say that the combined system offer a
minimum service curve(β(t) − lmax)

+ and a maximum service curveγ, as in the case where the
concatenation would be in the reverse order ? .

2. Consider the concatenation of a GPS node offering a guaranteeλr1 , anL-packetizer, and a second
GPS node offering a guaranteeλr2 . Show that the combined system offers a rate-latency service curve
with rateR = min(r1, r2) and latencyE = lmax

max(r1,r2)
.

EXERCISE1.35. Consider a node that offers to a flowR(t) a rate-latency service curveβ = SR,L. Assume
thatR(t) is L-packetized, with packet arrival times calledT1, T2, ... (and is left-continuous, as usual)

Show that(R⊗ β)(t) = minTi∈[0,t][R(Ti) + β(t− Ti)] (and thus, theinf is attained).

EXERCISE1.36. 1. AssumeK connections, each with peak ratep, sustainable ratem and burst toler-
anceb, are offered to a trunk with constant service rateP and FIFO buffer of capacityX. Find the
conditions onK for the system to be loss-free.

2. If Km = P , what is the condition onX for K connections to be accepted ?
3. What is the maximum number of connection ifp = 2 Mb/s,m = 0.2 Mb/s,X = 10MBytes,b = 1Mbyte

andP = 0.1, 1, 2 or 10 Mb/s ?
4. For a fixed buffer sizeX, draw the acceptance region whenK andP are the variables.

EXERCISE1.37. Show the formulas giving the expressions forfB(R) andfB(α).

EXERCISE1.38. 1. What is the effective bandwith for a connection withp = 2 Mb/s,m = 0.2 Mb/s,b =
100 Kbytes whenD = 1msec, 10 msec, 100 msec, 1s ?

2. Plot the effective bandwidthe as a function of the delay constraint in the general case of a connection
with parametersp,m, b.

EXERCISE1.39. 1. Compute the effective bandwidth for a mix of VBR connections1, . . . , I.
2. Show how the homogeneous case can be derived from your formula
3. AssumeK connections, each with peak ratep, sustainable ratem and burst toleranceb, are offered

to a trunk with constant service rateP and FIFO buffer of capacityX. Find the conditions onK for
the system to be loss-free.

4. Assume that there are two classes of connections, withKi connections in classi, i = 1, 2, offered
to a trunk with constant service rateP and FIFO buffer of infinite capacityX. The connections are
accepted as long as their queuing delay does not exceed some valueD. Draw the acceptance region,
that is, the set of(K1,K2) that are accepted by CAC2. Is the acceptance region convex ? Is the
complementary of the acceptance region in the positive orthant convex ? Does this generalize to more
than two classes ?
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CHAPTER 2

APPLICATION OFNETWORK CALCULUS TO

THE INTERNET

In this chapter we apply the concepts of Chapter 1 and explainthe theoretical underpinnings of integrated
and differentiated services. Integrated services define how reservations can be made for flows. We explain
in detail how this framework was deeply influenced by GPS. In particular, we will see that it assumes that
every router can be modeled as a node offering a minimum service curve that is a rate-latency function. We
explain how this is used in a protocol such as RSVP. We also analyze the more efficient framework based
on service curve scheduling. This allows us to address in a simple way the complex issue of schedulability.

We explain the concept of Guaranteed Rate node, which corresponds to a service curve element, but with
some differences, because it uses a max-plus approach instead of min-plus. We analyze the relation between
the two approaches.

Differentiated services differ radically, in that reservations are made per class of service, rather than per
flow. We show how the bounding results in Chapter 1 can be applied to find delay and backlog bounds. We
also introduce the “damper”, which is a way of enforcing a maximum service curve, and show how it can
radically reduce the delay bounds.

2.1 GPSAND GUARANTEED RATE NODES

In this section we describe GPS and its derivatives; they form the basis on which the Internet guaranteed
model was defined.

2.1.1 PACKET SCHEDULING

A guaranteed service network offers delay and throughput guarantees to flows, provided that the flows
satisfy some arrival curve constraints (Section 2.2). Thisrequires that network nodes implement some form
of packet scheduling, also called service discipline. Packet scheduling is defined as the function that decides,
at every buffer inside a network node, the service order for different packets.

A simple form of packet scheduling is FIFO: packets are served in the order of arrival. The delay bound, and
the required buffer, depend on the minimum arrival curve of the aggregate flow (Section 1.8 on page 53). If
one flow sends a large amount of traffic, then the delay increases for all flows, and packet loss may occur.
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Thus FIFO scheduling requires that arrival curve constraints on all flows be strictly enforced at all points
in the network. Also, with FIFO scheduling, the delay bound is the same for all flows. We study FIFO
scheduling in more detail in Section 6.

An alternative [25, 45] is to use per flow queuing, in order to (1) provide isolation to flows and (2) offer
different guarantees. We consider first the ideal form of perflow queuing called “Generalized Processor
Sharing” (GPS) [63], which was already mentioned in Chapter1.

2.1.2 GPSAND A PRACTICAL I MPLEMENTATION (PGPS)

A GPS node serves several flows in parallel, and has a total output rate equal toc b/s. A flow i is allocated
a given weight, sayφi. CallRi(t), R

∗
i (t) the input and output functions for flowi. The guarantee is that at

any timet, the service rate offered to flowi is 0 is flow i has no backlog (namely, ifRi(t) = R∗
i (t)), and

otherwise is equal to φi∑
j∈B(t) φj

c, whereB(t) is the set of backlogged flows at timet. Thus

R∗
i (t) =

∫ t

0

φi∑
j∈B(s) φj

1{i∈B(s)}ds

In the formula, we used the indicator function1{expr}, which is equal to1 if expr is true, and0 otherwise.

It follows immediately that the GPS node offers to flowi a service curve equal toλric, with ri =
φiC∑
j φj

. It

is shown in [64] that a better service curve can be obtained for every flow if we know some arrival curve
properties for all flows; however the simple property is sufficient to understand the integrated service model.

GPS satisfies the requirement of isolating flows and providing differentiated guarantees. We can compute
the delay bound and buffer requirements for every flow if we know its arrival curve, using the results of
Chapter 1. However, a GPS node is a theoretical concept, which is not really implementable, because it
relies on a fluid model, and assumes that packets are infinitely divisible. How can we make a practical
implementation of GPS ? One simple solution would be to use the virtual finish times as we did for the
buffered leaky bucket controller in Section 1.7.3: for every packet we would compute its finish timeθ under
GPS, then at timeθ present the packet to a multiplexer that serves packets at a ratec. Figure 2.1 (left) shows
the finish times on an example. It also illustrates the main drawback that this method would have: at times
3 and 5, the multiplexer would be idle, whereas at time 6 it would have a burst of 5 packets to serve. In
particular, such a scheduler would not be work conserving.

This is what motivated researchers to find other practical implementations of GPS. We study here one
such implementation of GPS, called packet by packet generalized processor sharing (PGPS) [63]. Other
implementations of GPS are discussed in Section 2.1.3.

PGPS emulates GPS as follows. There is one FIFO queue per flow.The scheduler handles packets one
at a time, until it is fully transmitted, at the system ratec. For every packet, we compute the finish time
that it would have under GPS (we call this the “GPS-finish-time”). Then, whenever a packet is finished
transmitting, the next packet selected for transmission isthe one with the earliest GPS-finish-time, among
all packets present. Figure 2.1 shows one example. We see that, unlike the simple solution discussed earlier,
PGPS is work conserving, but does so at the expense of maybe scheduling a packetbeforeits finish time
under GPS.

We can quantify the difference between PGPS and GPS in the following proposition. In Section 2.1.3, we
will see how to derive a service curve property.

PROPOSITION2.1.1 ([63]). The finish time for PGPS is at most the finish time of GPS plusL
c , wherec is

the total rate andL is the maximum packet size.
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Figure 2.1:Scheduling with GPS (left) and PGPS (right). Flow 0 has weight 0.5, flows 1 to 5 have weight
0.1. All packets have the same transmission time equal to 1 time unit.

PROOF: Call D(n) the finish time of thenth packet for the aggregate input flow under PGPS, in the
order of departure, andθ(n) under GPS. Calln0 the number of the packet that started the busy period in
which packetn departs. Note that PGPS and GPS have the same busy periods, since if we observe only the
aggregate flows, there is no difference between PGPS and GPS.

There may be some packets that depart before packetn in PGPS, but that nonetheless have a later departure
time under GPS. Callm0 ≥ n0 the largest packet number for which this occurs, if any; otherwise let
m0 = n0−1. In this proposition, we calll(m) the length in bits of packetm. Under PGPS, packetm0 started
service atD(m0)− l(m0)

c , which must be earlier than the arrival times of packetsm = m0+1, ..., n. Indeed,
otherwise, by definition of PGPS, the PGPS scheduler would have scheduled packetsm = m0 + 1, ..., n
before packetm0. Now let us observe the GPS system. Packetsm = m0 + 1, ..., n depart no later than
packetn, by definition ofm0; they have arrived afterD(m0)− l(m0)

c . By expressing the amount of service

in the interval[D(m0)− l(m0)
c , θ(n)] we find thus

n∑

m=m0+1

l(m) ≤ c

(
θ(n)−D(m0) +

l(m0)

c

)

Now since packetsm0, ..., n are in the same busy period, we have

D(n) = D(m0) +

∑n
m=m0+1 l(m)

c

By combining the two equations above we findD(n) ≤ θ(n) + l(m0)
c , which shows the proposition in the

case wherem0 ≥ n0.

If m0 = n0 − 1, then all packetsn0, ..., n depart before packetn under GPS and thus the same reasoning
shows that

n∑

m=n0

l(m) ≤ c (θ(n)− t0)

wheret0 is the beginning of the busy period, and that

D(n) = t0 +

∑n
m=n0

l(m)

c

ThusD(n) ≤ θ(n) in that case.
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2.1.3 GUARANTEED RATE (GR) NODES AND THE M AX -PLUS APPROACH

The service curve concept defined earlier can be approached from the dual point of view, which consists in
studying the packet arrival and departure times instead of the functionsR(t) (which count the bits arrived
up to timet). This latter approach leads to max-plus algebra (which hasthe same properties as min-plus),
is often more appropriate to account for details due to variable packet sizes, but works well only when the
service curves are of the rate-latency type. It also useful when nodes cannot be assumed to be FIFO per
flow, as may be the case with DiffServ (Section 2.4).

GR also allows to show that many schedulers have the rate-latency service curve property. Indeed, a large
number of practical implementations of GPS, other than PGSP, have been proposed in the literature; let
us mention: virtual clock scheduling [49], packet by packetgeneralized processor sharing [63] and self-
clocked fair queuing [40](see also [30]). For a thorough discussion of practical implementations of GPS,
see [81, 30]). These implementations differ in their implementation complexity and in the bounds that can
be obtained. It is shown in [32] that all of these implementations fit in the following framework, called
“Guaranteed Rate”, which we define now. We will also analyze how it relates to the min-plus approach.

DEFINITION 2.1.1 (GR Node[32]).Consider a node that serves a flow. Packets are numbered in order of
arrival. Let an ≥ 0, dn ≥ 0 be the arrival and departure times. We say that a node is the aguaranteed rate
(GR) node for this flow, with rater and delaye, if it guarantees thatdn ≤ fn + e, wherefn is defined by
(2.1). {

f0 = 0

fn = max {an, fn−1}+ ln
r for all n ≥ 1

(2.1)

The variablesfn (“Guaranteed Rate Clocks”) can be interpreted as the departures times from a FIFO con-
stant rate server, with rater. The parametere expresses how much the node deviates from it. Note however
thata GR node need not be FIFO. A GR node is also called “Rate-Latency server”.

Example: GPS.Consider an ideal GPS scheduler, which allocates a rateRi =
cφi∑
j φj

to some flowi. It is a

GR node for flowi, with rateRi and latency= 0 (the proof is left to the reader)

DEFINITION 2.1.2 (One Way Deviation of a scheduler from GPS).We say thatS deviates from GPS bye if
for all packetn the departure time satisfies

dn ≤ gn + e (2.2)

wheregn is the departure time from a hypothetical GPS node that allocates a rater = cφ1∑
j φj

to this flow

(assumed to be flow 1).

We interpret this definition as a comparison to a hypothetical GPS reference scheduler that would serve the
same flows.

THEOREM 2.1.1. If a scheduler satisfies (2.2), then it is GR with rater and latencye.

PROOF: gn ≤ fn and the rest is immediate.

Example: PGPS.Consider a PGPS scheduler, which allocates a rateRi =
cφi∑
j φj

to some flowi. It is a GR

node for flowi, with rateRi and latencyLc , whereL is the maximum packet size (among all flows present
at the scheduler) (this follows from Proposition 2.1.1).
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THEOREM 2.1.2 (Max-Plus Representation of GR).Consider a system where packets are numbered1, 2, ...
in order of arrival. Call an, dn the arrival and departure times for packetn, and ln the size of packetn.
Define by conventiond0 = 0. The system is a GR node with rater and latencye if and only if for alln there
is somek ∈ {1, ..., n} such that

dn ≤ e+ ak +
lk + ...+ ln

r
(2.3)

PROOF: The recursion (2.1) can be solved iteratively, using the same max-plus method as in the proof of
Proposition 1.2.4. Define

An
j = aj +

lj + ...+ ln
r

for 1 ≤ j ≤ n

Then we obtain
fn = max(An

n, A
n
n−1, ..., A

n
1 )

The rest follows immediately.

(2.3) is the dual of the service curve definition ((1.9) on Page 71), withβ(t) = r(t− e)+. We now elucidate
this relationship.

THEOREM 2.1.3 (Equivalence with service curve).Consider a node withL-packetized input.

1. If the node guarantees a minimum service curve equal to therate-latency functionβ = βr,v, and if it
is FIFO, then it is a GR node with rater and latencyv.

2. Conversely, a GR node with rater and latencye is the concatenation of a service curve element, with
service curve equal to the rate-latency functionβr,v, and anL-packetizer. If the GR node is FIFO,
then so is the service curve element.

The proof is long and is given at the end of this section.

By applying Theorem 1.7.1, we obtain

COROLLARY 2.1.1. A GR node offers a minimum service curveβr,v+ lmax
r

The service curve can be used to obtain backlog bounds.

THEOREM 2.1.4 (Delay Bound).For anα-smooth flow served in a (possibly non FIFO) GR node with rate
r and latencye, the delay for any packet is bounded by

sup
t>0

[
α(t)

r
− t] + e (2.4)

PROOF: By Theorem 2.1.2, for any fixedn, we can find a1 ≤ j ≤ n such that

fn = aj +
lj + ...+ ln

r

The delay for packetn is
dn − an ≤ fn + e− an

Definet = an − aj . By hypothesis
lj + ...+ ln ≤ αr(t)

whereαr(t) is the limit from the right ofα at t. Thus

dn − an ≤ −t+ αr(t)

r
+ e ≤ sup

t≥0
[
αr(t)

r
− t] + e

Now supt>0[
α(t)
r − t] = supt≥0[

αr(t)
r − t].
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COMMENT : Note that (2.4) is the horizontal deviation between the arrival curveα and the rate-latency
service curve with rater and latencye. Thus, for FIFO GR nodes, Theorem 2.1.4 follows from The-
orem 2.1.2 and the fact that the packetizer can be ignored fordelay computations. The information in
Theorem 2.1.4 is that it also holds for non-FIFO nodes.

2.1.4 CONCATENATION OF GR NODES

FIFO N ODES For GR nodes that are FIFO per flow, the concatenation result obtained with the service
curve approach applies.

THEOREM 2.1.5. Specifically, the concatenation ofM GR nodes (that are FIFO per flow) with ratesrm
and latenciesem is GR with rater = minm rm and latencye =

∑
i=1,...,n ei +

∑
i=1,...,n−1

Lmax
ri

, where
Lmax is the maximum packet size for the flow.

If rm = r for all m then the extra term is(M − 1)Lmax
r ; it is due to packetizers.

PROOF: By Theorem 2.1.3–(2), we can decompose systemi into a concatenationSi,Pi, whereSi offers
the service curveβri,ei andPi is a packetizer.

Call S the concatenation
S1,P1,S2,P2, ...,Sn−1,Pn−1,Sn

By Theorem 2.1.3–(2),S is FIFO and provides the service curveβr,e. By Theorem 2.1.3–(1), it is GR with
rater and latencye. NowPn does not affect the finish time of the last bit of every packet.

Note that a slight change if the proof of the theorem shows that the theorem is also valid if we replace
e =

∑
i=1,...,n ei +

∑
i=1,...,n−1

Lmax
ri

by e =
∑

i=1,...,n ei +
∑

i=2,...,n
Lmax
ri

.

End-to-end Delay Bound.

A bound on the end-to-end delay through a concatenation of GRnodes is thus

D =
M∑

m=1

vm + lmax

M−1∑

m=1

1

rm
+

σ

minm rm
(2.5)

which is the formula in [32]. It is a generalization of (1.23)on Page 45.

A Composite Node.We analyze in detail one specific example, which often arisesin practice when mod-
elling a router. We consider a composite node, made of two components. The former (“variable delay
component”) imposes to packets a delay in the range[δmax − δ, δmax]. The latter is FIFO and offers to its
input the packet scale rate guarantee, with rater and latencye. We show that, if the variable delay compo-
nent is known to be FIFO, then we have a simple result. We first give the following lemma, which has some
interest of its own.

LEMMA 2.1.1 (Variable Delay as GR).Consider a node which is known to guarantee a delay≤ δmax. The
node need not be FIFO. Calllmin the minimum packet size. For anyr > 0, the node is GR with latency
e = [δmax − lmin

r ]+ and rater.

PROOF: With the standard notation in this section, the hypothesis implies thatdn ≤ an + δmax for all
n ≥ 1. Definefn by (2.1). We havefn ≥ an+

ln
r ≥ an+

lmin
r , thusdn−fn ≤ δmax− lmin

r ≤ [δmax− lmin
r ]+.
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THEOREM2.1.6. (Composite GR Node with FIFO Variable Delay Component) Consider the concatenation
of two nodes. The former imposes to packets a delay≤ δmax. The latter is a GR node with rater and latency
e. Both nodes are FIFO. The concatenation of the two nodes, in any order, is GR with rater and latency
e′′ = e+ δmax.

PROOF: The former node is GR(r′, e′ = [δmax − lmin
r′ ]+) for anyr′ > r. By Theorem 2.1.5 (and the note

after it), the concatenation is GR(r, e+ e′ + lmax
r′ ). Let r′ go to∞.

GR NODES THAT ARE NOT FIFO PER FLOW The concatenation result is no longer true. We study in
detail the composite node.

THEOREM2.1.7. Consider the concatenation of two nodes. The first imposes topackets a delay in the range
[δmax − δ, δmax]. The second is FIFO and offers the guaranteed rate clock service to its input, with rater
and latencye. The first node is not assumed to be FIFO, so the order of packetarrivals at the second node
is not the order of packet arrivals at the first one. Assume that the fresh input is constrained by a continuous
arrival curveα(·). The concatenation of the two nodes, in this order, offers tothe fresh input the guaranteed
rate clock service with rater and latency

e′′ = e+ δmax +
α(δ) − lmin

r

The proof is given in the next section.

Application: Forα(t) = ρt+ σ, we find

e′′ = e+ δmax +
ρδ + σ − lmin

r

2.1.5 PROOFS

Proof of Theorem 2.1.3

Part 1: Consider a service curve elementS. Assume to simplify the demonstration that the input and output
functionsR andR∗ are right-continuous. Consider the virtual systemS0 made of a bit-by-bit greedy shaper
with shaping curveλr, followed by a constant bit-by-bit delay element. The bit-by-bit greedy shaper is a
constant bit rate server, with rater. Thus the last bit of packetn departs from it exactly at timefn, defined
by (2.1), thus the last bit of packetn leavesS0 atd0n = fn + e. The output function ofS0 isR0 = R⊗βr,e.
By hypothesis,R∗ ≥ R0, and by the FIFO assumption, this shows that the delay inS is upper bounded by
the delay inS ′. Thusdn ≤ fn + e.

Part 2: Consider the virtual systemS whose outputS(t) is defined by

if di−1 < t ≤ di
then S(t) = min{R(t),max[L(i− 1), L(i) − r(di − t)]} (2.6)

See Figure 2.2 for an illustration. It follows immediately thatR′(t) = PL(S(t)).

Also consider the virtual systemS0 whose output is

S0(t) = (βr,v ⊗R)(t)

S0 is the constant rate server, delayed byv. Our goal is now to show thatS ≥ S0.
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Call d0i the departure time of the last bit of packeti in S0 (see Figure 2.2 for an example withi = 2). Let
u = d0i − di. The definition of GR node means thatu ≥ 0. Now sinceS0 is a shifted constant rate server,
we have:

if d0i −
li
r
< s < d0i then S

0(s) = L(i)− r(d0i − s)

Also d0i−1 ≤ d0i − li
r thusS0(d0i − li

r ) = L(i− 1) and

if s ≤ d0i −
li
r
then S0(s) ≤ L(i− 1)

It follows that

if di−1 + u < s < d0i then S
0(s) ≤ max[L(i− 1), L(i) − r(d0i − s)] (2.7)

Consider now somet ∈ (di−1, di] and lets = t+ u. If S(t) = R(t), sinceR ≥ S0, we then obviously have
S(t) ≥ S0(t). Else, from (2.1),S(t) = max[L(i− 1), L(i)− r(di − t)]. We haved0i − s = di − t and thus,
combining with (2.7), we derive thatS0(s) ≤ S(t). Now s ≥ t, thus finallyS0(t) ≤ S(t). One can also
readily see thatS is FIFO if di−1 ≤ di for all i.

t

s l o p
e  r

l 1

l 2

l 3

a 1 a 2 d 1 d 2 d 0 2

R � ( t )

S ( t )

b i t s R ( t )R ( t )
L ( 3 )

L ( 2 )

L ( 1 )

S 0 ( t )

Figure 2.2:Arrival and departure functions for GR node. The virtual system output is S(t).

Proof of Theorem 2.1.7.

We use the same notation and convention as in the proof of Theorem 7.5.3. We can also assume that all
packet arrivals are distinct, using the same type of reduction.

Fix somen ≥ 1; due to Theorem 2.1.2, it is sufficient to show that there is somek ∈ {1, ..., n} such that

dn ≤ e2 + ak +
lk + ...+ ln

r
(2.8)

By hypothesis, there exists somej such thatbj ≤ bn and

dn ≤ bj + e+
B[bj, bn]

r
(2.9)

We cannot assume thatj ≤ n; thus, definek as the oldest packet arrived in the interval[bj , bn], in other
words:k = inf{i ≥ 1 : bj ≤ bi ≤ bn}. Necessarily, we have nowk ≤ n.

Any packet that arrives at the second node in[bj , bn] must have arrived at node1 after or with packetk, and
beforebn. ThusB[bj , bn] ≤ A[ak, bn]. Now bn ≤ an + δ. Thus by Lemma 7.7.1 in this appendix:

B[bj, bn] ≤ A[ak, an] +A(an, bn]
≤ A[ak, an] + α(δ) − lmin
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Also, bj ≤ bk ≤ ak + δ and by (2.9):

dn ≤ ak + e+ δ + α(δ) +A[ak, an]− lmin

which shows (2.8).

2.2 THE I NTEGRATED SERVICES M ODEL OF THE IETF

2.2.1 THE GUARANTEED SERVICE

The Internet supports different reservation principles. Two services are defined: the “guaranteed” service,
and the “ controlled load” service. They differ in that the former provides real guarantees, while the latter
provides only approximate guarantees. We outline the differences in the rest of this section. In both cases,
the principle is based on “admission control”, which operates as follows.

• In order to receive the guaranteed or controlled load service, a flow must first perform a reservation
during a flow setup phase.

• A flow must confirm to an arrival curve of the formα(t) = min(M + pt, rt+ b), which is called the
T-SPEC (see Section 1.2.2 on page13). The T-SPEC is declaredduring the reservation phase.

• All routers along the path accept or reject the reservation.With the guaranteed service, routers accept
the reservation only if they are able to provide a service curve guarantee and enough buffer for loss-
free operation. The service curve is expressed during the reservation phase, as explained below.
For the controlled load service, there is no strict definition of what accepting a reservation means.
Most likely, it means that the router has an estimation module that says that, with good probability,
the reservation can be accepted and little loss will occur; there is no service curve or delay guarantee.

In the rest of this chapter we focus on the guaranteed service. Provision of the controlled load service relies
on models with loss, which are discussed in Chapter 9.

2.2.2 THE I NTEGRATED SERVICES M ODEL FOR I NTERNET ROUTERS

The reservation phase assumes that all routers can export their characteristics using a very simple model.
The model is based on the view that an integrated services router implements a practical approximation
of GPS, such as PGPS, or more generally, a GR node. We have shown in Section 2.1.3 that the service
curve offered to a flow by a router implementing GR is a rate-latency function, with rateR and latencyT
connected by the relationship

T =
C

R
+D (2.10)

with C = the maximum packet size for the flow andD = L
c , whereL is the maximum packet size in the

router across all flows, andc the total rate of the scheduler. This is the model defined for an Internet node
[75].

FACT 2.2.1. The Integrated Services model for a router is that the service curve offered to a flow is always
a rate-latency function, with parameters related by a relation of the form (2.10).

The values ofC andD depend on the specific implementation of a router, see Corollary 2.1.1 in the case of
GR nodes. Note that a router does not necessarily implement ascheduling method that approximates GPS.
In fact, we discuss in Section 2.3 a family of schedulers thathas many advantages above GPS. If a router
implements a method that largely differs from GPS, then we must find a service curve that lower-bounds
the best service curve guarantee offered by the router. In some cases, this may mean loosing important
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information about the router. For example, it isnot possible to implement a network offering constant delay
to flows by means of a system like SCED+, discussed in Section 2.4.3, with the Integrated Services router
model.

2.2.3 RESERVATION SETUP WITH RSVP

Consider a flow defined by TSPEC(M,p, r, b), that traverses nodes1, . . . , N . Usually, nodes 1 andN are
end-systems while nodesn for 1 < n < N are routers. The Integrated Services model assumes that noden
on the path of the flow offers a rate latency service curveβRn,Tn , and further assumes thatTn has the form

Tn =
Cn

R
+Dn

whereCn andDn are constants that depend on the characteristics of noden.

The reservation is actually put in place by means of a flow setup procedure such as the resource reservation
protocol (RSVP). At the end of the procedure, noden on the path has allocated to the flow a valueRn ≥ r.
This is equivalent to allocating a service curveβRn,Tn . From Theorem 1.4.6 on page 28, the end-to-end
service curve offered to the flow is the rate-latency function with rateR and latencyT given by

{
R = minn=1...N Rn

T =
∑N

n=1

(
Cn

Rn
+Dn

)

LetCtot =
∑N

n=1Cn andDtot =
∑N

n=1Dn. We can re-write the last equation as

T =
Ctot
R

+Dtot −
N∑

n=1

Sn (2.11)

with

Sn = Cn

(
1

R
− 1

Rn

)
(2.12)

The termSn is called the “local slack” term at noden.

From Proposition 1.4.1 we deduce immediately:

PROPOSITION2.2.1. If R ≥ r, the bound on the end-to-end delay, under the conditions described above is

b−M

R

(
p−R

p− r

)+

+
M +Ctot

R
+Dtot −

N∑

n=1

Sn (2.13)

We can now describe the reservation setup with RSVP. Some details of flow setup with RSVP are illustrated
on Figure 2.3. It shows that two RSVP flows are involved: an advertisement (PATH) flow and a reservation
(RESV) flow. We describe first the point-to-point case.

• A PATH message is sent by the source; it contains the T-SPEC of the flow (source T-SPEC), which
is not modified in transit, and another field, the ADSPEC, which is accumulated along the path. At
a destination, the ADSPEC field contains, among others, the values ofCtot,Dtot used in Equation
2.13.PATH messages do not cause any reservation to be made.

• RESV messages are sent by the destination and cause the actual reservations to be made. They follow
the reverse path marked by PATH messages. TheRESV message contains a value,R′, (as part of
the so-called R-SPEC), which is a lower bound on the rate parametersRn that routers along the
path will have to reserve. The value ofR′ is determined by the destination based on the end-to-end
delay objectivedobj, following the procedure described below. It is normally not changed by the
intermediate nodes.
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Sender A Receiver 
B

1. path m essage
TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=()

2. path m essage
Sender TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=(10.2kb, 0.05s)

3. path m essage
Sender TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=(51.2, 0.1)

4. B requests guaranteed QoS 
reservation w ith delay variation 

0.6s;    B reserves 622 kb/s 

5. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(622 kb/s)

6. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(622 kb/s)

7. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(622 kb/s)

R2R1

Figure 2.3:Setup of Reservations, showing the PATH and RESV flows

Define functionf by

f(R′) :=
b−M

R′

(
p−R′

p− r

)+

+
M + Ctot

R′
+Dtot

In other words,f is the function that defines the end-to-end delay bound, assuming all nodes along the path
would reserveRn = R′. The destination computesR′ as the smallest value≥ r for which f(R′) ≤ dobj.
Such a value exists only ifDtot < dobj.

In the figure, the destination requires a delay variation objective of 600 ms, which imposes a minimum
value ofR′ =622 kb/s. The value ofR′ is sent to the next upstream node in the R-SPEC field of thePATH
message. The intermediate nodes do not know the complete valuesCtot andDtot, nor do they know the total
delay variation objective. Consider the simple case where all intermediate nodes are true PGPS schedulers.
Noden simply checks whether it is able to reserveRn = R′ to the flow; this involves verifying that the
sum of reserved rates is less than the scheduler total rate, and that there is enough buffer available (see
below). If so, it passes the RESV message upstream, up to the destination if all intermediate nodes accept
the reservation. If the reservation is rejected, then the node discards it and normally informs the source. In
this simple case, all nodes should set their rate toRn = R′ thusR = R′, and Equation (2.13) guarantees
that the end-to-end delay bound is guaranteed.

In practice, there is a small additional element (use of the slack term), due to the fact that the designers of
RSVP also wanted to support other schedulers. It works as follows.

There is another term in the R-SPEC, called theslack term. Its use is illustrated on Figure 2.4. In the
figure, we see that the end-to-end delay variation requirement, set by the destination, is 1000 ms. In that
case, the destination reserves the minimum rate, namely, 512 kb/s. Even so, the delay variation objective
Dobj is larger than the boundDmax given by Formula (2.13). The differenceDobj − Dmax is written in
the slack termS and passed to the upstream node in the RESV message. The upstream node is not able to
compute Formula (2.13) because it does not have the value of the end-to-end parameters. However, it can
use the slack term to increase its internal delay objective,on top of what it had advertised. For example,
a guaranteed rate node may increase its value ofv (Theorem 2.1.2) and thus reduce the internal resources
required to perform the reservation. The figure shows that R1reduces the slack term by 100 ms. This is
equivalent to increasing theDtot parameter by100ms, but without modifying the advertisedDtot.
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Sender A Receiver 
B

1. path m essage
TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=()

2. path m essage
Sender TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=(10.2s/kb/s, 
0.05s)

3. path m essage
Sender TSPEC=
2K ,10M b/s,512kb/s,32K
AdSpec=(51.2, 0.1)

4. B requests guaranteed QoS 
reservation w ith delay variation 

1.0s;    B reserves 512kb/s

5. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(512kb/s , S=
0.288s)

6. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(512kb/s , S=
0.288s)

6. resv m essage
Receiver TSPEC=
2K ,10M b/s,512kb/s,24K
R-SPEC =(512 kb/s,
S=0.188s)

R2R1

Figure 2.4:Use of the slack term

The delays considered here are the total (fixed plus variable) delays. RSVP also contains a field used for
advertising the fixed delay part, which can be used to computethe end-to-end fixed delay. The variable part
of the delay (called delay jitter) is then obtained by subtraction.

2.2.4 A FLOW SETUP ALGORITHM

There are many different ways for nodes to decide which parameter they should allocate. We present here
one possible algorithm. A destination computes the worst case delay variation, obtained if all nodes reserve
the sustainable rater. If the resulting delay variation is acceptable, then the destination setsR = r and
the resulting slack may be used by intermediate nodes to add alocal delay on top of their advertised delay
variation defined byC andD. Otherwise, the destination setsR to the minimum valueRmin that supports
the end-to-end delay variation objective and sets the slackto 0. As a result, all nodes along the path have
to reserveRmin. As in the previous cases, nodes may allocate a rate larger than the value ofR they pass
upstream, as a means to reduce their buffer requirement.

DEFINITION 2.2.1 (A Flow Setup Algorithm). • At a destination systemI, compute

Dmax = fT (r) +
Ctot

r
+Dtot

If Dobj > Dmax then assign to the flow a rateRI = r and an additional delay variationdI ≤
Dobj −Dmax; setSI = Dobj −Dmax − dI and send reservation requestRI , SI to stationI − 1.
Else (Dobj ≤ Dmax) find the minimumRmin such thatfT (Rmin) +

Ctot

Rmin
≤ Dobj −Dtot, if it exists.

Send reservation requestRI = Rmin, SI = 0 to stationI − 1. If Rmin does not exist, reject the
reservation or increase the delay variation objectiveDobj .

• At an intermediate systemi: receive fromi+ 1 a reservation requestRi+1, Si+1.
If Si = 0, then perform reservation for rateRi+1 and if successful, send reservation requestRi =
Ri+1, Si = 0 to stationi− 1.
Else (Si > 0), perform a reservation for rateRi+1 with some additional delay variationdi ≤ Si+1.
if successful, send reservation requestRi = Ri+1, Si = Si+1 − di to stationi− 1.
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The algorithm ensures a constant reservation rate. It is easy to check that the end to end delay variation is
bounded byDobj .

2.2.5 MULTICAST FLOWS

Consider now a multicast situation. A sourceS sends to a number of destinations, along a multicast tree.
PATH messages are forwarded along the tree, they are duplicated at splitting points; at the same points,
RESVmessages are merged. Consider such a point, call it nodei, and assume it receives reservation requests
for the same T-SPEC but with respective parametersR′

in, S
′
in andR′′

in, S
′′
in. The node performs reservations

internally, using the algorithm in Definition 2.2.1. Then ithas to merge the reservation requests it will send
to nodei− 1. Merging uses the following rules:

R-SPEC MERGING RULES The merged reservationR,S is given by

R = max(R′, R′′)

S = min(S′, S′′)

Let us consider now a tree where the algorithm in Definition 2.2.1 is applied. We want to show that the
end-to-end delay bounds at all destinations are respected.

The rate along the path from a destination to a source cannot decrease with this algorithm. Thus the mini-
mum rate along the tree towards the destination is the rate set at the destination, which proves the result.

A few more features of RSVP are:

• states in nodes need to be refreshed; if they are not refreshed, the reservation is released (“soft states”).
• routing is not coordinated with the reservation of the flow

We have so far looked only at the delay constraints. Buffer requirements can be computed using the values
in Proposition 1.4.1.

2.2.6 FLOW SETUP WITH ATM

With ATM, there are the following differences:

• The path is determined at the flow setup time only. Different connections may follow different routes
depending on their requirements, and once setup, a connection always uses the same path.

• With standard ATM signaling, connection setup is initiatedat the source and is confirmed by the
destination and all intermediate systems.

2.3 SCHEDULABILITY

So far, we have considered one flow in isolation and assumed that a node is able to offer some scheduling,
or service curve guarantee. In this section we address the global problem of resource allocation.

When a node performs a reservation, it is necessary to check whether local resources are sufficient. In
general, the method for this consists in breaking the node down into a network of building blocks such as
schedulers, shapers, and delay elements. There are mainly two resources to account for: bit rate (called
“bandwidth”) and buffer. The main difficulty is the allocation of bit rate. Following [36], we will see in this
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section that allocating a rate amounts to allocating a service curve. It is also equivalent to the concept of
schedulability.

Consider the simple case of a PGPS scheduler, with outgoing rateC. If we want to allocate rateri to flow
i, for everyi, then we can allocate to flowi the GPS weightφi =

ri
C . Assume that

∑

i

ri ≤ C (2.14)

Then we know from Proposition 2.1.1 and Corollary 2.1.1 thatevery flowi is guaranteed the rate-latency
service curve with rateri and latencyLC . In other words, the schedulability condition for PGPS is simply
(2.14). However, we will see now that a schedulability conditions are not always as simple. Note also that
the end-to-end delay depends not only on the service curve allocated to the flow, but also on its arrival curve
constraints.

Many schedulers have been proposed, and some of them do not fitin the GR framework. The most gen-
eral framework in the context of guaranteed service is givenby SCED (Service Curve Earliest Deadline
first) [36],which we describe now. We give the theory for constant size packets and slotted time; some as-
pects of the general theory for variable length packets are known [11], some others remain to be done. We
assume without loss of generality that every packet is of size 1 data unit.

2.3.1 EDF SCHEDULERS

As the name indicates, SCED is based on the concept of Earliest Deadline First (EDF) scheduler. An
EDF scheduler assigns a deadlineDn

i to thenth packet of flowi, according to some method. We assume
that deadlines are wide-sense increasing within a flow. At every time slot, the scheduler picks at one of
the packets with the smallest deadline among all packets present. There is a wide variety of methods for
computing deadlines. The “delay based” schedulers [55] setDn

i = An + di whereAn is the arrival time for
thenth packet for flowi, anddi is the delay budget allocated to flowi. If di is independent ofi, then we
have a FIFO scheduler. We will see that those are special cases of SCED, which we view as a very general
method for computing deadlines.

An EDF scheduler is work conserving, that is, it cannot be idle if there is at least one packet present in the
system. A consequence of this is that packets from differentflows are not necessarily served in the order
of their deadlines. Consider for example a delay based scheduler, and assume that flow1 has a lrage delay
budgetd1, while flow2 has a small delay budgetd2. It may be that a packet of flow1 arriving att1 is served
before a packet of flow2 arriving at t2, even though the deadline of packet1, t1 + d1 is larger than the
deadline of packet2.

We will now derive a general schedulability criterion for EDF schedulers. CallRi(t), t ∈ N, the arrival
function for flow i. CallZi(t) the number of packets of flowi that have deadlines≤ t. For example, for a
delay based scheduler,Zi(t) = Ri(t− di). The following is a modified version of [11].

PROPOSITION2.3.1. Consider an EDF scheduler withI flows and outgoing rateC. A necessary condition
for all packets to be served within their deadlines is

for all s ≤ t :

I∑

i=1

Zi(t)−Ri(s) ≤ C(t− s) (2.15)

A sufficient condition is

for all s ≤ t :
I∑

i=1

[Zi(t)−Ri(s)]
+ ≤ C(t− s) (2.16)
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PROOF: We first prove the necessary condition. CallR′
i the output for flowi. Since the scheduler is

work conserving, we have
∑I

i=1R
′
i = λC ⊗ (

∑I
i=1Ri). NowR′

i ≥ Zi by hypothesis. Thus

I∑

i=1

Zi(t) ≤ inf
s∈[0,t]

C(t− s) +

I∑

i=1

Ri(s)

which is equivalent to (2.15)

Now we prove the sufficient condition, by contradiction. Assume that at somet a packet with deadlinet is
not yet served. In time slott, the packet served has a deadline≤ t, otherwise our packet would have been
chosen instead. Defines0 such that the time interval[s0+1, t] is the maximum time interval ending att that
is within a busy period and for which all packets served have deadlines≤ t.

Now callS the set of flows that have a packet with deadline≤ t present in the system at some point in the
interval [s0 + 1, t]. We show that if

if i ∈ S then R′
i(s0) = Ri(s0) (2.17)

that is, flowi is not backlogged at the end of time slots0. Indeed, ifs0 + 1 is the beginning of the busy
period, then the property is true for any flow. Otherwise, we proceed by contradiction. Assume thati ∈ S
and thati would have some backlog at the end of time slots0. At time s0 some packet with deadline> t
was served; thus the deadline of all packets remaining in thequeue at the end of time slots0 must have
a deadline> t. Since deadlines are assumed wide-sense increasing withina flow, all deadlines of flowi
packets that are in the queue at times0, or will arrive later, have deadline> t, which contradicts thati ∈ S.

Further, it follows from the last argument that ifi ∈ S, then all packets served before or att must have a
deadline≤ t. Thus

if i ∈ S then R′
i(t) ≤ Zi(t)

Now since there is at least one packet with deadline≤ t not served att, the previous inequality is strict for
at least onei in S. Thus ∑

i∈S

R′
i(t) <

∑

i∈S

Zi(t) (2.18)

Observe that all packets served in[s0 + 1, t] must be from flows inS. Thus

I∑

i=1

(R′
i(t)−R′

i(s0)) =
∑

i∈S

(R′
i(t)−R′

i(s0))

Combining with (2.17) and (2.18) gives

I∑

i=1

(R′
i(t)−R′

i(s0)) <
∑

i∈S

(Zi(t)−Ri(s0))

Now [s0 + 1, t] is entirely in a busy period thus
∑I

i=1(R
′
i(t)−R′

i(s0)) = C(t− s0); thus

C(t− s0) <
∑

i∈S

(Zi(t)−Ri(s0)) =
∑

i∈S

(Zi(t)−Ri(s0))
+ ≤

I∑

i=1

(Zi(t)−Ri(s0))
+

which contradicts (2.16).

A consequence of the proposition that if a set of flows is schedulable for some deadline allocation algorithm,
then it is also schedulable for any other deadline allocation method that produces later or equal deadlines.
Other consequences, of immediate practical importance, are drawn in the next section.
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2.3.2 SCED SCHEDULERS [73]

Given, for all i, a functionβi, SCED defines a deadline allocation algorithm that guarantees, under some
conditions, that flowi does haveβi as a minimum service curve1. Roughly speaking, SCED setsZi(t), the
number of packets with deadline up tot, to (Ri ⊗ βi)(t).

DEFINITION 2.3.1 (SCED).Call An
i the arrival time for packetn of flowi. Define functionsRn

i by:

Rn
i (t) = inf

s∈[0,An
i ]
[Ri(s) + βi(t− s)]

With SCED, the deadline for packetn of flowi is defined by

Dn
i = (Rn

i )
−1(n) = min{t ∈ N : Rn

i (t) ≥ n}

Functionβi is called the “target service curve” for flowi.

FunctionRn
i is similar to the min-plus convolutionRi⊗βi, but the minimum is computed over all times up to

An
i . This allows to compute a packet deadline as soon as the packet arrives; thus SCED can be implemented

in real time. The deadline is obtained by applying the pseudo-inverse ofRn
i , as illustrated on Figure 2.5.

If βi = δdi , then it is easy to see thatDn
i = An

i + di, namely, SCED is the delay based scheduler in that
case. The following proposition is the main property of SCED. It shows that SCED implements a deadline

b i ( t )

R i
n ( t )

D i
nA i

n

n

t

R i ( t )

Figure 2.5:Definition of SCED. Packet n of flow i arrives at time An
i . Its deadline is Dn

i .

allocation method based on service curves.

PROPOSITION2.3.2. For the SCED scheduler, the number of packets with deadline≤ t is given byZi(t) =
⌊(Ri ⊗ βi)(t)⌋

PROOF: We drop indexi in this demonstration. First, we show thatZ(t) ≥ ⌊(R ⊗ β)(t)⌋. Let n =
⌊(R⊗β)(t)⌋. SinceR⊗β ≤ R andR takes integer values, we must haveR(t) ≥ n and thusAn ≤ t. Now
Rn(t) ≥ (R ⊗ β)(t) thus

Rn(t) ≥ (R⊗ β)(t) ≥ n

1We use the original work in [73], which is called there “SCED-B”. For simplicity, we call it SCED.
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By definition of SCED,Dn this implies thatDn ≤ t which is equivalent toZ(t) ≥ n.

Conversely, for some fixed but arbitraryt, let nown = Z(t). Packetn has a deadline≤ t, which implies
thatAn ≤ t and for alls ∈ [0, An] :

R(s) + β(t− s) ≥ n (2.19)

Now for s ∈ [An, t] we haveR(s) ≥ n thusR(s) + β(t − s) ≥ n. Thus (2.19) is true for alls ∈ [0, t],
which means that(R⊗ β)(t) ≥ n.

THEOREM 2.3.1 (Schedulability of SCED, ATM).Consider a SCED scheduler withI flows, total outgoing
rateC, and target service curveβi for flow i.

1. If
I∑

i=1

βi(t) ≤ Ct for all t ≥ 0 (2.20)

then every packet is served before or at its deadline and every flowi receives⌊βi⌋ as a service curve.
2. Assume that in addition we know that every flowi is constrained by an arrival curveαi. If

I∑

i=1

(αi ⊗ βi)(t) ≤ Ct for all t ≥ 0 (2.21)

then the same conclusion holds

PROOF:

1. Proposition 2.3.2 implies thatZi(t) ≤ Ri(s)+βi(t−s) for 0 ≤ s ≤ t. ThusZi(t)−Ri(s) ≤ βi(t−s).
Now 0 ≤ βi(t− s) thus

[Zi(t)−Ri(s)]
+ = max[Zi(t)−Ri(s), 0] ≤ βi(t− s)

By hypothesis,
∑I

i=1 βi(t − s) ≤ C(t − s) thus by application of Proposition 2.3.1, we know that
every packet is served before or at its deadline. ThusR′

i ≥ Zi and from Proposition 2.3.2:

R′
i ≥ Zi = ⌊βi ⊗Ri⌋

NowRi takes only integer values thus⌊βi ⊗Ri⌋ = ⌊βi⌋ ⊗Ri.
2. By hypothesis,Ri = αi ⊗ Ri thusZi = ⌊αi ⊗ βi ⊗ Ri⌋ and we can apply the same argument, with
αi ⊗ βi instead ofβi.

SCHEDULABILITY OF DELAY BASED SCHEDULERS A delay based scheduler assigns a delay objective
di to all packets of flowi. A direct application of Theorem 2.3.1 gives the following schedulability condition.

THEOREM2.3.2 ([55]). Consider a delay based scheduler that servesI flows, with delaydi assigned to flow
i. All packets have the same size and time is slotted. Assume flow i is αi-smooth, whereαi is sub-additive.
Call C the total outgoing bit rate. Any mix of flows satisfying theseassumptions is schedulable if

∑

i

αi(t− di) ≤ Ct

If αi(t) ∈ N then the condition is necessary.
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PROOF: A delay based scheduler is a special case of SCED, with targetservice curveβi = δdi . This
shows that the condition in the theorem is sufficient. Conversely, consider the greedy flows given byRi(t) =
αi(t). This is possible becauseαi is assumed to be sub-additive. FlowRi must be schedulable, thus the
outputR′

i satisfiesR′
i(t) ≥ αi(i− di). Now

∑
iR

′
i(t) ≤ ct, which proves that the condition must hold.

It is shown in [55] that a delay based scheduler has the largest schedulability region among all schedulers,
given arrival curves and delay budgets for every flow. Note however that in a network setting, we are
interested in the end-to-end delay bound, and we know (Section 1.4.3) that it is generally less than the sum
of per hop bounds.

The schedulability of delay based schedulers requires thatan arrival curve is known and enforced at every
node in the network. Because arrival curves are modified by network nodes, this motivates the principle of
Rate Controlled Service Disciplines (RCSDs) [44, 82, 30], which implement in every node a packet shaper
followed by a delay based scheduler. The packet shaper guarantees that an arrival curve is known for every
flow. Note that such a combination is not work conserving.

Because of the ”pay bursts only once” phenomenon, RCSD mightprovide end-to-end delay bounds that are
worse than guaranteed rate nodes. However, it is possible toavoid this by aggressively reshaping flows in
every node, which, from Theorem 2.3.2, allows us to set smaller deadlines. If the arrival curves constraints
on all flows are defined by a single leaky bucket, then it is shown in [66, 65] that one should reshape a flow
to its sustained rate at every node in order to achieve the same end-to-end delay bounds as GR nodes would.

SCHEDULABILITY OF GR NODES Consider the family of GR nodes, applied to the ATM case. We
cannot give a general schedulability condition, since the fact that a scheduler is of the GR type does not tell
us exactly how the scheduler operates. However, we show thatfor any rater and delayv we can implement
a GR node with SCED.

THEOREM 2.3.3 (GR node as SCED, ATM case).Consider the SCED scheduler withI flows and outgoing
rateC. Let the target service curve for flowi be equal to the rate-latency service curve with rateri and
latencyvi. If

I∑

i=1

ri ≤ C

then the scheduler is a GR node for each flowi, with rateri and delayvi.

PROOF: From Proposition 2.3.2:

Zi(t) = ⌊(Ri ⊗ λri)(t− vi)⌋

thusZi is the output of the constant rate server, with rateri, delayed byvi. Now from Theorem 2.3.1 the
condition in the theorem guarantees thatR′

i ≥ Zi, thus the delay for any packet of flowi is bounded by the
delay of the constant rate server with rateri, plusvi.

Note the fundamental difference between rate based and delay based schedulers. For the former, schedula-
bility is a condition on the sum of the rates; it is independent of the input traffic. In contrast, for delay based
schedulers, schedulability imposes a condition on the arrival curves. Note however that in order to obtain a
delay bound, we need some arrival curves, even with delay based schedulers.

BETTER THAN DELAY BASED SCHEDULER A scheduler need not be either rate based or delay based.
Rate based schedulers suffer from coupling between delay objective and rate allocation: if we want a low
delay, we may be forced to allocate a large rate, which because of Theorem 2.3.3 will reduce the number
of flows than can be scheduled. Delay based schedulers avoid this drawback, but they require that flows be
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reshaped at every hop. Now, with clever use of SCED, it is possible to obtain the benefits of delay based
schedulers without paying the price of implementing shapers.

Assume that for every flowi we know an arrival curveαi and we wish to obtain an end-to-end delay bound
di. Then the smallest network service curve that should be allocated to the flow isαi ⊗ δdi (the proof is
easy and left to the reader). Thus a good thing to do is to builda scheduler by allocating to flowi the target
service curveαi ⊗ δdi . The schedulability condition is the same as with a delay based scheduler, however,
there is a significant difference: the service curve is guaranteed even if some flows are not conforming to
their arrival curves. More precisely, if some flows do not conform to the arrival curve constraint, then the
service curve is still guaranteed, but the delay bound is not.

This observation can be exploited to allocate service curves in a more flexible way than what is done in
Section 2.2 [20]. Assume flowi uses the sequence of nodesm = 1, ...,M . Every node receives a partdmi
of the delay budgetdi, with

∑M
m=1 d

m
i ≤ di. Then it is sufficient that every node implements SCED with a

target service curveβmi = δdmi ⊗ αi for flow i. The schedulability condition at nodem is
∑

j∈Em

αj(t− dmj ) ≤ Cmt

whereEm is the set of flows scheduled at nodem andCm is the outgoing rate of nodem. If it is satisfied,
then flow i receivesαi ⊗ δdi as end-to-end service curve and therefore has a delay bounded by di. The
schedulability condition is the same as if we had implemented at nodem the combination of a delay based
scheduler with delay budgetdmi , and a reshaper with shaping curveαi; but we do not have to implement a
reshaper. In particular, the delay bound for flowi at nodem is larger thandmi ; we find again the fact that the
end-to-end delay bound is less than the sum of individual bounds.

In [73], it is explained how to allocate a service curvesβmi to every network elementm on the path of the
flow, such thatβ1i ⊗ β2i ⊗ ... = αi ⊗ δi, in order to obtain a large schedulability set. This generalizes and
improves the schedulability region of RCSD.

EXTENSION TO VARIABLE LENGTH PACKETS We can extend the previous results to variable length
packets; we follow the ideas in [11]. The first step is to consider a fictitious preemptive EDF scheduler
(system I), that allocates a deadline to every bit. We defineZI

i (t) as before, as the number of bits whose
deadline is≤ t. A preemptive EDF scheduler serves the bits present in the system in order of their deadlines.
It is preemptive (and fictitious) in that packets are not delivered entirely, but, in contrast, are likely to be
interleaved. The results in the previous sections apply with no change to this system.

The second step is to modify system I by allocating to every bit a deadline equal to the deadline of the last
bit in the packet. Call it system II. We haveZII

i (t) = PLi(ZI
i (t)) wherePLi is the cumulative packet

length (Section 1.7) for flowi. From the remarks following Proposition 2.3.1, it follows that if system I is
schedulable, then so is system II. System II is made of a preemptive EDF scheduler followed by a packetizer.

The third step consists in defining “packet-EDF” scheduler (system III); this is derived from system II in the
same way as PGSP is from GPS. More precisely, the packet EDF scheduler picks the next packet to serve
among packets present in the system with minimum deadline. Then, when a packet is being served, it is not
interrupted. We also say that system III is the non-preemptive EDF scheduler. Then the departure time of
any packet in system III is bounded by its departure time in system II pluslmax

C wherelmax is the maximum
packet size across all flows andC is the total outgoing rate. The proof is similar to Proposition 2.1.1 and is
left to the reader (it can also be found in [11]).

We can apply the three steps above to a SCED scheduler with variable size packets, called “Packet-SCED”.

DEFINITION 2.3.2 (Packet SCED).A PSCED schedulers is a non-premptive EDF schedulers, wheredead-
lines are allocated as follows. CallAn

i the arrival time for packetn of flowi. Define functionsRn
i by:

Rn
i (t) = inf

s∈[0,An
i ]
[Ri(s) + βi(t− s)]
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With PSCED, the deadline for packetn of flowi is defined by

Dn
i = (Rn

i )
−1(Li(n)) = min{t ∈ N : Rn

i (t) ≥ (Li(n))}

whereLi is the cumulative packet length for flowi. Functionβi is called the “target service curve” for flow
i.

The following proposition follows from the discussion above.

PROPOSITION 2.3.3. [11] Consider a PSCED scheduler withI flows, total outgoing rateC, and target
service curveβi for flow i. Call limax the maximum packet size for flowi and letlmax = maxi l

i
max.

1. If
I∑

i=1

βi(t) ≤ Ct for all t ≥ 0 (2.22)

then every packet is served before or at its deadline pluslmax
C . A bound on packet delay ish(αi, βi)+

lmax
C . Moreover, every flowi receives[βi(t− limax)− lmax

C ]+ as a service curve.
2. Assume that, in addition, we know that every flowi is constrained by an arrival curveαi. If

I∑

i=1

(αi ⊗ βi)(t) ≤ Ct for all t ≥ 0 (2.23)

then the same conclusion holds.

Note that the first part of the conclusion means that the maximum packet delay can be computed by assuming
that flowi would receiveβi (notβi(t− limax)) as a service curve, and addingmax

C .

PROOF: It follows from the three steps above that the PSCED scheduler can be broken down into a
preemptive EDF scheduler, followed by a packetizer, followed by a delay element. The rest follows from
the properties of packetizers and Theorem 2.3.1.

2.3.3 BUFFER REQUIREMENTS

As we mentioned at the beginning of this section, buffer requirements have to be computed in order to
accept a reservation. The condition is simply

∑
iXi ≤ X whereXi is the buffer required by flowi at this

network element, andX is the total buffer allocated to the class of service. The computation ofXi is based
on Theorem 1.4.1; it requires computing an arrival curve of every flow as it reaches the node. This is done
using Theorem 1.4.2 and the flow setup algorithm, such as in Definition 2.2.1.

It is often advantageous to reshape flows at every node. Indeed, in the absence of reshaping, burstiness
is increased linearly in the number of hops. But we know that reshaping to an initial constraint does not
modify the end-to-end delay bound and does not increase the buffer requirement at the node where it is
implemented. If reshaping is implemented per flow, then the burstiness remains the same at every node.

2.4 APPLICATION TO DIFFERENTIATED SERVICES

2.4.1 DIFFERENTIATED SERVICES

In addition to the reservation based services we have studied in Section 2.2, the Internet also proposes
differentiated services [7]. The major goal of differentiated services is to provide some form of better
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service while avoiding per flow state information as is required by integrated services. The idea to achieve
this is based on the following principles.

• Traffic classes are defined; inside a network, all traffic belonging to the same class is treated as one
single aggregate flow.

• At the network edge, individual flows (called “micro-flows”)are assumed to conform to some arrival
curve, as with integrated services.

( r j ,  s j )

m i c r o f l o w i ( r i ,  s i )

E F  a g g r e g a t e
a t  n o d e  m

r a t e  r m
l a t e n c y  e m

Figure 2.6:Network Model for EF. Microflows are individually shaped and each conform to some arrival
curve. At all nodes, microflows R1 to R3 are handled as one aggregate flow, with a guaranteed rate (GR)
guarantee. Upon leaving a node, the different microflows take different paths and become part of other
aggregates at other nodes.

If the aggregate flows receive appropriate service curves inthe network, and if the total traffic on every
aggregate flow is not too large, then we should expect some bounds on delay and loss. The condition on
microflows is key to ensuring that the total aggregate trafficremains within some arrival curve constraints.
A major difficulty however, as we will see, is to derive boundsfor individual flows from characteristics of
an aggregate.

Differentiated services is a framework that includes a number of different services. The main two services
defined today are expedited forwarding (EF)[23, 5] and assured forwarding (AF)[39]. The goal of EF is
to provide to an aggregate some hard delay guarantees, and noloss. The goal of AF is to separate traffic
between a small number of classes (4); inside each class, three levels of drop priorities are defined. One of
the AF classes could be used to provide a low delay service with no loss, similar to EF.

In this chapter, we focus on the fundamental issue of how aggregate scheduling impacts delay and through-
put guarantees. In the rest of this section, we use the network model shown on Figure 2.6. Our problem is
to find bounds for end-to-end delay jitter on one hand, for backlog at all nodes on the other hand, under the
assumptions mentioned above. Delay jitter is is the difference between maximum and minimum delay; its
value determines the size of playout buffers (Section 1.1.3).

2.4.2 AN EXPLICIT DELAY BOUND FOR EF

We consider EF, the low delay traffic class, as mentioned in Section 2.4.1, and find a closed form expression
for the worst case delay, which is valid in any topology, in a lossless network. This bound is based on a
general time stopping method explained in detail in Chapter6. It was obtained in [14] and [43].

ASSUMPTION AND NOTATION (See Figure 2.6)
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• Microflow i is constrained by the arrival curveρit+ σi at the network access. Inside the network, EF
microflows arenot shaped.

• Nodem acts as a Guaranteed Rate node for the entire EF aggregate, with raterm and latencyem. This
is true in particular if the aggregate is served as one flow in aFIFO service curve element, with a rate-
latency service curve; but it also holds quite generally, even if nodes are non-FIFO (Section 2.1.3).
In Chapter 6, we explain that the generic node model used in the context of EF is packet scale rate
guarantee, which satisfies this assumption.
Let e be an upper bound onem for all m.

• h is a bound on the number of hops used by any flow. This is typically 10 or less, and is much less
than the total number of nodes in the network.

• Utilization factors: Defineνm = 1
rm

∑
i∋m ρi, where the notationi ∋ m means that nodem is on the

path of microflowi. Let ν be an upper bound on allvm.
• Scaled burstiness factors: Defineτm = 1

rm

∑
i∋m σi. Let τ be an upper bound on allτm.

• Lmax is an upper bound on the size (in bits) of any EF packet.

THEOREM 2.4.1 (Closed form bound for delay and backlog [14]).If ν < 1
h−1 then a bound on end-to-end

delay variation for EF ishD1 with

D1 =
e+ τ

1− (h− 1)ν

At nodem, the buffer required for serving low delay traffic without loss is bounded byBreq = rmD1+Lmax.

PROOF: (Part 1:) Assume that a finite bound exists and callD the least upper bound. The data that feeds
nodem has undergone a variable delay in the range[0, (h− 1)D], thus an arrival curve for the EF aggregate
at nodem is νrm(t + (h − 1)D) + rmτ . By application of (2.4), the delay seen by any packet is bounded
by e+ τ + (h− 1)Dν; thusD ≤ e+ τ + (h− 1)Dν. If the utilization factorν is less than 1

h−1 , it follows
thatD ≤ D1.

(Part 2:) We prove that a finite bound exists, using the time-stopping method. For any timet > 0, consider
the virtual system made of the original network, where all sources are stopped at timet. This network
satisfies the assumptions of part 1, since there is only a finite number of bits for the entire lifetime of the
network. CallD′(t) the worst case delay across all nodes for the virtual networkindexed byt. From the
above derivation we see thatD′(t) ≤ D1 for all t. Letting t tend to+∞ shows that the worst case delay at
any node remains bounded byD1.

(Part 3:) By Corollary 2.1.1, the backlog is bounded by the vertical deviation between the arrival curve
νrm(t + (h − 1)D) + rmτ and the service curve[rm(t − em) − Lmax]

+, which after some algebra gives
Breq

The theorem can be slightly improved by avoiding to take maxima forνm; this gives the following result
(the proof is left to the reader):

COROLLARY 2.4.1. If ν < 1
h−1 then a bound on end-to-end delay variation for EF ishD′

1 with

D′
1 = min

m

{
em + τm

1− (h− 1)νm

}

I MPROVED BOUND WHEN PEAK RATE IS K NOWN : A slightly improved bound can be obtained if, in
addition, we have some information about the total incomingbit rate at every node. We add the following
assumptions to the previous list.

• Let Cm denote a bound on the peak rate of all incoming low delay traffic traffic at nodem. If we
have no information about this peak rate, thenCm = +∞. For a router with large internal speed and
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buffering only at the output,Cm is the sum of the bit rates of all incoming links (the delay bound is
better for a smallerCm).

• Fan-in: LetIm be the number of incident links at nodem. LetF be an upper bound onImLmax
rm

. F is
the maximum time to transmit a number of EF packets that simultaneously appear on multiple inputs.

• Redefineτm := max{ ImLmax
rm

, 1
rm

∑
i∋m σi}. Let τ be an upper bound on allτm.

• Let um = [Cm−rm]+

Cm−νmrm
. Note that0 ≤ um ≤ 1, um increases withCm, and if Cm = +∞, then

um = 1. Call u = maxm um. The parameteru ∈ [0, 1] encapsulates how much we gain by knowing
the maximum incoming ratesCm (u is small for small values ofCm).

THEOREM2.4.2 (Improved Delay Bound When Peak Rate is Known [14, 43]). Letν∗ = minm{ Cm

(h−1)(Cm−rm)++rm
}.

If ν < ν∗, a bound on end-to-end delay variation for EF ishD2 with

D2 =
e+ uτ + (1− u)F

1− (h− 1)uν

PROOF: The proof is similar to the proof of Theorem 2.4.1. CallD the least bound, assuming it exists.

An arrival curve for the flow of EF packets arriving at nodem on some incident linkl isC l
mt+Lmax, where

C l
m is the peak rate of the link (this follows from item 4 in Theorem 1.7.1). Thus an arrival curve for the

incoming flow of EF packets at nodem is Cmt + ImLmax. The incoming flow is thus constrained by the
T-SPEC(M,p, r, b) (see Page 13) withM = ImLmax, p = Cm, r = rmνm, b = rmτm + (h − 1)Drmνm.
By Proposition 1.4.1, it follows that

D ≤ ImLmax(1− um)

rm
+ (τm + (h− 1)Dνm)um

The conditionν < ν∗ implies that1− (h− 1)νmum > 0, thus

D ≤
em + τmum + ImLmax(1−um)

rm

1− (h− 1)νmum

The above right-hand-side is an increasing function ofum, due toτm ≥ ImLmax
rm

. Thus we have a bound by
replacingum by u:

D ≤
em + τmu+ ImLmax(1−u)

rm

1− (h− 1)νmu
≤ D2

The rest of the proof follows along lines similar to the proofof Theorem 2.4.1.

It is also possible to derive an improved backlog bound, using Proposition 1.4.1. As with Theorem 2.4.2,
we also have the following variant.

COROLLARY 2.4.2. If ν < ν∗, a bound on end-to-end delay variation for EF ishD′
2 with

D′
2 = min

m

{
em + τmum + ImLmax(1−um)

rm

1− (h− 1)νmum

}

DISCUSSION: If we have no information about the peak incoming rateCl, then we setCl = +∞ and
Theorem 2.4.2 gives the same bound as Theorem 2.4.2. For finite values ofCm, the delay bound is smaller,
as illustrated by Figure 2.7.

The bound is valid only for small utilization factors; it explodes atν > 1
h−1 , which does not mean that

the worst case delay does grow to infinity [41]. In some cases the network may be unbounded; in some
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Figure 2.7:The bound D (in seconds) in Theorem 2.4.1 versus the utilization factor ν for h = 10, e = 2 1500B
rm

,
Lmax = 1000 b, σi = 100B and ρi = 32kb/s for all flows, rm = 149.760Mb/s, and Cm = +∞ (thin line) or
Cm = 2rm (thick line).

other cases (such as the unidirectional ring, there is always a finite bound for allν < 1. This issue is
discussed in Chapter 6, where we we find better bounds, at the expense of more restrictions on the routes
and the rates. Such restrictions do not fit with the differentiated services framework. Note also that, for
feed-forward networks, we know that there are finite bounds for ν < 1. However we show now that the
conditionν < 1

h−1 is the best that can be obtained, in some sense.

PROPOSITION2.4.1. [4, 14] With the assumptions of Theorem 2.4.1, ifν > 1
h−1 , then for anyD′ > 0, there

is a network in which the worst case delay is at leastD′.

In other words, the worst case queuing delay can be made arbitrarily large; thus if we want to go beyond
Theorem 2.4.1, any bound for differentiated services must depend on the network topology or size, not only
on the utilization factor and the number of hops.

PROOF: We build a family of networks, out of which, for anyD′, we can exhibit an example where the
queuing delay is at leastD′.

The thinking behind the construction is as follows. All flowsare low priority flows. We create a hierarchical
network, where at the first level of the hierarchy we choose one “flow” for which its first packet happens
to encounter justonepacket of every other flow whose route it intersects, while its next packet does not
encounter any queue at all. This causes the first two packets of the chosen flow to come back-to-back after
several hops. We then construct the second level of the hierarchy by taking a new flow and making sure
that its first packet encounterstwo back-to-back packets of each flow whose routes it intersects, where the
two back-to-back packet bursts of all these flows come from the output of a sufficient number of networks
constructed as described at the first level of the hierarchy.Repeating this process recursively sufficient
number of times, for any chosen delay valueD we can create deep enough hierarchy so that the queuing
delay of the first packet of some flow encounters a queuing delay more thanD (because it encounters a large
enough back-to-back burst of packets of every other flow constructed in the previous iteration), while the
second packet does not suffer any queuing delay at all. We nowdescribe in detail how to construct such a
hierarchical network (which is really a family of networks)such that utilization factor of any link does not
exceed a given factorν, and no flow traverses more thanh hops.
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Now let us describe the networks in detail. We consider a family of networks with a single traffic class and
constant rate links, all with same bit rateC. The network is assumed to be made of infinitely fast switches,
with one output buffer per link. Assume that sources are all leaky bucket constrained, but are served in an
aggregate manner, first in first out. Leaky bucket constraints are implemented at the network entry; after that
point, all flows are aggregated. Without loss of generality,we also assume that propagation delays can be set
to 0; this is because we focus only on queuing delays. As a simplification, in this network, we also assume
that all packets have a unit size. We show that for any fixed, but arbitrary delay budgetD, we can build a
network of that family where the worst case queueing delay islarger thanD, while each flow traverses at
most a specified number of hops.

A network in our family is calledN (h, ν, J) and has three parameters:h (maximum hop count for any
flow), ν (utilization factor) andJ (recursion depth). We focus on the cases whereh ≥ 3 and 1

h−1 < ν < 1,
which implies that we can always find some integerk such that

ν >
1

h− 1

kh+ 1

kh− 1
(2.24)

Network N (h, ν, J) is illustrated in Figures 2.8 and 2.9; it is a collection of identical building blocks,
arranged in a tree structure of depthJ . Every building block has one internal source of traffic (called
“transit traffic”), kh(h− 1) inputs (called the “building block inputs”),kh(h− 1) data sinks,h− 1 internal
nodes, and one output. Each of theh−1 internal nodes receives traffic fromkh building block inputs plus it
receives transit traffic from the previous internal node, with the exception of the first one which is fed by the
internal source. After traversing one internal node, traffic from the building block inputs dies in a data sink.
In contrast, transit traffic is fed to the next internal node,except for the last one which feeds the building
block output (Figure 2.8). Figure 2.9 illustrates that our network has the structure of a complete tree, with

h - 1  i n t e r n a l  n o d e s

( h - 1 )  k h  i n p u t s
1  d a t a

s o u r c e

1  o u t p u t

( h - 1 )  k h  d a t a  s i n k s

m u l t i p l e x e r d e m u l t i p l e x e r

b u f f e r

Figure 2.8:The internal node (top) and the building block (bottom) used in our network example.
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depthJ . The building blocks are organized in levelsj = 1, ..., J . Each of the inputs of a levelj building
block (j ≥ 2) is fed by the output of one levelj − 1 building block. The inputs of level1 building blocks
are data sources. The output of onej − 1 building block feeds exactly one levelj building block input. At
levelJ , there is exactly one building block, thus at levelJ − 1 there arekh(h − 1) building blocks, and at
level 1 there are(kh(h − 1))J−1 building blocks. All data sources have the same rater = νC

kh+1 and burst

l e v e l  J  -  2

l e v e l  J - 1

l e v e l  J

Figure 2.9:The network made of building blocks from Figure 2.8

toleranceb = 1 packet. In the rest of this section we take as a time unit the transmission time for one packet,
so thatC = 1. Thus any source may transmit one packet everyθ = kh+1

ν time units. Note that a source
may refrain from sending packets, which is actually what causes the large delay jitter. The utilization factor
on every link isν, and every flow uses1 or h hops.

Now consider the following scenario. Consider some arbitrary level 1 building block. At timet0, assume
that a packet fully arrives at each of the building block inputs of level1, and at timet0 + 1, let a packet
fully arrive from each data source inside every level1 building block (this is the first transit packet). The
first transit packet is delayed byhk − 1 time units in the first internal node. Just one time unit before this
packet leaves the first queue, let one packet fully arrive at each input of the second internal node. Our first
transit packet will be delayed again byhk − 1 time units. If we repeat the scenario along all internal nodes
inside the building block, we see that the first transit packet is delayed by(h− 1)(hk − 1) time units. Now
from (2.24),θ < (h− 1)(hk− 1), so it is possible for the data source to send a second transitpacket at time
(h − 1)(hk − 1). Let all sources mentioned so far be idle, except for the emissions already described. The
second transit packet will catch up to the first one, so the output of any level1 building block is a burst of
two back-to-back packets. We can chooset0 arbitrarily, so we have a mechanism for generating bursts of2
packets.

Now we can iterate the scenario and use the same constructionat level2. The level-2 data source sends
exactly three packets, spaced byθ. Since the internal node receiveshk bursts of two packets originating
from level 1, a judicious choice of the level 1 starting time lets the first level 2 transit packet find a queue of
2hk − 1 packets in the first internal node. With the same construction as in level 1, we end up with a total
queuing delay of(h− 1)(2hk − 1) > 2(h− 1)(hk − 1) > 2θ for that packet. Now this delay is more than
2θ, and the first three level-2 transit packets are delayed by the same set of non-transit packets; as a result,
the second and third level-2 transit packets will eventually catch up to the first one and the output of a level
2 block is a burst of three packets. This procedure easily generalizes to all levels up toJ . In particular, the
first transit packet at levelJ has an end-to-end delay of at leastJθ. Since all sources become idle after some
time, we can easily create a last levelJ transit packet that finds an empty network and thus a zero queuing
delay.
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Thus there are two packets in networkN (h, ν, J), with one packet having a delay larger thanJθ, and the
other packet has zero delay. This establishes that a bound onqueuing delay, and thus on delay variation in
networkN (h, ν, J) has to be at least as large asJθ.

2.4.3 BOUNDS FOR AGGREGATE SCHEDULING WITH DAMPERS

At the expense of some protocol complexity, the previous bounds can be improved without losing the feature
of aggregate scheduling. It is even possible to avoid bound explosions at all, using the concepts ofdamper.
Consider an EDF scheduler (for example a SCED scheduler) andassume that every packet sent on the
outgoing link carries a field with the differenced between its deadline and its actual emission time, if it is
positive, and0 otherwise. A damper is a regulator in the next downstream node that picks for the packet an
eligibility time that lies in the interval[a+ d−∆, a+ d], where∆ is a constant of the damper, anda is the
arrival time of the packet in the node where the damper resides. We call∆ the “damping tolerance”. The
packet is then withheld until its eligibility time [80, 20],see Figure 2.10. In addition, we assume that the
damper operates in a FIFO manner; this means that the sequence of eligibility times for consecutive packets
is wide-sense increasing.

Unlike the scheduler, the damper does not exist in isolation. It is associated with the next scheduler on the
path of a packet. Its effect is to forbid scheduling the packet before the eligibility time chosen for the packet.
Consider Figure 2.10. Schedulerm works as follows. When it has an opportunity to send a packet,say at
time t, it picks a packet with the earliest deadline, among all packets that are present in nodeN , and whose
eligibility date is≤ t. The timing informationd shown in the figure is carried in a packet header, either as
a link layer header information, or as an IP hop by hop header extension. At the end of a path, we assume
that there is no damper at the destination node.

The following proposition is obvious, but important, and isgiven without proof.

PROPOSITION2.4.2. Consider the combinationS of a scheduler and its associated damper. If all packets
are served by the scheduler before or at their deadlines, then S provides a bound on delay variation equal
to∆.

It is possible to let∆ = 0, in which case the delay is constant for all packets. A bound on the end-to-end
delay variation is then the delay bound at the last schedulerusing the combination of a scheduler and a
damper (this is called “jitter EDD” in [80]). In practice, weconsider∆ > 0 for two reasons. Firstly, it is
impractical to assume that we can write the fieldd with absolute accuracy. Secondly, having some slack in
the delay variation objective provides better performanceto low priority traffic [20].

There is no complicated feasibility condition for a damper,as there is for schedulers. The operation of a
damper is always possible, as long as there is enough buffer.

PROPOSITION2.4.3 (Buffer requirement for a damper).If all packets are served by the scheduler before or
at their deadlines, then the buffer requirement at the associated damper is bounded by the buffer requirement
at the scheduler.

PROOF: CallR(t) the total input to the scheduler, andR′(t) the amount of data with deadline≤ t. Call
R∗(t) the input to the damper, we haveR∗(t) ≤ R(t). Packets do not stay in the damper longer than until
their deadline in the scheduler, thus the outputR1(t) of the damper satisfiesR1(t) ≥ R′(t). The buffer
requirement at the scheduler at timet isR(t)−R′(t); at the damper it isR∗(t)−R1(t) ≥ R(t)−R′(t).

THEOREM2.4.3 (Delay and backlog bounds with dampers).Take the same assumptions as in Theorem 2.4.1,
we assume that every schedulerm that is not an exit point is associated with a damper in the next down-
stream node, with damping tolerance∆m. Let∆ be a bound on all∆m.
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Figure 2.10:Dampers in a differentiated services context. The model shown here assumes that routers
are made of infinitely fast switching fabrics and output schedulers. There is one logical damper for each
upstream scheduler. The damper decides when an arriving packet becomes visible in the node.
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If ν ≤ 1, then a bound on the end-to-end delay jitter for low delay traffic is

D = e+ (h− 1)∆(1 + ν) + τν

A bound on the queuing delay at any scheduler is

D0 = e+ ν[τ + (h− 1)∆]

The buffer required at schedulerm, for serving low delay traffic without loss is bounded by

Breq = rmD0

A bound on the buffer required at damperm is the same as the buffer required at schedulerm.

PROOF: The variable part of the delay between the input of a scheduler and the input of the next one is
bounded by∆. Now let us examine the last scheduler, saym, on the path of a packet. The delay between a
source for a flowi ∋ m and schedulerm is a constant plus a variable part bounded by(h − 1)∆. Thus an
arrival curve for the aggregate low-delay traffic arriving at schedulerm is

α2(t) = νrm(t+ τ + (h− 1)∆)

By applying Theorem 1.4.2, a delay bound at schedulerm is given by

D2 = E + uν[τ + (h− 1)∆]

A bound on end-to-end delay variation is(h− 1)∆ +D2, which is the required formula.

The derivation of the backlog bound is similar to that in Theorem 2.4.1.

The benefit of dampers is obvious: there is no explosion to thebound, it is finite (and small if∆ is small)
for any utilization factor up to1 (see Figure 2.11). Furthermore, the bound is dominated byh∆, across the
whole range of utilization factors up to1. A key factor in obtaining little delay variation is to have asmall
damping tolerance∆.

There is a relation between a damper and a maximum service curve. Consider the combination of a scheduler
with minimum service curveβ and its associate damper with damping tolerance∆. Call p the fixed delay
on the link between the two. It follows immediately that the combination offers the maximum service curve
β ⊗ δp−∆ and the minimum service curveβ ⊗ δp. Thus a damper may be viewed as a way to implement
maximum service curve guarantees. This is explored in detail in [20].

2.4.4 STATIC EARLIEST T IME FIRST (SETF)

A simpler alternative to the of dampers is proposed by Z.-L. Zhang et al under the name of Static Earliest
Time First (SETF) [84].

ASSUMPTIONS We take the same assumptions as with Theorem 2.4.1, with the following differences.

• At network access, packets are stamped with their time of arrival. At any node, they are served
within the EF aggregate at one node in order of time stamps. Thus we assume that nodes offer a GR
guarantee to the EF aggregate, as defined by (2.1) or (2.3), but where packets are numbered in order
of time stamps (i.e. their order at the network access, not atthis node).

THEOREM 2.4.4. If the time stamps have infinite precision, for allν < 1, the end-to-end delay variation for
the EF aggregate is bounded by

D = (e+ τ)
1− (1− ν)h

ν(1− ν)h−1
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Figure 2.11:The bound D (in seconds) in Theorem 2.4.3 the same parameters as Figure 2.7, for a damping
tolerance ∆ = 5 ms per damper, and Cm = +∞ (thick line). The figure also shows the two curves of
Figure 2.7, for comparison. The bound is very close to h∆ = 0.05s, for all utilization factors up to 1.

PROOF: The proof is similar to the proof of Theorem 2.4.1. CallDk the least bound, assuming it exists,
on the end-to-end delay afterk hops,k ≤ h. Consider a tagged packet, with labeln, and calldk its delay
in k hops. Consider the nodem that is thehth hop for this packet. Apply (2.3): there is some labelk ≤ n
such that

dn ≤ e+ ak +
lk + ...+ ln

r
(2.25)

whereaj anddj are the arrival and departure times at nodem of the packet labeledj, andlj its length in
bits. Now packetsk to n must have arrived at the network access beforean − dk and afteram − DHh−1.
Thus

lk + ...+ ln ≤ α(an − am − dk +Dh−1)

whereα is an arrival curve at network access for the traffic that willflow through nodem. We have
α(t) ≤ rm(νt+ τ). By (2.4), the delaydn − an for our tagged packet is bounded by

e+ sup
t≥0

[
α(t− dk +Dh−1)

rm
− t

]
= e+ τ + ν(Dh−1 − dk)

thus

dk+1 ≤ dk + e+ τ + ν(Dh−1 − dk)

The above inequation can be solved iteratively fordk as a function ofDh−1; then takek = h − 1 and
assume the tagged packet is one that achieves the worst casek-hop delay, thusDh−1 = dh−1 which gives
an inequality forDh−1; last, takek = h and obtain the end-to-end delay bound as desired.

COMMENTS : The bound is finite for all values of the utilization factorν < 1, unlike the end-to-end
bound in Theorem 2.4.1. Note that for small values ofν, the two bounds are equivalent.

We have assumed here infinite precision about the arrival time stamped in every packet. In practice, the
timestamp is written with some finite precision; in that case, Zhang [84] finds a bound which lies between
Theorem 2.4.1 and Theorem 2.4.4 (at the limit, with null precision, the bound is exactly Theorem 2.4.4).
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2.5 BIBLIOGRAPHIC NOTES

The delay bound for EF in Theorem 2.4.2 was originally found in [14], but neglecting theLmax term; a
formula that accounts forLmax was found in [43].

Bounds that account for statistical multiplexing can be found in [58].

2.6 EXERCISES

EXERCISE 2.1. Consider a guaranteed rate scheduler, with rateR and delayv, that receives a packet flow
with cumulative packet lengthL. The (packetized) scheduler output is fed into a constant bit rate trunk with
rate c > R and propagation delayT .

1. Find a minimum service curve for the complete system.
2. Assume the flow of packets is(r, b)-constrained, withb > lmax. Find a bound on the end-to-end delay

and delay variation.

EXERCISE 2.2. Assume all nodes in a network are of the GR type with rateR and latencyT . A flow with
T-SPECα(t) = min(rt + b,M + pt) has performed a reservation with rateR across a sequence ofH
nodes, withp ≥ R. Assume no reshaping is done. What is the buffer requirementat thehth node along the
path, forh = 1, ...H ?

EXERCISE 2.3. Assume all nodes in a network are made of a GR type with rateR and latencyT , before
which a re-shaper with shaping curveσ = γr,b is inserted. A flow with T-SPECα(t) = min(rt+ b,M +pt)
has performed a reservation with rateR across a sequence ofH such nodes, withp ≥ R. What is a buffer
requirement at thehth node along the path, forh = 1, ...H ?

EXERCISE 2.4. Assume all nodes in a network are made of a shaper followed by aFIFO multiplexer.
Assume that flowI has T-SPEC,αi(t) = min(rit + bi,M + pit), that the shaper at every node uses the
shaping curveσi = γri,bi for flow i. Find the schedulability conditions for every node.

EXERCISE 2.5. A network consists of two nodes in tandem. There aren1 flows of type1 andn2 flows of
type2. Flows of typei have arrival curveαi(t) = rit + bi, i = 1, 2. All flows go through nodes1 then2.
Every node is made of a shaper followed by an EDF scheduler. Atboth nodes, the shaping curve for flows of
typei is someσi and the delay budget for flows of typei is di. Every flow of typei should have a end-to-end
delay bounded byDi. Our problem is to find good values ofd1 andd2.

1. We assume thatσi = αi. What are the conditions ond1 andd2 for the end-to-end delay bounds to be
satisfied ? What is the set of(n1, n2) that are schedulable ?

2. Same question if we setσi = λri

EXERCISE 2.6. Consider the scheduler in Theorem 2.3.3. Find an efficient algorithm for computing the
deadline of every packet.

EXERCISE2.7. Consider a SCED scheduler with target service curve for flowi given by

βi = γri,bi ⊗ δdi

Find an efficient algorithm for computing the deadline of every packet.

Hint: use an interpretation as a leaky bucket.

EXERCISE 2.8. Consider the delay bound in Theorem 2.4.1. Take the same assumptions but assume also
that the network is feedforward. Which better bound can you give ?
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CHAPTER 3

BASIC M IN-PLUS AND MAX -PLUS

CALCULUS

In this chapter we introduce the basic results from Min-plusthat are needed for the next chapters. Max-
plus algebra is dual to Min-plus algebra, with similar concepts and results when minimum is replaced by
maximum, and infimum by supremum. As basic results of networkcalculus use more min-plus algebra
than max-plus algebra, we present here in detail the fundamentals of min-plus calculus. We briefly discuss
the care that should be used when max and min operations are mixed at the end of the chapter. A detailed
treatment of Min- and Max-plus algebra is provided in [28], here we focus on the basic results that are
needed for the remaining of the book. Many of the results below can also be found in [11] for the discrete-
time setting.

3.1 MIN -PLUS CALCULUS

In conventional algebra, the two most common operations on elements ofZ orR are their addition and their
multiplication. In fact, the set of integers or reals endowed with these two operations verify a number of
well known axioms that define algebraic structures:(Z,+,×) is a commutative ring, whereas(R,+,×)
is a field. Here we consider another algebra, where the operations are changed as follows: addition be-
comes computation of the minimum, multiplication becomes addition. We will see that this defines another
algebraic structure, but let us first recall the notion of minimum and infimum.

3.1.1 INFIMUM AND M INIMUM

Let S be a nonempty subset ofR. S is bounded from below if there is a numberM such thats ≥ M
for all s ∈ S. The completeness axiom states that every nonempty subsetS of R that is bounded from
below has a greatest lower bound. We will call itinfimumof S, and denote it byinf S. For example
the closed and open intervals[a, b] and(a, b) have the same infimum, which isa. Now, if S contains an
element that is smaller than all its other elements, this element is calledminimumof S, and is denoted by
minS. Note that the minimum of a set does not always exist. For example, (a, b) has no minimum since
a /∈ (a, b). On the other hand, if the minimum of a setS exists, it is identical to its infimum. For example,
min[a, b] = inf[a, b] = a. One easily shows that every finite nonempty subset ofR has a minimum. Finally,
let us mention that we will often use the notation∧ to denote infimum (or, when it exists, the minimum).
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For example,a ∧ b = min{a, b}. If S is empty, we adopt the convention thatinf S = +∞.

If f is a function fromS toR, we denote byf(S) its range:

f(S) = {t such that t = f(s) for somes ∈ S}.

We will denote the infimum of this set by the two equivalent notations

inf f(S) = inf
s∈S

{f(s)}.

We will also often use the following property.

THEOREM 3.1.1 (“Fubini” formula for infimum).Let S be a nonempty subset ofR, andf be a function
fromS toR. Let{Sn}n∈N be a collection of subsets ofS, whose union isS. Then

inf
s∈S

{f(s)} = inf
n∈N

{
inf
s∈Sn

{f(sn)}
}
.

PROOF: By definition of an infimum, for any setsSn,

inf

{
⋃

n

Sn

}
= inf

n
{inf Sn} .

On the other hands, since∪nSn = S,

f

(
⋃

n∈N

Sn

)
=
⋃

n∈N

f (Sn)

so that

inf
s∈S

{f(s)} = inf f(S) = inf f

(
⋃

n∈N

Sn

)

= inf

{
⋃

n∈N

f (Sn)

}
= inf

n∈N
{inf f (Sn)}

= inf
n∈N

{
inf
s∈Sn

{f(s)}
}
.

3.1.2 DIOID (R ∪ {+∞},∧,+)

In traditional algebra, one is used to working with the algebraic structure(R,+,×), that is, with the set of
reals endowed with the two usual operations of addition and multiplication. These two operations possess
a number of properties (associativity, commutativity, distributivity, etc) that make(R,+,×) a commutative
field. As mentioned above, in min-plus algebra, the operation of ‘addition’ becomes computation of the
infimum (or of the minimum if it exists), whereas the one of ‘multiplication’ becomes the classical operation
of addition. We will also include+∞ in the set of elements on which min-operations are carried out, so that
the structure of interest is now(R ∪ {+∞},∧,+). Most axioms (but not all, as we will see later) defining
a field still apply to this structure. For example, distribution of addition with respect to multiplication in
conventional (‘Plus-times’) algebra

(3 + 4)× 5 = (3× 5) + (4 × 5) = 15 + 20 = 35
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translates in min-plus algebra as

(3 ∧ 4) + 5 = (3 + 5) ∧ (4 + 5) = 8 ∧ 9 = 8.

In fact, one easily verifies that∧ and+ satisfy the following properties:

• (Closure of∧) For alla, b ∈ R ∪ {+∞}, a ∧ b ∈ R ∪ {+∞}.
• (Associativity of ∧) For alla, b, c ∈ R ∪ {+∞}, (a ∧ b) ∧ c = a ∧ (b ∧ c).
• (Existence of a zero element for∧) There is some e= +∞ ∈ R ∪ {+∞} such that for alla ∈

R ∪ {+∞}, a ∧ e= a.
• (Idempotency of∧) For alla ∈ R ∪ {+∞}, a ∧ a = a.
• (Commutativity of ∧) For alla, b ∈ R ∪ {+∞}, a ∧ b = b ∧ a.
• (Closure of+) For alla, b ∈ R ∪ {+∞}, a+ b ∈ R ∪ {+∞}.
• (Associativity of +) For alla, b, c ∈ R ∪ {+∞}, (a+ b) + c = a+ (b+ c).
• (The zero element for∧ is absorbing for +) For alla ∈ R ∪ {+∞}, a+ e= e= e+ a.
• (Existence of a neutral element for+) There is someu = 0 ∈ R ∪ {+∞} such that for alla ∈

R ∪ {+∞}, a+ u = a = u+ a.
• (Distributivity of + with respect to∧) For alla, b, c ∈ R∪{+∞}, (a∧ b)+ c = (a+ c)∧ (b+ c) =
c+ (a ∧ b).

A set endowed with operations satisfying all the above axioms is called adioid. Moreover as+ is also
commutative (for alla, b ∈ R ∪ {+∞}, a+ b = b+ a), the structure(R ∪ {+∞},∧,+) is a commutative
dioid. All the axioms defining a dioid are therefore the same axioms as the ones defining a ring, except one:
the axiom of idempotency of the ‘addition’, which in dioids replaces the axiom of cancellation of ‘addition’
in rings (i.e. the existence of an element(−a) that ‘added’ toa gives the zero element). We will encounter
other dioids later on in this chapter.

3.1.3 A CATALOG OF W IDE -SENSE I NCREASING FUNCTIONS

A function f is wide-sense increasing if and only iff(s) ≤ f(t) for all s ≤ t. We will denote byG the
set of non-negative wide-sense increasing sequences or functions and byF denote the set of wide-sense
increasing sequences or functions such thatf(t) = 0 for t < 0. Parametert can be continuous or discrete:
in the latter case,f = {f(t), t ∈ Z} is called a sequence rather than a function. In the former case, we take
the convention that the functionf = {f(t), t ∈ R} is left-continuous. The range of functions or sequences
of F andG isR+ = [0,+∞].

Notationf + g (respectivelyf ∧ g) denotes the point-wise sum (resp. minimum) of functionsf andg:

(f + g)(t) = f(t) + g(t)

(f ∧ g)(t) = f(t) ∧ g(t)

Notationf ≤ (=,≥)g means thatf(t) ≤ (=,≥)g(t) for all t.

Some examples of functions belonging toF and of particular interest are the following ones. Notation[x]+

denotesmax{x, 0}, ⌈x⌉ denotes the smallest integer larger than or equal tox.

DEFINITION 3.1.1 (Peak rate functionsλR).

λR(t) =

{
Rt if t > 0
0 otherwise

for someR ≥ 0 (the ‘rate’).
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DEFINITION 3.1.2 (Burst delay functionsδT ).

δT (t) =

{
+∞ if t > T
0 otherwise

for someT ≥ 0 (the ‘delay’).

DEFINITION 3.1.3 (Rate-latency functionsβR,T ).

βR,T (t) = R[t− T ]+ =

{
R(t− T ) if t > T
0 otherwise

for someR ≥ 0 (the ‘rate’) andT ≥ 0 (the ‘delay’).

DEFINITION 3.1.4 (Affine functionsγr,b).

γr,b(t) =

{
rt+ b if t > 0
0 otherwise

for somer ≥ 0 (the ‘rate’) andb ≥ 0 (the ‘burst’).

DEFINITION 3.1.5 (Step FunctionvT ).

vT (t) = 1{t>T} =

{
1 if t > T
0 otherwise

for someT > 0.

DEFINITION 3.1.6 (Staircase FunctionsuT,τ ).

uT,τ (t) =

{
⌈ t+τ

T ⌉ if t > 0
0 otherwise

for someT > 0 (the ‘interval’) and0 ≤ τ ≤ T (the ‘tolerance’).

These functions are also represented in Figure 3.1. By combining these basic functions, one obtains more
general piecewise linear functions belonging toF . For example, the two functions represented in Figure 3.2
are written using∧ and+ from affine functions and rate-latency functions as follows, with r1 > r2 > . . . >
rI andb1 < b2 < . . . < bI

f1 = γr1,b1 ∧ γr2,b2 ∧ . . . γrI ,bI = min
1≤i≤I

{γri,bi} (3.1)

f2 = λR ∧ {βR,2T +RT} ∧ {βR,4T + 2RT} ∧ . . .
= inf

i≥0
{βR,2iT + iRT} . (3.2)

We will encounter other functions later in the book, and obtain other representations with the min-plus
convolution operator.
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Figure 3.1:A catalog of functions of F : Peak rate function (top left), burst-delay function (top right), rate-
latency function (center left), affine function (center right), staircase function (bottom left) and step function
(bottom right).
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Figure 3.2:Two piecewise linear functions of F as defined by (3.1) (left) and (3.2) (right).

3.1.4 PSEUDO-INVERSE OF W IDE -SENSE I NCREASING FUNCTIONS

It is well known that any strictly increasing function is left-invertible. That is, if for anyt1 < t2, f(t1) <
f(t2), then there is a functionf−1 such thatf−1(f(t)) = t for all t. Here we consider slightly more
general functions, namely, wide-sense increasing functions, and we will see that a pseudo-inverse function
can defined as follows.

DEFINITION 3.1.7 (Pseudo-inverse).Letf be a function or a sequence ofF . The pseudo-inverse off is the
function

f−1(x) = inf {t such that f(t) ≥ x} . (3.3)

For example, one can easily compute that the pseudo-inverses of the four functions of Definitions 3.1.1 to
3.1.4 are

λ−1
R = λ1/R

δ−1
T = δ0 ∧ T

β−1
R,T = γ1/R,T

γ−1
r,b = β1/r,b.

The pseudo-inverse enjoys the following properties:

THEOREM 3.1.2 (Properties of pseudo-inverse functions).Letf ∈ F , x, t ≥ 0.

• (Closure)f−1 ∈ F andf−1(0) = 0.
• (Pseudo-inversion)We have that

f(t) ≥ x ⇒ f−1(x) ≤ t (3.4)

f−1(x) < t ⇒ f(t) ≥ x (3.5)

• (Equivalent definition)
f−1(x) = sup {t such that f(t) < x} . (3.6)

PROOF: Define subsetSx = {t such that f(t) ≥ x} ⊆ R+. Then (3.3) becomesf−1(x) = inf Sx.
(Closure) Clearly, from (3.3),f−1(x) = 0 for x ≤ 0 (and in particularf−1(0) = 0). Now, let0 ≤ x1 < x2.
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ThenSx1 ⊇ Sx2 , which implies thatinf Sx1 ≤ inf Sx2 and hence thatf−1(x1) ≤ f−1(x2). Thereforef−1

is wide-sense increasing. (Pseudo-inversion) Suppose first thatf(t) ≥ x. Thent ∈ Sx, and so is larger than

the infimum ofSx, which isf−1(x): this proves (3.4). Suppose next thatf−1(x) < t. Thent > inf Sx,
which implies thatt ∈ Sx, by definition of an infimum. This in turn yields thatf(t) ≥ x and proves (3.5).
(Equivalent definition) Define subset̃Sx = {t such that f(t) < x} ⊆ R+. Pick t ∈ Sx and t̃ ∈ S̃x. Then

f(t̃) < f(t), and sincef is wide-sense increasing, it implies thatt̃ ≤ t. This is true for anyt ∈ Sx and
t̃ ∈ S̃x, hencesup S̃x ≤ inf Sx. As S̃x ∪ Sx = R+, we cannot havesup S̃x < inf Sx. Therefore

sup S̃x = inf Sx = f−1(x).

3.1.5 CONCAVE , CONVEX AND STAR -SHAPED FUNCTIONS

As an important class of functions in min-plus calculus are the convex and concave functions, it is useful to
recall some of their properties.

DEFINITION 3.1.8 (Convexity inRn). Letu be any real such that0 ≤ u ≤ 1.

• SubsetS ⊆ Rn is convex if and only ifux+ (1− u)y ∈ S for all x, y ∈ S.
• Functionf from a subsetD ⊆ Rn toR is convex if and only iff(ux+(1−u)y) ≤ uf(x)+(1−u)f(y)

for all x, y ∈ D.
• Functionf from a subsetD ⊆ Rn toR is concave if and only if−f is convex.

For example, the rate-latency function (Fig 3.1, center left) is convex, the piecewise linear functionf1 given
by (3.1) is concave and the piecewise linear functionf2 given by (3.2) is neither convex nor concave.

There are a number of properties that convex sets and functions enjoy [76]. Here are a few that will be used
in this chapter, and that are a direct consequence of Definition 3.1.8.

• The convex subsets ofR are the intervals.
• If S1 andS2 are two convex subsets ofRn, their sum

S = S1 + S2 = {s ∈ Rn | s = s1 + s2 for somes1 ∈ S1 ands2 ∈ S2}

is also convex.
• Functionf from an interval[a, b] to R is convex (resp. concave) if and only iff(ux + (1 − u)y) ≤

(resp.≥) uf(x) + (1− u)f(y) for all x, y ∈ [a, b] and allu ∈ [0.1].
• The pointwise maximum (resp. minimum) of any number of convex (resp. concave) functions is a

convex (resp. concave) function.
• If S is a convex subset ofRn+1, n ≥ 1, the function fromRn to R defined by

f(x) = inf{µ ∈ R such that (x, µ) ∈ S}

is convex.
• If f is a convex function fromRn to R, the setS defined by

S = {(x, µ) ∈ Rn+1 such that f(x) ≤ µ}

is convex. This set is called the epigraph off . It implies in the particular case wheren = 1 that the
line segment between{a, f(a)} and{b, f(b)} lies above the graph of the curvey = f(x).
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The proof of these properties is given in [76] and can be easily deduced from Definition 3.1.8, or even from
a simple drawing. Chang [11] introducedstar-shapedfunctions, which are defined as follows.

DEFINITION 3.1.9 (Star-shaped function).Functionf ∈ F is star-shaped if and only iff(t)/t is wide-sense
decreasing for allt > 0.

Star-shaped enjoy the following property:

THEOREM3.1.3 (Minimum of star-shaped functions).Letf, g be two star-shaped functions. Thenh = f∧g
is also star-shaped.

PROOF: Consider somet ≥ 0. If h(t) = f(t), then for alls > t, h(t)/t = f(t)/t ≥ f(s)/s ≥ h(s)/s.
The same argument holds of course ifh(t) = g(t). Thereforeh(t)/t ≥ h(s)/s for all s > t, which shows
thath is star-shaped.

We will see other properties of star-shaped functions in thenext sections. Let us conclude this section with
an important class of star-shaped functions.

THEOREM 3.1.4. Concave functions are star-shaped.

PROOF: Let f be a concave function. Then for anyu ∈ [0, 1] andx, y ≥ 0, f(ux + (1 − u)y) ≥
uf(x) + (1 − u)f(y). Takex = t, y = 0 andu = s/t, with 0 < s ≤ t. Then the previous inequality
becomesf(s) ≥ (s/t)f(t), which shows thatf(t)/t is a decreasing function oft.

On the other hand, a star-shaped function is not necessarilya concave function. We will see one such
example in Section 3.1.7.

3.1.6 MIN -PLUS CONVOLUTION

Let f(t) be a real-valued function, which is zero fort ≤ 0. If t ∈ R, the integral of this function in the
conventional algebra(R,+,×) is ∫ t

0
f(s)ds

which becomes, for a sequencef(t) wheret ∈ Z,

t∑

s=0

f(s).

In the min-plus algebra(R ∪ {+∞},∧,+), where the ‘addition’ is∧ and the ‘multiplication’ is+, an
‘integral’ of the functionf becomes therefore

inf
s∈R such that 0≤s≤t

{f(s)},

which becomes, for a sequencef(t) wheret ∈ Z,

min
s∈Z such that 0≤s≤t

{f(s)}.

We will often adopt a shorter notation for the two previous expressions, which is

inf
0≤s≤t

{f(s)},

with s ∈ Z or s ∈ R depending on the domain off .
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A key operation in conventional linear system theory is the convolution between two functions, which is
defined as

(f ⊗ g)(t) =

∫ +∞

−∞
f(t− s)g(s)ds

and becomes, whenf(t) andg(t) are two functions that are zero fort < 0,

(f ⊗ g)(t) =

∫ t

0
f(t− s)g(s)ds.

In min-plus calculus, the operation of convolution is the natural extension of the previous definition:

DEFINITION 3.1.10 (Min-plus convolution).Letf andg be two functions or sequences ofF . The min-plus
convolution off andg is the function

(f ⊗ g)(t) = inf
0≤s≤t

{f(t− s) + g(s)} . (3.7)

(If t < 0, (f ⊗ g)(t) = 0).

Example. Consider the two functionsγr,b andβR,T , with 0 < r < R, and let us compute their min-plus
convolution. Let us first compute it for0 ≤ t ≤ T .

(γr,b ⊗ βR,T )(t) = inf
0≤s≤t

{
γr,b(t− s) +R[s− T ]+

}

= inf
0≤s≤t

{γr,b(t− s) + 0} = γr,b(0) + 0 = 0 + 0 = 0

Now, if t > T , one has

(γr,b ⊗ βR,T )(t)

= inf
0≤s≤t

{
γr,b(t− s) +R[s− T ]+

}

= inf
0≤s≤T

{
γr,b(t− s) +R[s− T ]+

}
∧ inf

T<s<t

{
γr,b(t− s) +R[s− T ]+

}

∧ inf
s=t

{
γr,b(t− s) +R[s− T ]+

}

= inf
0≤s≤T

{b+ r(t− s) + 0} ∧ inf
T<s<t

{b+ r(t− s) +R(s− T )}

∧ {0 +R(t− T )}

= {b+ r(t− T )} ∧
{
b+ rt−RT + inf

T<s<t
{(R− r)s}

}
∧ {R(t− T )}

= {b+ r(t− T )} ∧ {b+ r(t− T )} ∧ {R(t− T )}
= {b+ r(t− T )} ∧ {R(t− T )} .

The result is shown in Figure 3.3. Let us now derive some useful properties for the computation of min-plus
convolution.

THEOREM 3.1.5 (General properties of⊗). Letf, g, h ∈ F .

• Rule 1 (Closure of⊗) (f ⊗ g) ∈ F .
• Rule 2 (Associativity of⊗) (f ⊗ g)⊗ h = f ⊗ (g ⊗ h).
• Rule 3 (The zero element for∧ is absorbing for⊗) The zero element for∧ belonging toF is the

functionε, defined asε(t) = +∞ for all t ≥ 0 andε(t) = 0 for all t < 0. One hasf ⊗ ε = ε.
• Rule 4 (Existence of a neutral element for⊗) The neutral element isδ0, asf ⊗ δ0 = f .
• Rule 5 (Commutativity of⊗) f ⊗ g = g ⊗ f .
• Rule 6 (Distributivity of⊗ with respect to∧) (f ∧ g) ⊗ h = (f ⊗ h) ∧ (g ⊗ h).
• Rule 7 (Addition of a constant)For anyK ∈ R+, (f +K)⊗ g = (f ⊗ g) +K.

The proof of these rules is easy. We prove the two first rules, the proof of the five others are left to the reader.
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Figure 3.3:Function γr,b ⊗ βR,T when 0 < r < R.

PROOF: (Rule 1) Sincef is wide-sense increasing,

f(t1 − s) + g(s) ≤ f(t2 − s) + g(s)

for all 0 ≤ t1 < t2 and alls ∈ R. Therefore

inf
s∈R

{f(t1 − s) + g(s)} ≤ inf
s∈R

{f(t2 − s) + g(s)}

and asf(t) = g(t) = 0 whent < 0, this inequality is equivalent to

inf
0≤s≤t1

{f(t1 − s) + g(s)} ≤ inf
0≤s≤t2

{f(t2 − s) + g(s)} ,

which shows that(f ⊗ g)(t1) ≤ (f ⊗ g)(t2) for all 0 ≤ t1 < t2. (Rule 2) One has

((f ⊗ g)⊗ h)(t) = inf
0≤s≤t

{
inf

0≤u≤t−s
{f(t− s− u) + g(u)} + h(s)

}

= inf
0≤s≤t

{
inf

s≤u′≤t

{
f(t− u′) + g(u′ − s) + h(s)

}}

= inf
0≤u′≤t

{
inf

0≤s≤u′

{
f(t− u′) + g(u′ − s) + h(s)

}}

= inf
0≤u′≤t

{
f(t− u′) + inf

0≤s≤u′

{
g(u′ − s) + h(s)

}}

= inf
0≤u′≤t

{
f(t− u′) + (g ⊗ h)(u′)

}

= (f ⊗ (g ⊗ h))(t).

Rules 1 to 6 establish a structure of a commutative dioid for(F ,∧,⊗), whereas Rules 6 and 7 show that⊗
is a linear operation on(R+,∧,+). Now let us also complete these results by two additional rules that are
helpful in the case of concave or convex functions.

THEOREM 3.1.6 (Properties of⊗ for concave/convex functions).Letf, g ∈ F .

• Rule 8 (Functions passing through the origin)If f(0) = g(0) = 0 thenf ⊗ g ≤ f ∧ g. Moreover, if
f andg are star-shaped, thenf ⊗ g = f ∧ g.
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• Rule 9 (Convex functions)If f andg are convex thenf ⊗ g is convex. In particular iff, g are convex
and piecewise linear,f ⊗ g is obtained by putting end-to-end the different linear pieces off andg,
sorted by increasing slopes.

Since concave functions are star-shaped, Rule 8 also implies that iff, g are concave withf(0) = g(0) = 0,
thenf ⊗ g = f ∧ g.

PROOF: (Rule 8) Asf(0) = g(0) = 0,

(f ⊗ g)(t) = g(t) ∧ inf
0<s<t

{f(t− s) + g(s)} ∧ f(t) ≤ f(t) ∧ g(t). (3.8)

Suppose now that, in addition,f andg are star-shaped. Then for anyt > 0 and0 ≤ s ≤ t f(t − s) ≥
(1− s/t)f(t) andg(s) ≥ (s/t)g(t), so that

f(t− s) + g(s) ≥ f(t) + (s/t)(g(t) − f(t)).

Now, as0 ≤ s/t ≤ 1, f(t) + (s/t)(g(t) − f(t)) ≥ f(t) ∧ g(t) so that

f(t− s) + g(s) ≥ f(t) ∧ g(t)

for all 0 ≤ s ≤ t. Combining this inequality with (3.8), we obtain the desired result. (Rule 9) The proof

uses properties of convex sets and functions listed in the previous subsection. The epigraphs off andg are
the sets

S1 = {(s1, µ1) ∈ R2 such that f(s1) ≤ µ1}
S2 = {(s2, µ2) ∈ R2 such that g(s2) ≤ µ2}

Sincef andg are convex, their epigraphs are also convex, and so is their sumS = S1 + S2, which can be
expressed as

S = {(t, µ) ∈ R2| for some(s, ξ) ∈ [0, t] × [0, µ], f(t− s) ≤ µ− ξ, g(s) ≤ ξ}.

As S is convex, functionh(t) = inf{µ ∈ R such that (t, µ) ∈ S} is also convex. Nowh can be recast as

h(t)

= inf{µ ∈ R | for some(s, ξ) ∈ [0, t]× [0, µ], f(t− s) ≤ µ− ξ, g(s) ≤ ξ}
= inf{µ ∈ R | for somes ∈ [0, t], f(t − s) + g(s) ≤ µ}
= inf{f(t− s) + g(s), s ∈ [0, t]}
= (f ⊗ g)(t),

which proves that(f ⊗ g) is convex.

If f andg are piecewise linear, one can construct the setS = S1 + S2, which is the epigraph off ⊗ g, by
putting end-to-end the different linear pieces off andg, sorted by increasing slopes [24].

Indeed, leth′ denote the function that results from this operation, and let us show thath′ = f ⊗ g. Suppose
that there are a total ofn linear pieces fromf andg, and label them from1 ton according to their increasing
slopes:0 ≤ r1 ≤ r2 ≤ . . . ≤ rn. Figure 3.4 shows an example forn = 5. Let Ti denote the length of
the projection of segmenti onto the horizontal axis, for1 ≤ i ≤ n. Then the length of the projection of
segmenti onto the vertical axis isriTi. Denote byS ′ the epigraph ofh′, which is convex, and by∂S ′ its
boundary. Pick any point(t, h′(t)) on this boundary∂S ′. We will show that it can always be obtained by
adding a point(t− s, f(t− s)) of the boundary∂S1 of S1 and a point(s, g(s)) of the boundary∂S2 of S2.
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Figure 3.4:Convex, piecewise linear functions f (and its epigraph S1 (top left)), g (and its epigraph S2 (top
right)), and f ⊗ g (and its epigraph S = S1 + S2 (bottom)).
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Let k be the linear segment index to which(t, h′(t)) belongs, and assume, with no loss of generality, that
this segment is a piece off (that is,k ⊆ ∂S1). We can expressh′(t) as

h′(t) = rk(t−
k−1∑

i=1

Ti) +

k−1∑

i=1

riTi. (3.9)

Now, lets be the sum of the lengths of the horizontal projections of thesegments belonging tog and whose
index is less thank, that is,

s =
∑

i⊆∂S2,1≤i≤k−1

Ti.

Then we can compute that

t− s = t−
k−1∑

i=1

Ti +
k−1∑

i=1

Ti −
∑

i⊆∂S2,1≤i≤k−1

Ti

= t−
k−1∑

i=1

Ti +
∑

i⊆∂S1,1≤i≤k−1

Ti

and that

f(t− s) = rk(t−
k−1∑

i=1

Ti) +
∑

i⊆∂S1,1≤i≤k−1

riTi

g(s) =
∑

i⊆∂S2,1≤i≤k−1

riTi.

The addition of the right hand sides of these two equations isequal toh′(t), because of (3.9), and therefore
f(t − s) + g(s) = h′(t). This shows that any point of∂S ′ can be broken down into the sum of a point of
∂S1 and of a point of∂S2, and hence that∂S ′ = ∂S1 + ∂S2, which in turn implies thatS ′ = S1 + S2 = S.
Thereforeh′ = f ⊗ g.

The last rule is easy to prove, and states that⊗ is isotone, namely:

THEOREM 3.1.7 (Isotonicity of⊗). Letf, g, f ′, g′ ∈ F .

• Rule 10 (Isotonicity)If f ≤ g andf ′ ≤ g′ thenf ⊗ f ′ ≤ g ⊗ g′.

We will use the following theorem:

THEOREM 3.1.8. For f andg in F , if in additiong is continuous, then for anyt there is somet0 such that

(f ⊗ g)(t) = fl(t0) + g(t− t0) (3.10)

wherefl(t0) = sup{s<t0} f(s) is the limit from the left off at t0. If f is left-continuous, thenfl(t0) = f(t0).

PROOF: Fix t. There is a sequence of times0 ≤ sn ≤ t such that

inf
t0≤t

(f(t0) + g(t− t0)) = lim
n→∞

(f(sn) + g(t− sn)) (3.11)

Since0 ≤ sn ≤ t, we can extract a sub-sequence that converges towards some value t0. We take a
notation shortcut and writelimn→∞ sn = t0. If f is continuous, the right hand-side in 3.11 is equal
to fl(t0) + g(t − t0) which shows the proposition. Otherwisef has a discontinuity att0. Defineδ =
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f(t0) − fl(t0). We show that we can again extract a subsequence such thatsn < t0. Indeed, if this would
not be true, we would havesn ≥ t0 for all but a finite number of indicesn. Thus forn large enough we
would have

f(sn) ≥ fl(t0) + δ

and by continuity ofg:

g(t− sn) ≥ g(t− t0)−
δ

2
thus

f(sn) + g(t− sn) ≥ fl(t0) + g(t− t0) +
δ

2
Now

fl(t0) + g(t− t0) ≥ inf
s≤t

(f(s) + g(t− s))

thus

f(sn) + g(t− sn) ≥ inf
s≤t

(f(s) + g(t− s)) +
δ

2

which contradicts 3.11. Thus we can assume thatsn ≤ t0 for n large enough and thuslimn→∞ f(sn) =
fl(t0).

Finally, let us mention that it will sometimes be useful to break down a somewhat complex function into the
convolution of a number of simpler functions. For example, observe that the rate-latency functionβR,T can
be expressed as

βR,T = δT ⊗ λR. (3.12)

3.1.7 SUB-ADDITIVE FUNCTIONS

Another class of functions will be important in network calculus are sub-additive functions, which are
defined as follows.

DEFINITION 3.1.11 (Sub-additive function).Letf be a function or a sequence ofF . Thenf is sub-additive
if and only iff(t+ s) ≤ f(t) + f(s) for all s, t ≥ 0.

Note that this definition is equivalent to imposing thatf ≤ f ⊗ f . If f(0) = 0, it is equivalent to imposing
thatf ⊗ f = f .

We will see in the following theorem that concave functions passing through the origin are sub-additive. So
the piecewise linear functionf1 given by (3.1), being concave and passing through the origin, is sub-additive.

The set of sub-additive functions is however larger than that of concave functions: the piecewise linear
functionf2 given by (3.2) is not concave, yet one check that it verifies Definition 3.1.11 and hence is sub-
additive.

Contrary to concave and convex functions, it is not always obvious, from a quick visual inspection of the
graph of a function, to establish whether it is sub-additiveor not. Consider the two functionsβR,T + K ′

andβR,T +K ′′, represented respectively on the left and right of Figure 3.5. Although they differ only by
the constantsK ′ andK ′′, which are chosen so that0 < K ′′ < RT < K ′ < +∞, we will seeβR,T +K ′ is
sub-additive but notβR,T +K ′′. Consider firstβR,T +K ′. If s+ t ≤ T , thens, t ≤ T and

βR,T (s + t) +K ′ = K ′ < 2K ′ = (βR,T (s) +K ′) + (βR,T (t) +K ′).

On the other hand, ifs+ t > T , then, sinceK ′ > RT ,

βR,T (t+ s) +K ′ = R(t+ s− T ) +K ′

< R(s+ t− T ) +K ′ + (K ′ −RT )

= (R(t− T ) +K ′) + (R(s − T ) +K ′)

≤ (βR,T (t) +K ′) + (βR,T (s) +K ′),
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Figure 3.5:Functions βR,T +K ′ (left) and βR,T +K ′′ (right). The only difference between them is the value
of the constant: K ′′ < RT < K ′.

which proves thatβR,T +K ′ is sub-additive. Consider nextβR,T +K ′′. Picks = T andt > T . Then, since
K ′′ < RT ,

βR,T (t+ s) +K ′′ =

βR,T (t+ T ) +K ′′ = Rt+K ′′ = R(t− T ) +RT +K ′′

> R(t− T ) +K ′′ +K ′′ = (βR,T (t) +K ′′) + (βR,T (s) +K ′′),

which proves thatβR,T +K ′′ is not sub-additive.

Let us list now some properties of sub-additive functions.

THEOREM 3.1.9 (Properties of sub-additive functions).Letf, g ∈ F .

• (Star-shaped functions passing through the origin)If f is star-shaped withf(0) = 0, thenf is
sub-additive.

• (Sum of sub-additive functions)If f andg are sub-additive, so is(f + g).
• (Min-plus convolution of sub-additive functions)If f andg are sub-additive, so is(f ⊗ g).

The first property also implies that concave functions passing through the origin are sub-additive. The proof
of the second property is simple and left to the reader, we prove the two others.

PROOF: (Star-shaped functions passing through the origin) Lets, t ≥ 0 be given. Ifs or t = 0, one
clearly has thatf(s+ t) = f(s) + f(t). Assume next thats, t > 0. As f is star-shaped,

f(s) ≥ s

s+ t
f(s+ t)

f(t) ≥ t

s+ t
f(s+ t)

which sum up to givef(s)+ f(t) ≥ f(s+ t). (Min-plus convolution of sub-additive functions) Lets, t ≥ 0

be given. Then

(f ⊗ g)(s) + (f ⊗ g)(t)

= inf
0≤u≤s

{f(s− u) + g(u)} + inf
0≤v≤t

{f(t− v) + g(v)}

= inf
0≤u≤s

inf
0≤v≤t

{f(s− u) + f(t− v) + g(u) + g(v)}
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≥ inf
0≤u≤s

inf
0≤v≤t

{f(s+ t− (u+ v)) + g(u+ v)}

= inf
0≤u+v≤s+t

{f(s+ t− (u+ v)) + g(u+ v)}

= (f ⊗ g)(t + s).

The minimum of any number of star-shaped (resp. concave) functions is still a star-shaped (resp. concave)
function. If one of them passes through the origin, it is therefore a sub-additive function: for example, as
already mentioned earlier, the concave piecewise linear function f1 given by (3.1) is sub-additive. On the
other hand the minimum of two sub-additive functions is not,in general, sub-additive. Take for example
the minimum between a rate latency functionβR′,T and functionf2 given by (3.2), whenR′ = 2R/3. with
R,T as defined in (3.2). Both functions are sub-additive, but onecan check thatβR′,T ∧ f2 is not.

The first property of the previous theorem tells us that all star-shaped functions are sub-additive. One can
check for example thatβR,T + K ′ is a star-shaped function (which is not concave), but notβR,T + K ′′.
One can also wonder if, conversely, all sub-additive functions are star-shaped. The answer is no: take again
function f2 given by (3.2), which is sub-additive. It is not star-shaped, becausef(2T )/2T = R/2 <
2R/3 = f(3T )/3T .

3.1.8 SUB-ADDITIVE CLOSURE

Given a functionf ∈ F , if f(0) = 0, thenf ≥ f ⊗ f ≥ 0. By repeating this operation, we will get a
sequence of functions that are each time smaller (in the widesense) and converges to some limiting function
that, as we will see, is the largest sub-additive function smaller thanf (in the wide sense) and zero int = 0,
and is called sub-additive closure off . The formal definition is as follows.

DEFINITION 3.1.12 (Sub-additive closure).Letf be a function or a sequence ofF . Denotef (n) the function
obtained by repeating(n − 1) convolutions off with itself. By convention,f (0) = δ0, so thatf (1) = f ,
f (2) = f ⊗ f , etc. Then the sub-additive closure off , denoted byf , is defined by

f = δ0 ∧ f ∧ (f ⊗ f) ∧ (f ⊗ f ⊗ f) ∧ . . . = inf
n≥0

{
f (n)

}
. (3.13)

Example. Let us compute the sub-additive closure of the two functionsβR,T +K ′ andβR,T +K ′′, repre-
sented respectively on the left and right of Figure 3.5. Notefirst that Rule 7 of Theorem 3.1.5 and Rule 9 of
Theorem 3.1.6 yield that for anyK > 0,

(βR,T +K)⊗ (βR,T +K) = (βR,T ⊗ βR,T ) + 2K = βR,2T + 2K.

Repeating this convolutionn times yields that for all integersn ≥ 1

(βR,T +K)(n) = βR,nT + nK.

Now, if K = K ′ > RT andt ≤ nT ,

βR,nT + nK ′ = nK ′ > (n− 1)RT +K ′ = R(nT − T ) +K ′

≥ R[t− T ]+ +K ′ = βR,T +K ′,

whereas ift > nT

βR,nT + nK ′ = R(t− nT ) + nK ′ = R(t− T ) + (n− 1)(K ′ −RT ) +K ′

> R(t− T ) +K ′ = βR,T +K ′
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so that(βR,T +K ′)(n) ≥ βR,T +K ′ for all n ≥ 1. Therefore (3.13) becomes

βR,T +K ′ = δ0 ∧ inf
n≥1

{
(βR,T +K ′)(n)

}
= δ0 ∧ (βR,T +K ′),

and is shown on the left of Figure 3.6. On the other hand, ifK = K ′′ < RT , the infimum in the previous
equation is not reached inn = 1 for everyt > 0, so that the sub-additive closure is now expressed by

βR,T +K ′′ = δ0 ∧ inf
n≥1

{
(βR,T +K ′′)(n)

}
= δ0 ∧ inf

n≥1

{
(βR,nT + nK ′′)

}
,

and is shown on the right of Figure 3.6.

T
t

 βR,T(t) + K’ 

K’
RT

T
t

 βR,T(t) + K” 

K”
2K”
3K”
4K”

2T3T4T

Figure 3.6:The sub-additive closure of functions βR,T+K
′ (left) and βR,T+K

′′ (right), whenK ′′ < RT < K ′.

Among all the sub-additive functions that are smaller (in the wide sense) thanf and that are zero int = 0,
there is one that is an upper bound for all others; it is equal to f , as established by the following theorem.

THEOREM 3.1.10 (Sub-additive closure).Let f be a function or a sequence ofF , and letf be its sub-
additive closure. Then (i)f ≤ f , f ∈ F andf is sub-additive. (ii) if functiong ∈ F is sub-additive, with
g(0) = 0 andg ≤ f , theng ≤ f .

PROOF: (i) It is obvious from Definition 3.1.12, thatf ≤ f . By repeating(n − 1) times Rule 1 of
Theorem 3.1.5, one has thatf (n) ∈ F for all n ≥ 1. As f (0) = δ0 ∈ F too,f = infn≥0{f (n)} ∈ F . Let us
show next thatf is sub-additive. For any integersn,m ≥ 0, and for anys, t ≥ 0,

f (n+m)(t+ s) = (f (n) ⊗ f (m))(t+ s) = inf
0≤u≤t+s

{f (n)(t+ s− u) + f (m)(u)}

≤ f (n)(t) + f (m)(s)

so that

f(t+ s) = inf
n+m≥0

{f (n+m)(t+ s)} = inf
n,m≥0

{f (n+m)(t+ s)}

≤ inf
n,m≥0

{f (n)(t) + f (m)(s)}

= inf
n≥0

{f (n)(t)}+ inf
m≥0

{f (m)(s)} = f(t) + f(s)

which shows thatf is sub-additive. (ii) Next, suppose thatg ∈ F is sub-additive,g(0) = 0 andg ≤ f .
Suppose that for somen ≥ 1, f (n) ≥ g. Clearly, this holds forn = 0 (becauseg(0) = 0 implies that
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g ≤ δ0 = f (0)) and forn = 1. Now, this assumption and the sub-additivity ofg yield that for any
0 ≤ s ≤ t, f (n)(t− s) + f(s) ≥ g(t− s) + g(s) ≥ g(t) and hence thatf (n+1)(t) ≥ g(t). By recursion on
n, f (n) ≥ g for all n ≥ 0, and thereforef = infn≥0{f (n)} ≥ g.

COROLLARY 3.1.1 (Sub-additive closure of a sub-additive function).Let f ∈ F . Then the three following
statements are equivalent: (i)f(0) = 0 andf is sub-additive (ii)f ⊗ f = f (iii) f = f .

PROOF: (i) ⇒ (ii) follows immediately from from Definition 3.1.11. (ii)⇒ (iii): first note thatf⊗f = f
implies thatf (n) = f for all n ≥ 1. Second, note that(f ⊗ f)(0) = f(0) + f(0), which implies that
f(0) = 0. Thereforef = infn≥0{f (n)} = δ0 ∧ f = f . (iii) ⇒ (i) follows from Theorem 3.1.10.

The following theorem establishes some additional useful properties of the sub-additive closure of a func-
tion.

THEOREM 3.1.11 (Other properties of sub-additive closure).Letf, g ∈ F

• (Isotonicity) If f ≤ g thenf ≤ g.
• (Sub-additive closure of a minimum)f ∧ g = f ⊗ g.
• (Sub-additive closure of a convolution)f ⊗ g ≥ f ⊗ g. If f(0) = g(0) = 0 thenf ⊗ g = f ⊗ g.

PROOF: (Isotonocity) Suppose that we have shown that for somen ≥ 1, f (n) ≤ g(n) (Clearly, this holds
for n = 0 and forn = 1). Then applying Theorem 3.1.7 we get

f (n+1) = f (n) ⊗ f ≤ g(n) ⊗ g = g(n+1),

which implies by recursion onn thatf ≤ g. (Sub-additive closure of a minimum) One easily shows, using

Theorem 3.1.5, that
(f ∧ g)(2) = (f ⊗ f) ∧ (f ⊗ g) ∧ (g ⊗ g).

Suppose that we have shown that for somen ≥ 0, the expansion of(f ∧ g)(n) is

(f ∧ g)(n) =
f (n) ∧ (f (n−1) ⊗ g) ∧ (f (n−2) ⊗ g(2)) ∧ . . . ∧ g(n) =
inf

0≤k≤n

{
f (n−k) ⊗ g(k)

}
.

Then

(f ∧ g)(n+1) = (f ∧ g)⊗ (f ∧ g)(n) =
{
f ⊗ (f ∧ g)(n)

}
∧
{
g ⊗ (f ∧ g)(n)

}

= inf
0≤k≤n

{
f (n+1−k) ⊗ g(k)

}
∧ inf

0≤k≤n

{
f (n−k) ⊗ g(k+1)

}

= inf
0≤k≤n

{
f (n+1−k) ⊗ g(k)

}
∧ inf

1≤k′≤n+1

{
f (n+1−k′) ⊗ g(k

′)
}

= inf
0≤k≤n+1

{
f (n+1−k) ⊗ g(k)

}

which establishes the recursion for alln ≥ 0. Therefore

f ∧ g = inf
n≥0

inf
0≤k≤n

{
f (n−k) ⊗ g(k)

}
= inf

k≥0
inf
n≥k

{
f (n−k) ⊗ g(k)

}

= inf
k≥0

inf
l≥0

{
f (l) ⊗ g(k)

}
= inf

k≥0

{
inf
l≥0

{f (l)} ⊗ g(k)
}

= inf
k≥0

{
f ⊗ g(k)

}
= f ⊗ inf

k≥0
{g(k)} = f ⊗ g.
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(Sub-additive closure of a convolution) Using the same recurrence argument as above, one easily shows that
(f ⊗ g)(n) = f (n) ⊗ g(n), and hence that

f ⊗ g = inf
n≥0

{
(f ⊗ g)(n)

}
= inf

n≥0

{
f (n) ⊗ g(n)

}

≥ inf
n,m≥0

{
f (n) ⊗ g(m)

}

=

(
inf
n≥0

{
f (n)

})
⊗
(
inf
m≥0

{
g(m)

})
= f ⊗ g. (3.14)

If f(0) = g(0) = 0, Rule 8 in Theorem 3.1.6 yields thatf ⊗ g ≤ f ∧ g, and therefore thatf ⊗ g ≤ f ∧ g.
Now we have just shown above thatf ∧ g = f ⊗ g, so that

f ⊗ g ≤ f ⊗ g.

Combining this result with (3.14), we getf ⊗ g = f ⊗ g.

Let us conclude this section with an example illustrating the effect that a difference in takingt continuous
or discrete may have. This example is the computation of the sub-additive closure of

f(t) =

{
t2 if t > 0
0 if t ≤ 0

Suppose first thatt ∈ R. Then we compute that

(f ⊗ f)(t) = inf
0≤s≤t

{
(t− s)2 + s2

}
= (t/2)2 + (t/2)2 = t2/2

as the infimum is reached ins = t/2. By repeating this operationn times, we obtain

f (n)(t) = inf
0≤s≤t

{
(t− s)2 + (f (n−1))2(s)

}
=

inf
0≤s≤t

{
(t− s)2 + s2/(n− 1)

}
= t2/n

as the infimum is reached ins = t(1− 1/n). Therefore

f(t) = inf
n≥0

{t2/n} = lim
n→∞

t2/n = 0.

Consequently, ift ∈ R, the sub-additive closure of functionf is

f = 0,

as shown on the left of Figure 3.7.

Now, if t ∈ Z, the sequencef(t) is convex and piecewise linear, as we can always connect the different
successive points(t, t2) for all t = 0, 1, 2, 3, . . .: the resulting graph appears as a succession of segments
of slopes equal to(2t+ 1) (the first segment in particular has slope 1), and of projections on the horizontal
axis having a length equal to 1, as shown on the right of Figure3.7. Therefore we can apply Rule 9 of
Theorem 3.1.6, which yields thatf ⊗ f is obtained by doubling the length of the different linear segments
of f , and putting them end-to-end by increasing slopes. The analytical expression of the resulting sequence
is

(f ⊗ f)(t) = min
0≤s≤t

{
(t− s)2 + s2

}
= ⌈t2/2⌉.

Sequencef (2) = f ⊗f is again convex and piecewise linear. Note the first segment has slope1, but has now
a double length. If we repeatn times this convolution, it will result in a convex, piecewise linear sequence
f (n)(t) whose first segment has slope 1 and horizontal lengthn:

f (n)(t) = t if 0 ≤ t ≤ n,
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t

f(t)

f    (t)(2)

f    (t)(n)

f(t)
t

f(t)

f(t)

f    (t)(2)

f    (t)(n)

1 2 3
1

Figure 3.7:The sub-additive closure of f(t) = tλ1(t), when t ∈ R (left) and when t ∈ Z (right).

as shown on the right of Figure 3.7. Consequently, the sub-additive closure of sequencef is obtained by
lettingn→ ∞, and is thereforef(t) = t for t ≥ 0. Therefore, ift ∈ Z,

f = λ1.

3.1.9 MIN -PLUS DECONVOLUTION

The dual operation (in a sense that will clarified later on) ofthe min-plus convolution is the min-plus decon-
volution. Similar considerations as the ones of Subsection3.1.1 can be made on the difference between a
sup and amax. Notation∨ stands forsup or, if it exists, formax: a ∨ b = max{a, b}.

DEFINITION 3.1.13 (Min-plus deconvolution).Let f andg be two functions or sequences ofF . The min-
plus deconvolution off byg is the function

(f ⊘ g)(t) = sup
u≥0

{f(t+ u)− g(u)} . (3.15)

If both f(t) andg(t) are infinite for somet, then (3.15) is not defined. Contrary to min-plus convolution,
function (f ⊘ g)(t) is not necessarily zero fort ≤ 0, and hence this operation is not closed inF , as shown
by the following example.

Example. Consider again the two functionsγr,b andβR,T , with 0 < r < R, and let us compute the min-plus
deconvolution ofγr,b by βR,T . We have that

(γr,b ⊘ βR,T )(t)

= sup
u≥0

{
γr,b(t+ u)−R[u− T ]+

}

= sup
0≤u≤T

{
γr,b(t+ u)−R[u− T ]+

}
∨ sup

u>T

{
γr,b(t+ u)−R[u− T ]+

}

= sup
0≤u≤T

{γr,b(t+ u)} ∨ sup
u>T

{γr,b(t+ u)−Ru+RT}

= {γr,b(t+ T )} ∨ sup
u>T

{γr,b(t+ u)−Ru+RT} . (3.16)

Let us first compute this expression fort ≤ −T . Thenγr,b(t+ T ) = 0 and (3.16) becomes

(γr,b ⊘ βR,T )(t)
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= 0 ∨ sup
T<u≤−t

{γr,b(t+ u)−Ru+RT}

∨ sup
u>−t

{γr,b(t+ u)−Ru+RT}

= 0 ∨ sup
T<u≤−t

{0−Ru+RT} ∨ sup
u>−t

{b+ r(t+ u)−Ru+RT}

= 0 ∨ 0 ∨ {b+Rt+RT} = [b+R(t+ T )]+ .

Let us next compute(γr,b ⊘ βR,T )(t) for t > −T . Then (3.16) becomes

(γr,b ⊘ βR,T )(t) = {b+ r(t+ T )} ∨ sup
u>T

{b+ r(t+ u)−Ru+RT}

= {b+ r(t+ T )} ∨ {b+ r(t+ T )} = b+ r(t+ T ).

The result is shown in Figure 3.8.

r

b

–T t

R

(γr,b ∅ βR,T )(t)

Figure 3.8:Function γr,b ⊘ βR,T when 0 < r < R.

Let us now state some properties of⊘ (Other properties will be given in the next section).

THEOREM 3.1.12 (Properties of⊘). Letf, g, h ∈ F .

• Rule 11 (Isotonicity of⊘) If f ≤ g, thenf ⊘ h ≤ g ⊘ h andh⊘ f ≥ h⊘ g.
• Rule 12 (Composition of⊘) (f ⊘ g)⊘ h = f ⊘ (g ⊗ h).
• Rule 13 (Composition of⊘ and⊗) (f ⊗ g)⊘ g ≤ f ⊗ (g ⊘ g).
• Rule 14 (Duality between⊘ and⊗) f ⊘ g ≤ h if and only iff ≤ g ⊗ h.
• Rule 15 (Self-deconvolution)(f ⊘ f) is a sub-additive function ofF such that(f ⊘ f)(0) = 0.

PROOF: (Rule 11) Iff ≤ g, then for anyh ∈ F

(f ⊘ h)(t) = sup
u≥0

{f(t+ u)− h(u)} ≤ sup
u≥0

{g(t+ u)− h(u)} = (g ⊘ h)(t)

(h⊘ f)(t) = sup
u≥0

{h(t+ u)− f(u)} ≥ sup
u≥0

{h(t+ u)− g(u)} = (h⊘ g)(t).

(Rule 12) One computes that
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((f ⊘ g)⊘ h)(t) = sup
u≥0

{(f ⊘ g)(t+ u)− h(u)}

= sup
u≥0

{
sup
v≥0

{f(t+ u+ v)− g(v)} − h(u)

}

= sup
u≥0

{
sup
v′≥u

{
f(t+ v′)− g(v′ − u)

}
− h(u)

}

= sup
u≥0

sup
v′≥u

{
f(t+ v′)−

{
g(v′ − u) + h(u)

}}

= sup
v′≥0

sup
0≤u≤v′

{
f(t+ v′)−

{
g(v′ − u) + h(u)

}}

= sup
v′≥0

{
f(t+ v′)− inf

0≤u≤v′

{
g(v′ − u) + h(u)

}}

= sup
v′≥0

{
f(t+ v′)− (g ⊗ h)(v′)

}
= (f ⊘ (g ⊗ h))(t).

(Rule 13) One computes that

((f ⊗ g) ⊘ g)(t) = sup
u≥0

{(f ⊗ g)(t+ u)− g(u)}

= sup
u≥0

inf
0≤s≤t+u

{f(t+ u− s) + g(s)− g(u)}

= sup
u≥0

inf
−u≤s′≤t

{
f(t− s′) + g(s′ + u)− g(u)

}

≤ sup
u≥0

inf
0≤s′≤t

{
f(t− s′) + g(s′ + u)− g(u)

}

≤ sup
u≥0

inf
0≤s′≤t

{
f(t− s′) + sup

v≥0
{g(s′ + v)− g(v)}

}

= inf
0≤s′≤t

{
f(t− s′) + sup

v≥0
{g(s′ + v)− g(v)}

}

= inf
0≤s′≤t

{
f(t− s′) + (g ⊘ g)(s′)

}
= (f ⊗ (g ⊘ g))(t).

(Rule 14) Suppose first that(f ⊘ g)(s) ≤ h(s) for all s. Take anys, v ≥ 0. Then

f(s+ v)− g(v) ≤ sup
u≥0

{f(s+ u)− g(u)} = (f ⊘ g)(s) ≤ h(s)

or equivalently,
f(s+ v) ≤ g(v) + h(s).

Let t = s+ v. The former inequality can be written as

f(t) ≤ g(t− s) + h(s).

As it is verified for allt ≥ s ≥ 0, it is also verified in particular for the value ofs that achieves the infimum
of the right-hand side of this inequality. Therefore it is equivalent to

f(t) ≤ inf
0≤s≤t

{g(t− s) + h(s)} = (g ⊗ h)(t)

for all t ≥ 0. Suppose now that for allv, f(v) ≤ (g ⊗ h)(v). Pick anyt ∈ R. Then, sinceg, h ∈ F ,

f(v) ≤ inf
0≤s≤v

{g(v − s) + h(s)} = inf
s∈R

{g(v − s) + h(s)} ≤ g(t− v) + h(t).
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Let u = t− v, the former inequality can be written as

f(t+ u)− g(u) ≤ h(t).

As this is true for allu, it is also verified in particular for the value ofu that achieves the supremum of the
left-hand side of this inequality. Therefore it is equivalent to

sup
u∈R

{f(t+ u)− g(u)} ≤ h(t).

Now if u < 0, g(u) = 0, so thatsupu<0{f(t+ u)− g(u)} = f(t) and the former inequality is identical to

sup
u≥0

{f(t+ u)− g(u)} ≤ h(t)

for all t. (Rule 15) It is immediate to check that(f ⊘ f)(0) = 0 and thatf ⊘ f is wide-sense increasing.

Now,

(f ⊘ f)(s) + (f ⊘ f)(t)

= sup
u≥0

{f(t+ u)− f(u)}+ sup
v≥0

{f(s+ v)− f(v)}

= sup
u≥0

{f(t+ u)− f(u)}+ sup
w≥−t

{f(s+ t+ w)− f(t+w)}

≥ sup
w≥0

{
sup
u≥0

{f(t+ u)− f(u) + f(s+ t+ w)− f(t+ w)}
}

≥ sup
w≥0

{f(t+ w)− f(w) + f(s+ t+ w)− f(t+ w)}

= (f ⊘ f)(s+ t).

Let us conclude this section by a special property that applies to self-deconvolution of sub-additive functions.

THEOREM 3.1.13 (Self-deconvolution of sub-additive functions).Let f ∈ F . Thenf(0) = 0 and f is
sub-additive if and only iff ⊘ f = f .

PROOF: (⇒) If f is sub-additive, then for allt, u ≥ 0, f(t + u) − f(u) ≤ f(t) and therefore for all
t ≥ 0,

(f ⊘ f)(t) = sup
u≥0

{f(t+ u)− f(u)} ≤ f(t).

On the other hand, iff(0) = 0,

(f ⊘ f)(t) = sup
u≥0

{f(t+ u)− f(u)} ≥ f(t)− f(0) = f(t).

Combining both equations, we get thatf ⊘ f = f . (⇐) Suppose now thatf ⊘ f = f . Thenf(0) =
(f ⊘ f)(0) = 0 and for anyt, u ≥ 0, f(t) = (f ⊘ f)(t) ≥ f(t+u)− f(u) so thatf(t)+ f(u) ≥ f(t+u),
which shows thatf is sub-additive.

3.1.10 REPRESENTATION OF M IN -PLUS DECONVOLUTION BY T IME I NVERSION

Min-plus deconvolution can be represented in the time inverted domain by min-plus convolution, for func-
tions that have a finite lifetime. Functiong ∈ G has a finite lifetime if there exist some finiteT0 and
T such thatg(t) = 0 if t ≤ T0 and g(t) = g(T ) for t ≥ T . Call Ĝ the subset ofG, which contains
functions having a finite lifetime. For functiong ∈ Ĝ, we use the notationg(+∞) as a shorthand for
supt∈R{g(t)} = limt→+∞ g(t).

LEMMA 3.1.1. Let f ∈ F be such thatlimt→+∞ f(t) = +∞. For any g ∈ Ĝ, g ⊘ f is also in Ĝ and
(g ⊘ f)(+∞) = g(+∞).
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PROOF: DefineL = g(+∞) and callT a number such thatg(t) = L for t ≥ T . f(0) ≥ 0 implies that
g ⊘ f ≤ g(+∞) = g(L). Thus

(g ⊘ f)(t) ≤ L for t ≥ T. (3.17)

Now sincelimt→+∞ f(t) = +∞, there is someT1 > T such thatf(t) ≥ L for all t > T1. Now lett > 2T1.
If u > T1, thenf(u) ≥ L. Otherwise,u ≤ T1 thust − u ≥ t − T1 > T1 thusg(t − u) ≥ L. Thus in all
casesf(u) + g(t− u) ≥ L. Thus we have shown that

(g ⊗ f)(t) ≥ L for t > 2T1. (3.18)

Combining (3.17) and (3.18) shows the lemma.

DEFINITION 3.1.14 (Time Inversion).For a fixedT ∈ [0,+∞[, the inversion operatorΦT is defined on̂G
by:

∀t ≥ 0, ΦT (g)(t) = g(+∞) − g(T − t)

Graphically, time inversion can be obtained by a rotation of180o around the point(T2 ,
g(+∞)

2 ). It is simple

to check thatΦT (g) is in Ĝ, that time inversion is symmetrical (ΦT (ΦT (g)) = g) and preserves the total
value (ΦT (g)(+∞) = g(+∞)). Lastly, for anyα andT , α is an arrival curve forg if and only if α is an
arrival curve forΦT (g).

THEOREM 3.1.14 (Representation of Deconvolution by Time Inversion). Let g ∈ Ĝ, and letT be such that
g(T ) = g(+∞). Letf ∈ F be such thatlimt→+∞ f(t) = +∞. Then

g ⊘ f = ΦT (ΦT (g)⊗ f) (3.19)

The theorem says thatg ⊘ f can be computed by first inverting time, then computing the min-plus con-
volution betweenf , and the time-inverted functiong, and then inverting time again. Figure 3.9 shows a
graphical illustration.

PROOF: The proof consists in computing the right handside in Equation (3.19). Call̂g = ΦT (g). We
have, by definition of the inversion

ΦT (ΦT (g)⊗ f) = ΦT (ĝ ⊗ f) = (ĝ ⊗ f)(+∞)− (ĝ ⊗ f)(T − t)

Now from Lemma 3.1.1 and the preservation of total value:

(ĝ ⊗ f)(+∞) = ĝ(+∞) = g(+∞)

Thus, the right-handside in Equation (3.19) is equal to

g(+∞) − (ĝ ⊗ f)(T − t) = g(+∞)− inf
u≥0

{ĝ(T − t− u) + f(u)}

Again by definition of the inversion, it is equal to

g(+∞)− inf
u≥0

{g(+∞) − g(t+ u) + f(u)} = sup
u≥0

{g(t+ u)− f(u)}.
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Figure 3.9:Representation of the min-plus deconvolution of g by f = γr,b by time-inversion. From top to
bottom: functions f and g, function ΦT (g), function ΦT (g)⊗ f and finally function g ⊘ f = ΦT (ΦT (g)⊗ f).
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3.1.11 VERTICAL AND HORIZONTAL DEVIATIONS

The deconvolution operator allows to easily express two very important quantities in network calculus,
which are the maximal vertical and horizontal deviations between the graphs of two curvesf andg of F .
The mathematical definition of these two quantities is as follows.

DEFINITION 3.1.15 (Vertical and horizontal deviations).Let f andg be two functions or sequences ofF .
The vertical deviationv(f, g) and horizontal deviationh(f, g) are defined as

v(f, g) = sup
t≥0

{f(t)− g(t)} (3.20)

h(f, g) = sup
t≥0

{inf {d ≥ 0 such that f(t) ≤ g(t+ d)}} . (3.21)

Figure 3.10 illustrates these two quantities on an example.

t

f(t)

g(t)

h(f,g)

v(f,g)

Figure 3.10:The horizontal and vertical deviations between functions f and g.

Note that (3.20) can be recast as
v(f, g) = (f ⊘ g)(0) (3.22)

whereas (3.21) is equivalent to requiring thath(f, g) is the smallestd ≥ 0 such that for allt ≥ 0, f(t) ≤
g(t+ d) and can therefore be recast as

h(f, g) = inf {d ≥ 0 such that (f ⊘ g)(−d) ≤ 0} .
Now the horizontal deviation can be more easily computed from the pseudo-inverse ofg. Indeed, Defini-
tion 3.1.7 yields that

g−1(f(t)) = inf {∆ such that g(∆) ≥ f(t)}
= inf {d ≥ 0 such that g(t+ d) ≥ f(t)}+ t

so that (3.21) can be expressed as

h(f, g) = sup
t≥0

{
g−1(f(t))− t

}
= (g−1(f)⊘ λ1)(0). (3.23)

We have therefore the following expression of the horizontal deviation betweenf andg:

PROPOSITION3.1.1 (Horizontal deviation).

h(f, g) = sup
t≥0

{
g−1(f(t))− t

}
.
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3.2 MAX -PLUS CALCULUS

Similar definitions, leading to similar properties, can be derived if we replace the infimum (or minimum, it
is exists) by a supremum (or maximum, if it exists). We use thenotation∨ for denotingsup or max. In
particular, one can show that(R ∪ {−∞},∨,+) is also a dioid, and construct a max-plus convolution and
deconvolution, which are defined as follows.

3.2.1 MAX -PLUS CONVOLUTION AND DECONVOLUTION

DEFINITION 3.2.1 (Max-plus convolution).Letf andg be two functions or sequences ofF . The max-plus
convolution off andg is the function

(f⊗g)(t) = sup
0≤s≤t

{f(t− s) + g(s)} . (3.24)

(If t < 0, (f⊗g)(t) = 0).

DEFINITION 3.2.2 (Max-plus deconvolution).Letf andg be two functions or sequences ofF . The max-plus
deconvolution off byg is the function

(f⊘g)(t) = inf
u≥0

{f(t+ u)− g(u)} . (3.25)

3.2.2 LINEARITY OF M IN -PLUS DECONVOLUTION IN M AX -PLUS ALGEBRA

Min-plus deconvolution is, in fact, an operation that is linear in(R+,∨,+). Indeed, one easily shows the
following property.

THEOREM 3.2.1 (Linearity of⊘ in max-plus algebra).Letf, g, h ∈ F .

• Rule 16 (Distributivity of⊘ with respect to∨) (f ∨ g)⊘ h = (f ⊘ h) ∨ (g ⊘ h).
• Rule 17 (Addition of a constant)For anyK ∈ R+, (f +K)⊘ g = (f ⊘ g) +K.

Min-plus convolution is not, however, a linear operation in(R+,∨,+), because in general

(f ∨ g)⊗ h 6= (f ⊗ h) ∨ (g ⊗ h).

Indeed, takef = β3R,T , g = λR andh = λ2R for someR,T > 0. Then using Rule 9, one easily computes
(see Figure 3.11) that

f ⊗ h = β3R,T ⊗ λ2R = β2R,T

g ⊗ h = λR ⊗ λ2R = λR

(f ∨ g)⊗ h = (β3R,T ∨ λR)⊗ λ2R = β2R,3T/4 ∨ λR
6= β2R,T ∨ λR = (f ⊗ h) ∨ (g ⊗ h).

Conversely, we have seen that min-plus convolution is a linear operation in(R+,∧,+), and one easily
shows that min–plus deconvolution is not linear in(R+,∧,+). Finally, let us mention that one can also
replace+ by ∧, and show that(R ∪ {+∞} ∪ {−∞},∨,∧) is also a dioid.Remark However, as we have
seen above, as soon as the three operations∧, ∨ and+ are involved in a computation, one must be careful
before applying any distribution.
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t

 ((f⊗h)∨(g⊗h))(t) 

3T/4 t

2R

2T 3T/2

3RT/2

R

T

 ((f∨g)⊗h))(t) 

R

2R

2RT

Figure 3.11:Function (f ⊗ h) ∨ (g ⊗ h) (left) and (f ∨ g) ⊗ h (right) when f = β3R,T , g = λR and h = λ2R
for some R, T > 0.

3.3 EXERCISES

EXERCISE3.1. 1. Computeα⊗ δ for any functionα
2. Express the rate-latency function by means ofδ andλ functions.

EXERCISE3.2. 1. Compute
⊗

i βi whenβi is a rate-latency function
2. Computeβ1 ⊗ β2 with β1(t) = R(t− T )+ andβ2(t) = (rt+ b)1{t>0}

EXERCISE3.3. 1. Is⊗ distributive with respect to themin operator ?



CHAPTER 4

M IN-PLUS AND MAX -PLUS SYSTEM

THEORY

In Chapter 3 we have introduced the basic operations to manipulate functions and sequences in Min-Plus or
Max-Plus algebra. We have studied in detail the operations of convolution, deconvolution and sub-additive
closure. These notions form the mathematical cornerstone on which a first course of network calculus has
to be built.

In this chapter, we move one step further, and introduce the theoretical tools to solve more advanced prob-
lems in network calculus developed in the second half of the book. The core object in Chapter 3 were
functions and sequenceson which operations could be performed. We will now place ourselves at the level
of operatorsmapping an input function (or sequence) to an output function or sequence. Max-plus system
theory is developed in detail in [28], here we focus on the results that are needed for the remaining chapters
of the book. As in Chapter 3, we focus here Min-Plus System Theory, as Max-Plus System Theory follows
easily by replacing minimum by maximum, and infimum by supremum.

4.1 MIN -PLUS AND M AX -PLUS OPERATORS

4.1.1 VECTOR NOTATIONS

Up to now, we have only worked with scalar operations on scalar functions inF or G. In this chapter, we
will also work with vectors and matrices. The operations areextended in a straightforward manner.

LetJ be a finite, positive integer. For vectors~z, ~z′ ∈ R+ J , we define~z∧~z′ as the coordinate-wise minimum
of ~z and~z′, and similarly for the+ operator. We write~z ≤ ~z′ with the meaning thatzj ≤ z′j for 1 ≤ j ≤ J .

Note that the comparison so defined is not a total order, that is, we cannot guarantee that either~z ≤ ~z′ or
~z′ ≤ ~z holds. For a constantK, we note~z +K the vector defined by addingK to all elements of~z.

We denote byGJ the set ofJ-dimensional wide-sense increasing real-valued functions or sequences of
parametert, andFJ the subset of functions that are zero fort < 0.

For sequences or functions~x(t), we note similarly(~x ∧ ~y)(t) = ~x(t) ∧ ~y(t) and(~x +K)(t) = ~x(t) +K
for all t ≥ 0, and write~x ≤ ~y with the meaning that~x(t) ≤ ~y(t) for all t.

For matricesA,B ∈ R+J × R+ J , we defineA ∧ B as the entry-wise minimum ofA andB. For vector
~z ∈ R+ J , the ‘multiplication’ of vector~z ∈ R+ J by matrixA is – remember that in min-plus algebra,

131
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multiplication is the+ operation – by
A+ ~z,

and has entriesmin1≤j≤J(aij + zj). Likewise, the ‘product’ of two matricesA andB is denoted byA+B
and has entriesmin1≤j≤J(aij + bjk) for 1 ≤ i, k ≤ J .

Here is an example of a ‘multiplication’ of a vector by a matrix, whenJ = 2

[
5 3
1 3

]
+

[
2
1

]
=

[
4
3

]

and an example of a matrix ‘multiplication’ is
[
5 3
1 3

]
+

[
2 4
1 0

]
=

[
4 3
3 3

]
.

We denote byFJ2
the set ofJ × J matrices whose entries are functions or sequences ofF , and similarly

for GJ2
.

The min-plus convolution of a matrixA ∈ FJ2
by a vector~z ∈ FJ is the vector ofFJ defined by

(A⊗ ~z)(t) = inf
0≤s≤t

{A(t− s) + ~z(s)}

and whoseJ coordinates are thus

min
1≤j≤J

{aij ⊗ zj}(t) = inf
0≤s≤t

min
1≤j≤J

{aij(t− s) + zj(s)}.

Likewise,A⊗B is defined by

(A⊗B)(t) = inf
0≤s≤t

{A(t− s) +B(s)}

and has entriesmin1≤j≤J(aij ⊗ bjk) for 1 ≤ i, k ≤ J .

For example, we have [
λr ∞
∞ δT

]
⊗
[
γr/2,b
δ2T

]
=

[
λr ∧ γr/2,b

δ3T

]

and [
λr ∞
∞ δT

]
⊗
[
γr/2,b γr,b
δ2T λr

]
=

[
λr ∧ γr/2,b λr

δ3T βr,T

]
.

Finally, we will also need to extend the set of wide-sense increasing functionsG to include non decreasing
functions of two arguments. We adopt the following definition (a slightly different definition can be found
in [11]).

DEFINITION 4.1.1 (Bivariate wide-sense increasing functions).We denote bỹG the set of bivariate functions
(or sequences) such that for alls′ ≤ s and anyt ≤ t′

f(t, s) ≤ f(t, s′)

f(t, s) ≤ f(t′, s).

We call such functions bivariate wide-sense increasing functions.

In the multi-dimensional case, we denote byG̃J the set ofJ × J matrices whose entries are wide-sense
increasing bivariate functions. A matrix ofA(t) ∈ FJ2

is a particular case of a matrixH(t, s) ∈ G̃J , with
s set to a fixed value.
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4.1.2 OPERATORS

A system is an operatorΠ mapping an input function or sequence~x onto an output function or sequence
~y = Π(~x). We will always assume in this book that~x, ~y ∈ GJ , whereJ is a fixed, finite, positive integer.
This means that each of theJ coordinatesxj(t), yj(t), 1 ≤ j ≤ J , is a wide-sense increasing function (or
sequence) oft.

It is important to mention that Min-plus system theory applies to more general operators, takingRJ to RJ ,
where neither the input nor the output functions are required to be wide-sense increasing. This requires
minor modifications in the definitions and properties established in this chapter, see [28] for the theory
described in a more general setting. In this book, to avoid the unnecessary overhead of new notations and
definitions, we decided to expose min-plus system theory foroperators takingGJ to GJ .

Most often, the only operator whose output may not be inFJ is deconvolution, but all other operators we
need will takeFJ toFJ .

Most of the time, the dimension of the input and output isJ = 1, and the operator takesF to F . We will
speak of ascalaroperator. In this case, we will drop the arrow on the input andoutput, and writey = Π(x)
instead.

We writeΠ1 ≤ Π2 with the meaning thatΠ1(~x) ≤ Π2(~x) for all ~x, which in turn has the meaning that
Π1(~x)(t) ≤ Π2(~x)(t) for all t.

For a set of operatorsΠs, indexed bys in some setS, we callinfs∈S Πs the operator defined by[infs∈S Πs](x(t)) =
infs∈S[Πs(x(t))]. ForS = {1, 2} we denote it withΠ1 ∧Π2.

We also denote by◦ the composition of two operators:

(Π1 ◦ Π2)(~x) = Π1(Π2(~x)).

We leave it to the alert reader to check thatinfs∈S Πs andΠ1 ◦ Π2 do map functions inGJ to functions in
GJ .

4.1.3 A CATALOG OF OPERATORS

Let us mention a few examples of scalar operators of particular interest. The first two have already been
studied in detail in Chapter 3, whereas the third was introduced in Section 1.7. The fact that these operators
mapGJ into GJ follows from Chapter 3.

DEFINITION 4.1.2 (Min-plus convolutionCσ).

Cσ : F → F
x(t) → y(t) = Cσ(x)(t) = (σ ⊗ x)(t) = inf0≤s≤t {σ(t− s) + x(s)} ,

for someσ ∈ F .

DEFINITION 4.1.3 (Min-plus deconvolutionDσ).

Dσ : F → G
x(t) → y(t) = Dσ(x)(t) = (x⊘ σ)(t) = supu≥0 {x(t+ u)− σ(u)} ,

for someσ ∈ F .

Note that Min-plus deconvolution produces an output that does not always belong toF .
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DEFINITION 4.1.4 (PacketizationPL).

PL : F → F
x(t) → y(t) = PL(x)(t) = PL(x(t)) = supi∈N

{
L(i)1L(i)≤x(t)

}
,

for some wide-sense increasing sequenceL (defined by Definition 1.7.1).

We will also need later on the following operator, whose namewill be justified later in this chapter.

DEFINITION 4.1.5 (Linear idempotent operatorhσ).

hσ : F → F
x(t) → y(t) = hσ(x)(t) = inf0≤s≤t {σ(t)− σ(s) + x(s)} ,

for someσ ∈ F .

The extension of the scalar operators to the vector case is straightforward. The vector extension of the
convolution is for instance:

DEFINITION 4.1.6 (Vector min-plus convolutionCΣ).

CΣ : FJ → FJ

~x(t) → ~y(t) = CΣ(~x)(t) = (Σ⊗ ~x)(t) = inf0≤s≤t {Σ(t− s) + ~x(s)} ,

for someΣ ∈ FJ2
.

If the (i, j)th entry ofΣ is σij , theith component of~y(t) reads therefore

yi(t) = inf
0≤s≤t

min
1≤j≤J

{σij(t− s) + xj(s)}

Let us conclude with the shift operator, which we directly introduce in the vector setting:

DEFINITION 4.1.7 (Shift operatorST ).

ST : GJ → GJ

~x(t) → ~y(t) = ST (~x)(t) = ~x(t− T ),

for someT ∈ R.

Let us remark thatS0 is the identity operator:S0(~x) = ~x.

4.1.4 UPPER AND L OWER SEMI -CONTINUOUS OPERATORS

We now study a number of properties of min-plus linear operators. We begin with that of upper-semi
continuity.

DEFINITION 4.1.8 (Upper semi-continuous operator).OperatorΠ is upper semi-continuous if for any (finite
or infinite) set of functions or sequences{~xn}, ~xn ∈ GJ ,

Π
(
inf
n
{~xn}

)
= inf

n
{Π(~xn)} . (4.1)
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We can check thatCσ, CΣ, hσ andST are upper semi-continuous. For example, forCΣ, we check indeed that

CΣ
(
inf
n
{~xn}

)
(t) = inf

0≤s≤t

{
Σ(t− s) + inf

n
{~xn(s)}

}

= inf
0≤s≤t

inf
n

{Σ(t− s) + ~xn(s)}

= inf
n

inf
0≤s≤t

{Σ(t− s) + ~xn(s)}

= inf
n

{CΣ(~xn)(t)} .

To show thatPL is upper semi-continuous, we proceed in two steps. Letx⋆ = infn{xn}. We first note that

PL

(
inf
n
{xn}

)
= PL (x⋆) ≤ inf

n
{PL(xn)}

becausex⋆ ≤ xn for anyn andPL is a wide-sense increasing function. We next show that the converse
inequality also holds. We first assume that there is somem such thatxm = x⋆, namely that the infimum is
actually a minimum. Then

inf
n

{PL(xn)} ≤ PL(xm) = PL (x⋆) .

We next suppose that there is no integern such thatxn = x⋆. Then for anyε > 0, there is an integerm
such that0 < xm − x⋆ < ε. Therefore

inf
n

{PL(xn)} ≤ PL(xm) ≤ PL (x⋆ + ε) .

Since the above inequality is true for anyε > 0, and sincePL is a right-continuous function, it implies that

inf
n

{PL(xn)} ≤ PL (x⋆) = PL

(
inf
n
{xn}

)
.

This concludes the proof.

On the other hand,Dσ is not upper semi-continuous, because its application to aninf would involve the
three operationssup, inf and+, which do not commute, as we have seen at the end of the previous chapter.

It is easy to show that ifΠ1 andΠ2 are upper semi-continuous, so areΠ1 ∧Π2 andΠ1 ◦Π2.

The dual definition of upper semi-continuity is that of lowersemi-continuity, which is defined as follows.

DEFINITION 4.1.9 (Lower semi-continuous operator).OperatorΠ is lower semi-continuous if for any (finite
or infinite) set of functions or sequences{~xn}, ~xn ∈ GJ ,

Π

(
sup
n
{~xn}

)
= sup

n
{Π(~xn)} . (4.2)

It is easy to check thatDσ is lower semi-continuous, unlike other operators, exceptST which is also lower
semi-continuous.

4.1.5 ISOTONE OPERATORS

DEFINITION 4.1.10 (Isotone operator).OperatorΠ is isotone if~x1 ≤ ~x2 always impliesΠ(~x1) ≤ Π(~x2).

All upper semi-continuous operators are isotone. Indeed, if ~x1 ≤ ~x2, then~x1 ∧ ~x2 = ~x1 and sinceΠ is
upper semi-continuous,

Π(~x1) = Π(~x1 ∧ ~x2) = Π(~x1) ∧Π(~x2) ≤ Π(~x2).

Likewise, all lower semi-continuous operators are isotone. Indeed, if~x1 ≤ ~x2, then~x1 ∨ ~x2 = ~x2 and since
Π is lower semi-continuous,

Π(~x1) ≤ Π(~x1) ∨Π(~x2) = Π(~x1 ∨ ~x2) = Π(~x2).
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4.1.6 LINEAR OPERATORS

In classical system theory on(R,+,×), a systemΠ is linear if its output to a linear combination of inputs
is the linear combination of the outputs to each particular input. In other words,Π is linear if for any (finite
or infinite) set of inputs{xi}, and for any constantk ∈ R,

Π

(
∑

i

xi

)
=
∑

i

Π(xi)

and for any inputx and any constantk ∈ R,

Π(k · x) = k · Π(x).

The extension to min-plus system theory is straightforward. The first property being replaced by that of
upper semi-continuity, a min-plus linear operator is thus defined as an upper semi-continuous operator that
has the following property (“multiplication” by a constant):

DEFINITION 4.1.11 (Min-plus linear operator).OperatorΠ is min-plus linear if it is upper semi-continuous
and if for any~x ∈ GJ and for anyk ≥ 0,

Π(~x+ k) = Π (~x) + k. (4.3)

One can easily check thatCσ, CΣ, hσ andST are min-plus linear, unlikeDσ andPL. Dσ is not linear because
it is not upper semi-continuous, andPL is not linear because it fails to verify (4.3).

In classical linear theory, a linear system is represented by its impulse responseh(t, s), which is defined as
the output of the system when the input is the Dirac function.The output of such a system can be expressed
as

Π(x)(t) =

∫ ∞

−∞
h(t, s)x(s)ds

Its straightforward extension in Min-plus system theory isprovided by the following theorem [28]. To prove
this theorem in the vector case, we need first to extend the burst delay function introduced in Definition 3.1.2,
to allow negative values of the delay, namely, the valueT in

δT (t) =

{
0 if t ≤ T
∞ if t > T,

is now taking values inR. We also introduce the following matrixDT ∈ GJ × GJ .

DEFINITION 4.1.12 (Shift matrix).The shift matrix is defined by

DT (t) =




δT (t) ∞ ∞ · · · ∞
∞ δT (t) ∞
∞ ∞ δT (t)

. . .
...

...
...

. . . ∞
∞ · · · ∞ δT (t)




for someT ∈ R.

THEOREM 4.1.1 (Min-plus impulse response).Π is a min-plus linear operator if and only if there is a
unique matrixH ∈ G̃J (called theimpulse response), such that for any~x ∈ GJ and anyt ∈ R,

Π(~x)(t) = inf
s∈R

{H(t, s) + ~x(s)} . (4.4)
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PROOF: If (4.4) holds, one immediately sees thatΠ is upper semi-continuous and verifies (4.3), and
therefore is min-plus linear.Π mapsGJ to GJ becauseH ∈ G̃J .

Suppose next thatΠ is min-plus linear, and let us prove that there is a unique matrix H(t, s) ∈ G̃J such that
(4.4) holds.

Let us first note thatDs(t) + ~x(s) = ~x(s) for anys ≥ t. Since~x ∈ GJ , we have

inf
s≥t

{Ds(t) + ~x(s)} = inf
s≥t

{~x(s)} = ~x(t).

On the other hand, all entries ofDs(t) are infinite fors < t. We have therefore that

inf
s<t

{Ds(t) + ~x(s)} = ∞

We can combine these two expressions as

~x(t) = inf
s∈R

{Ds(t) + ~x(s)} ,

or, dropping explicit dependence ont,

~x = inf
s∈R

{Ds + ~x(s)} .

Let ~ds,j denote thejth column ofDs:

~ds,j =




∞
...
∞
δs
∞
...
∞




whereδs is located at thejth position in this vector. Using repeatedly the factΠ is min-plus linear, we get
that

Π(~x) = Π

(
inf
s∈R

{Ds + ~x(s)}
)

= inf
s∈R

{Π(Ds + ~x(s))}

= inf
s∈R

{
Π

(
min

1≤j≤J

{
~ds,j + xj(s)

})}

= inf
s∈R

{
min

1≤j≤J

{
Π
(
~ds,j + xj(s)

)}}

= inf
s∈R

{
min

1≤j≤J

{
Π
(
~ds,j

)
+ xj(s)

}}
.

Defining

H(t, s) =
[
~h1(t, s) . . . ~hj(t, s) . . . ~hJ(t, s)

]
(4.5)

where
~hj(t, s) = Π

(
~ds,j

)
(t) (4.6)

for all t ∈ R, we obtain therefore that

Π(~x)(t) = inf
s∈R

{
min

1≤j≤J

{
~hj(t, s) + xj(s)

}}
= inf

0s∈R
{H(t, s) + ~x(s)} .
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We still have to check thatH(t, s) ∈ G̃J . Since for any fixeds, Π
(
~ds,j

)
∈ GJ , we have that for anyt ≤ t′

~hj(t, s) = Π
(
~ds,j

)
(t) ≤ Π

(
~ds,j

)
(t′) = ~hj(t

′, s),

henceH(t, s) ≤ H(t′, s). On the other hand, ifs′ ≤ s, one easily check that~ds,j ≤ ~ds′,j. Therefore, since
Π is isotone (because it is linear and thus upper semi-continuous),

~hj(t, s) = Π
(
~ds,j

)
(t) ≤ Π

(
~ds′,j

)
(t) = ~hj(t, s

′)

and thereforeH(t, s) ≤ H(t, s′) for anys ≥ s′. This shows thatH(t, s) ∈ G̃J .

To prove uniqueness, suppose that there is another matrixH ′ ∈ G̃J that satisfies (4.4), and let~h′j denote its
jth column. Then for anyu ∈ R and any1 ≤ j ≤ J , taking~x = ~du,j as the input, we get from (4.6) that
for t ∈ R

~hj(t, u) = Π
(
~du,j

)
(t) = inf

s∈R

{
H ′(t, s) + ~du,j(s)

}

= inf
s∈R

{
~h′j(t, s) + δu(s)

}
= inf

s≤u

{
~h′j(t, s)

}
= ~h′j(t, u).

ThereforeH ′ = H.

We will denote a general min-plus linear operator whose impulse response isH by LH . In other words, we
have that

LH(~x)(t) = inf
s∈R

{H(t, s) + ~x(s)} .

One can compute that the impulse response corresponding toCΣ is

H(t, s) =

{
Σ(t− s) if s ≤ t
Σ(0) if s > t

,

to hσ is

H(t, s) =

{
σ(t)− σ(s) if s ≤ t
0 if s > t

,

and toST is
H(t, s) = DT (t− s).

In fact the introduction of the shift matrix allows us to write the shift operator as a min-plus convolution:
ST = CDT

if T ≥ 0.

Let us now compute the impulse response of the compostion of two min-plus linear operators.

THEOREM 4.1.2 (Composition of min-plus linear operators).LetLH andLH′ be two min-plus linear oper-
ators. Then their compositionLH ◦LH′ is also min-plus linear, and its impulse repsonse denoted byH ◦H ′

is given by
(H ◦H ′)(t, s) = inf

u∈R

{
H(t, u) +H ′(u, s)

}
.

PROOF: The compositionLH ◦ LH′ applied to some~x ∈ GJ is

LH(LH′(~x))(t) = inf
u

{
H(t, u) + inf

s

{
H ′(u, s) + ~x(s)

}}

= inf
u
inf
s

{
H(t, u) +H ′(u, s) + ~x(s)

}

= inf
s

{
inf
u

{
H(t, s) +H ′(u, s)

}
+ ~x(s)

}
.
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We can therefore write
LH ◦ LH′ = LH◦H′ .

Likewise, one easily shows that
LH ∧ LH′ = LH∧H′ .

Finally, let us mention the dual definition of a max-plus linear operator.

DEFINITION 4.1.13 (Max-plus linear operator).OperatorΠ is max-plus linear if it is lower semi-continuous
and if for any~x ∈ GJ and for anyk ≥ 0,

Π(~x+ k) = Π (~x) + k. (4.7)

Max-plus linear operators can also be represented by their impulse response.

THEOREM 4.1.3 (Max-plus impulse response).Π is a max-plus linear operator if and only if there is a
unique matrixH ∈ G̃J (called theimpulse response), such that for any~x ∈ GJ and anyt ∈ R,

Π(~x)(t) = sup
s∈R

{H(t, s) + ~x(s)} . (4.8)

One can easily check thatDσ andST are max-plus linear, unlikeCΣ, hσ andPL.

For example,Dσ(x)(t) can be written as

Dσ(x)(t) = sup
u≥0

{x(t+ u)− σ(u)} = sup
s≥t

{x(s)− σ(s− t)} = sup
s∈R

{x(s)− σ(s− t)}

which has the form (4.8) ifH(t, s) = −σ(s− t).

Likewise,ST (x)(t) can be written as

ST (~x) (t) = ~x(t− T ) = sup
s∈R

{~x(s)−D−T (s− t)}

which has the form (4.8) ifH(t, s) = −D−T (s− t).

4.1.7 CAUSAL OPERATORS

A system is causal if its output at timet only depends on its input before timet.

DEFINITION 4.1.14 (Causal operator).OperatorΠ is causal if for anyt, ~x1(s) = ~x2(s) for all s ≤ t always
impliesΠ(~x1)(t) = Π(~x2)(t).

THEOREM 4.1.4 (Min-plus causal linear operator).A min-plus linear system with impulse responseH is
causal ifH(t, s) = H(t, t) for s > t.

PROOF: If H(t, s) = 0 for s > t and if~x1(s) = ~x2(s) for all s ≤ t then since~x1, ~x2 ∈ GJ ,

LH(~x1)(t) = inf
s∈R

{H(t, s) + ~x1(s)}
= inf

s≤t
{H(t, s) + ~x1(s)} ∧ inf

s>t
{H(t, s) + ~x1(s)}

= inf
s≤t

{H(t, s) + ~x1(s)} ∧ inf
s>t

{H(t, t) + ~x1(s)}

= inf
s≤t

{H(t, s) + ~x1(s)}
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= inf
s≤t

{H(t, s) + ~x2(s)}

= inf
s≤t

{H(t, s) + ~x2(s)} ∧ inf
s>t

{H(t, t) + ~x2(s)}

= inf
s≤t

{H(t, s) + ~x2(s)} ∧ inf
s>t

{H(t, s) + ~x2(s)}

= inf
s∈R

{H(t, s) + ~x2(s)} = LH(~x2)(t).

Cσ, CΣ, hσ andPL are causal.ST is causal if and only ifT ≥ 0. Dσ is not causal. Indeed if~x1(s) = ~x2(s)
for all s ≤ t, but that~x1(s) 6= ~x2(s) for all s > t, then

Dσ(~x1)(t) = sup
u≥0

{~x1(t+ u)− σ(u)}

6= sup
u≥0

{~x2(t+ u)− σ(u)}

= Dσ(~x2)(t)

4.1.8 SHIFT -I NVARIANT OPERATORS

A system is shift-invariant, or time-invariant, if a shift of the input ofT time units yields a shift of the output
of T time units too.

DEFINITION 4.1.15 (Shift-invariant operator).OperatorΠ is shift-invariant if it commutes with all shift
operators, i.e. if for any~x ∈ G and for anyT ∈ R

Π(ST (~x)) = ST (Π(~x)).

THEOREM 4.1.5 (Shift-invariant min-plus linear operator).LetLH andLH′ be two min-plus linear, shift-
invariant operators.

(i) A min-plus linear operatorLH is shift-invariant if and only if its impulse responseH(t, s) depends only
on the difference(t− s).

(ii) Two min-plus linear, shift-invariant operatorsLH andLH′ commute. If they are also causal, the impulse
response of their composition is

(H ◦H ′)(t, s) = inf
0≤u≤t−s

{
H(t− s− u) +H ′(u)

}
= (H ⊗H ′)(t− s).

PROOF: (i) Let ~hj(t, s) and ~ds,j(t) denote (respectively) thejth column ofH(t, s) and ofDs(t). Note
that ~ds,j(t) = Ss(~d0,j)(t). Then (4.6) yields that

~hj(t, s) = Π
(
~ds,j

)
(t) = Π

(
Ss(~d0,j)

)
(t)

= Ss

(
Π(~d0,j)

)
(t) =

(
Π(~d0,j)

)
(t− s) = ~hj(t− s, 0)

ThereforeH(t, s) can be written as a function of a single variableH(t− s).

(ii) Because of Theorem 4.1.2, the impulse response ofLH ◦ LH′ is

(H ◦H ′)(t, s) = inf
u

{
H(t, u) +H ′(u, s)

}
.

SinceH(t, u) = H(t− u) andH ′(u, s) = H ′(u− s), and settingv = u− s, the latter can be written as

(H ◦H ′)(t, s) = inf
u

{
H(t− u) +H ′(u− s)

}
= inf

v

{
H(t− s− v) +H ′(v)

}
.
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Similarly, the impulse response ofLH′ ◦ LH can be written as

(H ′ ◦H)(t, s) = inf
u

{
H ′(t− u) +H(u− s)

}
= inf

v

{
H(v) +H ′(t− s− v)

}

where this time we have setv = t − u. Both impulse responses are identical, which shows that thetwo
operators commute.

If they are causal, then their impulse response is infinite for t > s and the two previous relations become

(H ◦H ′)(t, s) = (H ′ ◦H)(t, s) = inf
0≤v≤t

{
H(t− s− v) +H ′(v)

}
= (H ⊗H ′)(t− s).

Min-plus convolutionCΣ (including of courseCσ andST ) is therefore shift-invariant. In fact, it follows
from this theorem that the only min-plus linear, causal and shift-invariant operator is min-plus convolution.
Thereforehσ is not shift-invariant.

Min-plus deconvolution is shift-invariant, as

Dσ(ST (x))(t) = sup
u≥0

{ST (x)(t+ u)− σ(u)} = sup
u≥0

{x(t+ u− T )− σ(u)}

= (x⊘ σ)(t− T ) = Dσ(x)(t− T ) = ST (Dσ) (x)(t).

Finally let us mention thatPL is not shift-invariant.

4.1.9 IDEMPOTENT OPERATORS

An idempotent operator is an operator whose composition with itself produces the same operator.

DEFINITION 4.1.16 (Idempotent operator).OperatorΠ is idempotent if its self-composition isΠ, i.e. if

Π ◦Π = Π.

We can easily check thathσ andPL are idempotent. Ifσ is sub-additive, withσ(0) = 0, thenCσ ◦ Cσ = Cσ,
which shows that in this case,Cσ is idempotent too. The same applies toDσ.

4.2 CLOSURE OF AN OPERATOR

By repeatedly composing a min-plus operator with itself, weobtain the closure of this operator. The formal
definition is as follows.

DEFINITION 4.2.1 (Sub-additive closure of an operator).LetΠ be a min-plus operator takingGJ → GJ .
DenoteΠ(n) the operator obtained by composingΠ (n − 1) times with itself. By convention,Π(0) = S0 =
CD0 , soΠ(1) = Π, Π(2) = Π ◦ Π, etc. Then the sub-additive closure ofΠ, denoted byΠ, is defined by

Π = S0 ∧Π ∧ (Π ◦ Π) ∧ (Π ◦ Π ◦ Π) ∧ . . . = inf
n≥0

{
Π(n)

}
. (4.9)

In other words,
Π(~x) = ~x ∧Π(~x) ∧Π(Π(~x)) ∧ . . .

It is immediate to check thatΠ does map functions inGJ to functions inGJ .

The next theorem provides the impulse response of the sub-additive closure of a min-plus linear operator. It
follows immediately from applying recursively Theorem 4.1.2.



142 CHAPTER 4. MIN-PLUS AND MAX-PLUS SYSTEM THEORY

THEOREM 4.2.1 (Sub-additive closure of a linear operator).The impulse response ofLH is

H(t, s) = inf
n∈N

inf
un,...,u2,u1

{H(t, u1) +H(u1, u2) + . . . +H(un, s)} . (4.10)

andLH = LH .

For a min-plus linear, shift-invariant and causal operator, (4.10) becomes

H(t− s)

= inf
n∈N

inf
s≤un≤...≤u2≤u1≤t

{H(t− u1) +H(u1 − u2) + . . . +H(un − s)}

= inf
n∈N

inf
0≤vn≤...≤v2≤v1≤t−s

{H(t− s− v1) +H(v1 − v2) + . . .+H(vn)}

= inf
n∈N

{H(n)}(t− s) (4.11)

whereH(n) = H ⊗H ⊗ . . .⊗H (n times,n ≥ 1) andH(0) = S0.

In particular, if all entriesσij(t) of Σ(t) are sub-additive functions, we find that

CΣ = CΣ.

In the scalar case, the closure of the min-plus convolution operatorCσ reduces to the min-plus convolution
of the sub-additive closure ofσ:

Cσ = Cσ.
If σ is a “good” function (i.e., a sub-additive function withσ(0) = 0), thenCσ = Cσ.

The sub-additive closure of the idempotent operatorshσ andPL are easy to compute too. Indeed, since
hσ(x) ≤ x andPL(x) ≤ x,

hσ = hσ

and
PL = PL.

The following result is easy to prove. We writeΠ ≤ Π′ to express thatΠ(~x) ≤ Π′(~x) for all ~x ∈ GJ .

THEOREM 4.2.2 (Sub-additive closure of an isotone operator).If Π andΠ′ are two isotone operators, and
Π ≤ Π′, thenΠ ≤ Π′.

Finally, let us conclude this section by computing the closure of the minimum between two operators.

THEOREM 4.2.3 (Sub-additive closure ofΠ1 ∧Π2). LetΠ1,Π2 be two isotone operators takingGJ → GJ .
Then

Π1 ∧Π2 = (Π1 ∧ S0) ◦ (Π2 ∧ S0). (4.12)

PROOF: (i) SinceS0 is the identity operator,

Π1 ∧Π2 = (Π1 ◦ S0) ∧ (S0 ◦ Π2)

≥ ((Π1 ∧ S0) ◦ S0) ∧ (S0 ◦ (Π2 ∧ S0))

≥ ((Π1 ∧ S0) ◦ (Π2 ∧ S0)) ∧ ((Π1 ∧ S0) ◦ (Π2 ∧ S0))

= (Π1 ∧ S0) ◦ (Π2 ∧ S0).

SinceΠ1 andΠ2 are isotone, so areΠ1 ∧ Π2 and(Π1 ∧ S0) ◦ (Π2 ∧ S0). Consequently, Theorem 4.2.2
yields that

Π1 ∧Π2 ≥ (Π1 ∧ S0) ◦ (Π1 ∧ S0). (4.13)
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(ii) Combining the two inequalities

Π1 ∧ S0 ≥ Π1 ∧Π2 ∧ S0

Π2 ∧ S0 ≥ Π1 ∧Π2 ∧ S0

we get that
(Π1 ∧ S0) ◦ (Π1 ∧ S0) ≥ (Π1 ∧Π2 ∧ S0) ◦ (Π1 ∧Π2 ∧ S0). (4.14)

Let us show by induction that

((Π1 ∧Π2) ∧ S0)
(n) = min

0≤k≤n

{
(Π1 ∧Π2)

(k)
}
.

Clearly, the claim holds forn = 0, 1. Suppose it is true up to somen ∈ N. Then

((Π1 ∧Π2) ∧ S0)
(n+1)

= ((Π1 ∧Π2) ∧ S0) ◦ ((Π1 ∧Π2) ∧ S0)
(n)

= ((Π1 ∧Π2) ∧ S0) ◦
(

min
0≤k≤n

{
(Π1 ∧Π2)

(k)
})

=

(
(Π1 ∧Π2) ◦ min

0≤k≤n

{
(Π1 ∧Π2)

(k)
})

∧
(
S0 ◦ min

0≤k≤n

{
(Π1 ∧Π2)

(k)
})

= min
1≤k≤n+1

{
(Π1 ∧Π2)

(k)
}
∧ min

0≤k≤n

{
(Π1 ∧Π2)

(k)
}

= min
0≤k≤n+1

{
(Π1 ∧Π2)

(k)
}
.

Therefore the claim holds for alln ∈ N, and

(((Π1 ∧Π2) ∧ S0) ◦ ((Π1 ∧Π2) ∧ S0))
(n) = ((Π1 ∧Π2) ∧ S0)

(2n)

= min
0≤k≤2n

{
(Π1 ∧Π2)

(k)
}
.

Consequently,

(Π1 ∧Π2 ∧ S0) ◦ (Π1 ∧Π2 ∧ S0) = inf
n∈N

min
0≤k≤2n

{
(Π1 ∧Π2)

(k)
}

= inf
k∈N

{
(Π1 ∧Π2)

(k)
}

= Π1 ∧Π2

and combining this result with (4.13) and (4.14), we get (4.12).

If one of the two operators is an idempotent operator, we can simplify the previous result a bit more. We
will use the following corollary in Chapter 9.

COROLLARY 4.2.1 (Sub-additive closure ofΠ1 ∧ hM ). LetΠ1 be an isotone operator takingF → F , and
letM ∈ F . Then

Π1 ∧ hM = (hM ◦ Π1) ◦ hM . (4.15)

PROOF: Theorem 4.2.3 yields that

Π1 ∧ hM = (Π1 ∧ S0) ◦ hM (4.16)
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becausehM ≤ S0. The right hand side of (4.16) is the inf over all integersn of

({Π1 ∧ S0} ◦ hM )(n)

which we can expand as

{Π1 ∧ S0} ◦ hM ◦ {Π1 ∧ S0} ◦ hM ◦ . . . ◦ {Π1 ∧ S0} ◦ hM .

Since

hM ◦ {Π1 ∧ S0} ◦ hM = {hM ◦Π1 ◦ hM} ∧ hM
= ({hM ◦ Π1} ∧ S0) ◦ hM
= min

0≤q≤1

{
(hM ◦Π1)

(q)
}
◦ hM ,

the previous expression is equal to

min
0≤q≤n

{
(hM ◦Π1)

(q)
}
◦ hM .

Therefore we can rewrite the right hand side of (4.16) as

(Π1 ∧ S0) ◦ hM = inf
n∈N

{
min

0≤q≤n

{
(hM ◦ Π1)

(q)
}
◦ hM

}

= inf
q∈N

{
(hM ◦ Π1)

(q)
}
◦ hM = (hM ◦Π1) ◦ hM ,

which establishes (4.15).

Therefore we can rewrite the right hand side of (4.16) as

(Π1 ∧ S0) ◦ hM = inf
n∈N

{
min

0≤q≤n

{
(hM ◦ Π1)

(q)
}
◦ hM

}

= hM ◦ inf
q∈N

{
(hM ◦ Π1)

(q)
}
◦ hM = hM ◦ (hM ◦ Π1) ◦ hM ,

which establishes (4.15).

The dual of sub-additive closure is that of super-additive closure, defined as follows.

DEFINITION 4.2.2 (Super-additive closure of an operator).Let Π be an operator takingGJ → GJ . The
super-additive closure ofΠ, denoted byΠ, is defined by

Π = S0 ∨Π ∨ (Π ◦ Π) ∨ (Π ◦ Π ◦ Π) ∨ . . . = sup
n≥0

{
Π(n)

}
. (4.17)

4.3 FIXED POINT EQUATION (SPACE M ETHOD )

4.3.1 MAIN THEOREM

We now have the tools to solve an important problem of networkcalculus, which has some analogy with
ordinary differential equations in conventional system theory.

The latter problem reads as follows: letΠ be an operator fromRJ to RJ , and let~a ∈ RJ . What is then the
solution~x(t) to the differential equation

d~x

dt
(t) = Π(~x)(t) (4.18)



4.3. FIXED POINT EQUATION (SPACE METHOD) 145

with the inital condition
~x(0) = ~a. (4.19)

HereΠ is an operator takingGJ → GJ , and~a ∈ GJ . The problem is now to find the largest function
~x(t) ∈ GJ , which verifies the recursive inequality

~x(t) ≤ Π(~x)(t) (4.20)

and the initial condition
~x(t) ≤ ~a(t). (4.21)

The differences are however important: first we have inequalities instead of equalities, and second, contrary
to (4.18), (4.20) does not describe the evolution of the trajectory~x(t) with time t, starting from a fixed
point~a, but the successive iteration ofΠ on the whole trajectory~x(t), starting from a fixed, given function
~a(t) ∈ GJ .

The following theorem provides the solution this problem, under weak, technical assumptions that are almost
always met.

THEOREM 4.3.1 (Space method).LetΠ be an upper semi-continuous and isotone operator takingGJ →
GJ . For any fixed function~a ∈ GJ , the problem

~x ≤ ~a ∧Π(~x) (4.22)

has one maximum solution inGJ , given by~x⋆ = Π(~a).

The theorem is proven in [28]. We give here a direct proof thatdoes not have the pre-requisites in [28]. It
is based on a fixed point argument. We call the application of this theorem “Space method”, because the
iterated variable is not timet (as in the “Time method” described shortly later) but the full sequence~x itself.
The theorem applies therefore indifferently whethert ∈ Z or t ∈ R.

PROOF: (i) Let us first show thatΠ(~a) is a solution of (4.22). Consider the sequence{~xn} of decreasing
sequences defined by

~x0 = ~a

~xn+1 = ~xn ∧Π(~xn), n ≥ 0.

Then one checks that
~x⋆ = inf

n≥0
{~xn}

is a solution to (4.22) because~x⋆ ≤ ~x0 = ~a and becauseΠ is upper-semi-continuous so that

Π(~x⋆) = Π(inf
n≥0

{~xn}) = inf
n≥0

{Π(~xn)} ≥ inf
n≥0

{~xn+1} ≥ inf
n≥0

{~xn} = ~x⋆.

Now, one easily checks that~xn = inf0≤m≤n{Π(m)(~a)}, so

~x⋆ = inf
n≥0

{~xn} = inf
n≥0

inf
0≤m≤n

{Π(m)(~a)} = inf
n≥0

{Π(n)(~a)} = Π(~a).

This also shows that~x⋆ ∈ GJ .

(ii) Let ~x be a solution of (4.22). Then~x ≤ ~a and sinceΠ is isotone,Π(~x) ≤ Π(~a). From (4.22),~x ≤ Π(~x),
so that~x ≤ Π(~a). Suppose that for somen ≥ 1, we have shown that~x ≤ Π(n−1)(~a). Then as~x ≤ Π(~x)
and asΠ is isotone, it yields that~x ≤ Π(n)(~a). Therefore~x ≤ infn≥0{Π(n)(~a)} = Π(~a), which shows that
~x⋆ = Π(~a) is the maximal solution.

Similarly, we have the following result in Max-plus algebra.
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THEOREM 4.3.2 (Dual space method).LetΠ be a lower semi-continuous operator takingGJ → GJ . For
any fixed function~a ∈ GJ , the problem

~x ≥ ~a ∨Π(~x) (4.23)

has one minimum solution, given by~x⋆ = Π(~a).

4.3.2 EXAMPLES OF APPLICATION

Let us now apply this theorem to five particular examples. We will first revisit the input-output charac-
terization of the greedy shaper of Section 1.5.2, and of the variable capacity node described at the end of
Section 1.3.2. Next we will apply it to two window flow controlproblems (with a fixed length window).
Finally, we will revisit the variable length packet greedy shaper of Section 1.7.4.

I NPUT-OUTPUT CHARACTERIZATION OF GREEDY SHAPERS

Remember that a greedy shaper is a system that delays input bits in a buffer, whenever sending a bit would
violate the constraintσ, but outputs them as soon as possible otherwise. IfR is the input flow, the output is
thus the maximal functionx ∈ F satisfying the set of inequalities (1.13), which we can recast as

x ≤ R ∧ Cσ(x).

It is thus given byR∗ = Cσ = Cσ(x) = σ ⊗ x. If σ is a “good” function, one therefore retrieves the main
result of Theorem 1.5.1.

I NPUT-OUTPUT CHARACTERIZATION OF VARIABLE CAPACITY NODES

The variable capacity node was introduced at the end of Section 1.3.2, where the variable capacity is modeled
by a cumulative functionM(t), whereM(t) is the total capacity available to the flow between times0 and
t. If m(t) is the instantaneous capacity available to the flow at timet, thenM(t) is the primitive of this
function. In other words, ift ∈ R,

M(t) =

∫ t

0
m(s)ds (4.24)

and if t ∈ Z the integral is replaced by a sum ons. If R is the input flow andx is the output flow of the
variable capacity node, then the variable capacity constraint imposes that for all0 ≤ s ≤ t

x(t)− x(s) ≤M(t)−M(s),

which we can recast using the idempotent operatorhM as

x ≤ hM (x). (4.25)

On the other hand, the system is causal, so that

x ≤ R. (4.26)

The output of the variable capacity node is therefore the maximal solution of system (4.25) and (4.26). It is
thus given by

R∗(t) = hM (R)(t) = hM (R)(t) = inf
0≤s≤t

{M(t) −M(s) +R(s)}

because the sub-additive closure of an idempotent operatoris the operator itself, as we have seen in the
previous section.
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STATIC WINDOW FLOW CONTROL – EXAMPLE 1

Let us now consider an example of a feedback system. This example is found independently in [10] and
[68, 2]. A data flowa(t) is fed via a window flow controller to a network offering a service curveβ. The
window flow controller limits the amount of data admitted into the network in such a way that the total
backlog is less than or equal toW , whereW > 0 (the window size) is a fixed number (Figure 4.1).

a(t) x(t)

y(t)

network

controller

Figure 4.1:Static window flow control, from [10] or [68]

Call x(t) the flow admitted to the network, andy(t) the output. The definition of the controller means that
x(t) is the maximum solution to {

x(t) ≤ a(t)
x(t) ≤ y(t) +W

(4.27)

We do not know the mappingΠ : x → y = Π(x), but we assume thatΠ is isotone, and we assume that
y(t) ≥ (β ⊗ x)(t), which can be recast as

Π(x) ≥ Cβ(x). (4.28)

We also recast System (4.27) as
x ≤ a ∧ {Π(x) +W} , (4.29)

and direclty apply Theorem 4.3.1 to derive that the maximum solution is

x = (Π +W )(a).

SinceΠ is isotone, so isΠ+W . Therefore, because of (4.28) and applying Theorem 4.2.2, we get that

x = (Π +W )(a) ≥ (Cβ +W )(a). (4.30)

Because of Theorem 4.2.1,

(Cβ +W )(a) = Cβ+W (a) = Cβ+W (a) = (β +W )⊗ a.

Combining this relationship with (4.30) we have that

y ≥ β ⊗ x ≥ β ⊗
(
(β +W )⊗ a

)
=
(
β ⊗ (β +W )

)
(a),

which shows that the complete, closed-loop system of Figure4.1 offers to flowa a service curve [10]

βwfc1 = β ⊗ (β +W ). (4.31)

For example, ifβ = βR,T then the service curve of the closed-loop system is the function represented on
Figure 4.2. WhenRT ≤ W , the window does not add any restriction on the service guarantee offered by
the open-loop system, as in this caseβwfc1 = β. If RT > W on the other hand, the service curve is smaller
than the open-loop service curve.
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βwfc1(t) = β(t) = R[t-T]+

T

R
t

βwfc1(t)

W

2T 3T 4T

Case 1: RT ≤ W 

W

Case 2: RT > W 

Figure 4.2:The service curve βwfc1 of the closed-loop system with static window flow control, when the
service curve of the open loop system is βR,T with RT ≤W (left) and RT > W (right).

STATIC WINDOW FLOW CONTROL – EXAMPLE 2

Let us extend the window flow control model to account for the existence of background traffic, which
constraints the input traffic rate at timet, dx/dt(t) (if t ∈ R) or x(t) − x(t − 1) (if t ∈ Z), to be less
that some given ratem(t). Let M(t) denote the primitive of this prescribed rate function. Thenthe rate
constraint onx becomes (4.25). FunctionM(t) is not known, but we assume that there is some function
γ ∈ F such that

M(t)−M(s) ≥ γ(t− s)

for any0 ≤ s ≤ t, which we can recast as
hM ≥ Cγ . (4.32)

This is used in [47] to derive a service curve offered by the complete system to the incoming flowx, which
we shall also compute now by applying Theorem 4.3.1.

With the additional constraint (4.25), one has to compute the maximal solution of

x ≤ a ∧ {Π(x) +W} ∧ hM (x), (4.33)

which is
x = ({Π+W} ∧ hM )(a). (4.34)

As in the previous subsection, we do not knowΠ but we assume that it is isotone and thatΠ ≥ Cβ. We
also know thathM ≥ Cγ . A first approach to get a service curve fory, is to compute a lower bound of the
right hand side of (4.34) by time-invariant linear operators, which commute as we have seen earlier in this
chapter. We get

{Π+W} ∧ hM ≥ {Cβ +W} ∧ Cγ = C{β+W}∧γ ,

and therefore (4.34) becomes

x ≥ C{β+W}∧γ(a) = C{β+W}∧γ(a) = ({β +W} ∧ γ)⊗ a.

Because of Theorem 3.1.11,
{β +W} ∧ γ = (β +W )⊗ γ

so that
y ≥ β ⊗ x ≥

(
β ⊗ (β +W )⊗ γ

)
⊗ a
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and thus a service curve for flowa is

β ⊗ (β +W )⊗ γ. (4.35)

Unfortunately, this service curve can be quite useless. Forexample, if for someT > 0, γ(t) = 0 for
0 ≤ t ≤ T , thenγ(t) = 0 for all t ≥ 0, and so the service curve is zero.

A better bound is obtained by differing the lower bounding ofhM by the time-invariant operatorCγ after
having used the idempotency property in the computation of the sub-additive closure of the right hand side
of (4.34), via Corollary 4.2.1. Indeed, this corollary allows us to replace (4.34) by

x =
(
(hM ◦ (Π +W )) ◦ hM

)
(a).

Now we can boundhM below byCγ to obtain

(hM ◦ (Π +W )) ◦ hM ≥ (Cγ ◦ Cβ+W ) ◦ Cγ
= Cγ⊗(β+W ) ◦ Cγ
= Cβ⊗γ+W ◦ Cγ
= Cγ⊗(β⊗γ+W ).

We obtain a better service curve than by our initial approach, where we had directly replacedhM by Cgamma:

βwfc2 = β ⊗ γ ⊗ (β ⊗ γ +W ). (4.36)

is a better service curve than (4.35).

For example, ifβ = βR,T andγ = βR′,T ′ , withR > R′ andW < R′(T + T ′), then the service curve of the
closed-loop system is the function represented on Figure 4.3.

PACKETIZED GREEDY SHAPER

Our last example in this chapter is the packetized greedy shaper introduced in Section 1.7.4. It amounts to
computing the maximum solution to the problem

x ≤ R ∧ PL(x) ∧ Cσ(x)

whereR is the input flow,σ is a “good” function andL is a given sequence of cumulative packet lengths.

We can apply Theorem 4.3.1 and next Theorem 4.2.2 to obtain

x = PL ∧ Cσ(R) = PL ◦ Cσ(R)

which is precisely the result of Theorem 1.7.4.

4.4 FIXED POINT EQUATION (T IME M ETHOD )

We conclude this chapter by another version of Theorem 4.3.1that applies only to the disrete-time setting. It
amounts to compute the maximum solution~x = Π(~a) of (4.22) by iterating on timet instead of interatively
applying operatorΠ to the full trajectory~a(t). We call this method the “time method” (see also [11]). It
is valid under stronger assumptions than the space method, as we require here that operatorΠ be min-plus
linear.
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Figure 4.3:The service curve βwfc2 of the closed-loop system with window flow control (bottom right), when
the service curve of the open loop system is β = βR,T (top left) and when γ = βR′,T ′ (top right), with R > R′

and W < R′(T + T ′).

THEOREM 4.4.1. Let Π = LH be a min-plus linear operator takingFJ → FJ , with impulse response
H ∈ F̃J . For any fixed function~a ∈ FJ , the problem

~x ≤ ~a ∧ LH(~x) (4.37)

has one maximum solution, given by

~x⋆(0) = ~a(0)

~x⋆(t) = ~a(t) ∧ inf
0≤u≤t−1

{H(t, u) + ~x⋆(u)}.

PROOF: Note that the existence of a maximum solution is given by Theorem 4.3.1. Define~x⋆ by the
recursion in the Theorem. AsH ∈ F̃J it follows easily by induction that~x⋆ is a solution to problem (4.37).
Conversely, for any solution~x, ~x(0) ≤ a(0) = ~x⋆(0) and if~x(u) ≤ ~x⋆(u) for all 0 ≤ u ≤ t− 1, it follows
that~x(t) ≤ ~x⋆(t) which shows that~x⋆ is the maximal solution.

4.5 CONCLUSION

This chapter has introduced min-plus and max-plus operators, and discussed their properties, which are
summarized in Table 4.1. The central result of this chapter,which will be applied in the next chapters,
is Theorem 4.3.1, which enables us to compute the maximal solution of a set of inqualities involving the
iterative application of an upper semi-continuous operator.
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Operator Cσ Dσ ST hσ PL

Upper semi-continuous yes no yes yes yes
Lower semi-continuous no yes yes no no

Isotone yes yes yes yes yes
Min-plus linear yes no yes yes no
Max-plus linear no yes yes no no

Causal yes no yes (1) yes yes
Shift-invariant yes yes yes no no

Idempotent no (2) no (2) no (3) yes yes

(1) (if T ≥ 0)
(2) (unlessσ is a ‘good’ function)
(3) (unlessT = 0)

Table 4.1:A summary of properties of some common operators
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CHAPTER 5

OPTIMAL MULTIMEDIA SMOOTHING

In this chapter we apply network calculus to smooth multimedia data over a network offering reservation
based services, such as ATM or RSVP/IP, for which we know one minimal service curve. One approach
to stream video is to act on the quantization levels at the encoder output: this is called rate control, see
e.g. [26]. Another approach is to smooth the video stream, using a smoother fed by the encoder, see e.g.
[69, 72, 59]. In this chapter, we deal with this second approach.

A number of smoothing algorithms have been proposed to optimize various performance metrics, such as
peak bandwidth requirements, variability of transmissionrates, number of rate changes, client buffer size
[29]. With network calculus, we are able to compute the minimal client buffer size required given a maximal
peak rate, or even a more complex (VBR) smoothing curve. We can also compute the minimal peak rate
required given a given client buffer size. We will see that the scheduling algorithm that must be implemented
to reach these bounds is not unique, and we will determine thefull set of video transmission schedules that
minimize these resources and achieve these optimal bounds.

5.1 PROBLEM SETTING

A video stream stored on the server disk is directly delivered to the client, through the network, as shown on
Figure 5.1. At the sender side, a smoothing device reads the encoded video streamR(t) and sends a stream
x(t) that must conform to an arrival curveσ, which we assume to be a ‘good’ function, i.e. is sub-additive
and such thatσ(0) = 0. The simplest and most popular smoothing curve in practice is a constant rate curve
(or equivalently, a peak rate constraint)σ = λr for somer > 0.

We take the transmission start as origin of time: this implies thatx(t) = 0 for t ≤ 0.

At the receiver side, the video streamR will be played back afterD units of times, theplayback delay: the
output of the decoding bufferB must therefore beR(t−D).

The network offers a guaranteed service to the flowx. If y denotes the output flow, it is not possible, in
general, to expressy as a function ofx. However we assume that the service guarantee can be expressed by
a service curveβ. For example, as we have seen in Chapter 1, the IETF assumes that RSVP routers offer a
rate-latency service curveβ of the formβL,C(t) = C[t − L]+ = max{0, C(t − L)}. Another example is
a network which is completely transparent to the flow (i.e. which does not incur any jitter to the flow nor
rate limitation, even if it can introduce a fixed delay, whichwe ignore in this chapter as we can always take
it into account separately). We speak of anull network. It offers a service curveβ(t) = δ0(t).

155
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R(t+d) y(t) R(t-D)x(t)
β

display
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Client

Network

Client
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σ
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B

Video
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Figure 5.1: Video smoothing over a single network.

To keep mathematical manipulations simple, we assume that the encoding buffer size is large enough to
contain the full data stream. On the other hand, the receiver(decoding) buffer is a much more scarce
resource. Its finite size is denoted byB.

As the stream is pre-recorded and stored in the video server,it allows the smoother to prefetch and send
some of the data before schedule. We suppose that the smoother is able to look ahead data for up tod time
units ahead. Thislook-ahead delaycan take values ranging from zero (in the most restrictive case where no
prefetching is possible) up to the length of the full stream.The sum of the look-ahead delay and playback
delay is called thetotal delay, and is denoted byT : T = D + d.

These constraints are described more mathematically in Section 5.2.

We will then apply Theorem 4.3.1 to solve the following problems:

(i) we first compute, in Section 5.3, the minimal requirements on the playback delayD, on the look-ahead
delayd, and on the client buffer sizeB guaranteeing a lossless transmission for given smoothing and service
curvesσ andβ.

(ii) we then compute, in Section 5.4, all scheduling strategies at the smoother that will achieve transmission
in the parameter setting computed in Section 5.3. We call theresulting scheduling “optimal smoothing”.

(iii) in the CBR case (σ = λr), for a given rater and for a rate-latency service curve (β = βL,C), we will
obtain, in Section 5.5, closed-form expressions of the minimal values ofD, T = D + d andB required for
lossless smoothing. We will also solve the dual problem of computing the minimal rater needed to deliver
video for a given playback delayD, look-ahead delayd and client buffer sizeB.

We will then compare optimal smoothing with greedy shaping in Section 5.6 and with separate delay equal-
ization in Section 5.7. Finally, we will repeat problems (i)and (iii) when intermediate caching is allowed
between a backbone network and an access network.

5.2 CONSTRAINTS I MPOSED BY L OSSLESSSMOOTHING

We can now formalize the constraints that completely define the smoothing problem illustrated on Fig-
ure 5.1).

• Flow x ∈ F : As mentioned above, the chosen origin of time is such thatx(t) = 0 for t ≤ 0, or
equivalently

x(t) ≤ δ0(t). (5.1)

• Smoothness constraint: Flow x is constrained by an arrival curveσ(·). This means that for allt ≥ 0

x(t) ≤ (x⊗ σ)(t) = Cσ(x)(t). (5.2)
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• Playback delay constraint (no playback buffer underflow): The data is read out from the playback
buffer afterD unit of times at a rate given byR(t−D). This implies thaty(t) ≥ R(t−D). However
we do not know the exact expression ofy as a function ofx. All we know is that the network
guarantees a service curveβ, namely thaty(t) ≥ (x⊗β)(t). The output flow may therefore be as low
as(x⊗β)(t), and hence we can replacey in the previous inequality to obtain(x⊗β)(t) ≥ R(t−D).
Using Rule 14 in Theorem 3.1.12, we can recast this latter inequality as

x(t) ≥ (R⊘ β)(t−D) = Dβ(R)(t−D) (5.3)

for all t ≥ 0.
• Playback buffer constraint (no playback buffer overflow): The size of the playback buffer is lim-

ited toB, and to prevent any overflow of the buffer, we must impose thaty(t) − R(t −D) ≤ B for
all t ≥ 0. Again, we do not know the exact value ofy, but we know that it can be as high asx, but not
higher, because the network is a causal system. Therefore the constraint becomes, for allt ≥ 0,

x(t) ≤ R(t−D) +B. (5.4)

• Look-ahead delay constraint: We suppose that the encoder can prefetch data from the server up to
d time units ahead, which translates in the following inequality:

x(t) ≤ R(t+ d). (5.5)

5.3 MINIMAL REQUIREMENTS ON DELAYS AND PLAYBACK BUFFER

Inequalities (5.1) to (5.5) can be recast as two sets of inequalities as follows:

x(t) ≤ δ0(t) ∧R(t+ d) ∧ {R(t−D) +B} ∧ Cσ(x)(t) (5.6)

x(t) ≥ (R⊘ β)(t−D). (5.7)

There is a solutionx to the smoothing problem if and only if it simultaneously verifies (5.6) and (5.7). This
is equivalent to requiring that the maximal solution of (5.6) is larger than the right hand side of (5.7) for all
t.

Let us first compute the maximal solution of (5.6). Inequality (5.6) has the form

x ≤ a ∧ Cσ(x) (5.8)

where

a(t) = δ0(t) ∧R(t+ d) ∧ {R(t−D) +B}. (5.9)

We can thus apply Theorem 4.3.1 to compute the unique maximalsolution of (5.8), which isxmax =
Cσ(a) = σ ⊗ a becauseσ is a ‘good’ function. Replacinga by its expression in (5.9), we compute that the
maximal solution of (5.6) is

xmax(t) = σ(t) ∧ {(σ ⊗R)(t+ d)} ∧ {(σ ⊗R)(t−D) +B} . (5.10)

We are now able to compute the smallest values of the playbackdelayD, of the total delayT and of
the playback bufferB ensuring the existence of a solution to the smoothing problem, thanks to following
theorem. The requirement ond for reaching the smallest value ofD is therefored = T −D.
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THEOREM 5.3.1 (Requirements for optimal smoothing).The smallest values ofD, T andB ensuring a
lossless smoothing to a ‘good’ curveσ through a network offering a service curveβ are

Dmin = h(R, (β ⊗ σ)) = inf {t ≥ 0 : (R⊘ (β ⊗ σ))(−t) ≤ 0} (5.11)

Tmin = h((R ⊘R), (β ⊗ σ)) (5.12)

= inf {t ≥ 0 : ((R ⊘R)⊘ (β ⊗ σ))(−t) ≤ 0}
Bmin = v((R ⊘R), (β ⊗ σ)) = ((R⊘R)⊘ (β ⊗ σ))(0). (5.13)

whereh andv denote respectively the horizontal and vertical distancesgiven by Definition 3.1.15.

PROOF: The set of inequalities (5.6) and (5.7) has a solution if, andonly if, the maximal solution of (5.6)
is larger or equal to the right hand side of (5.7) at all times.This amounts to impose that for allt ∈ R

(R ⊘ β)(t−D)− σ(t) ≤ 0

(R ⊘ β)(t−D)− (σ ⊗R)(t+ d) ≤ 0

(R⊘ β)(t−D)− (σ ⊗R)(t−D) ≤ B.

Using the deconvolution operator and its properties, the latter three inequalities can be recast as

(R ⊘ (β ⊗ σ))(−D) ≤ 0

((R⊘R)⊘ (β ⊗ σ)) (−T ) ≤ 0

((R⊘R)⊘ (β ⊗ σ)) (0) ≤ B.

The minimal values ofD, T andB satisfying these three inequalities are given by (5.11), (5.12) and (5.13).
These three inequalities are therefore the necessary and sufficient conditions ensuring the existence of a
solution to the smoothing problem.

5.4 OPTIMAL SMOOTHING STRATEGIES

An optimal smoothing strategy is a solutionx(t) to the lossless smoothing problem whereD, T = D + d
andB take their minimal value given by Theorem 5.3.1. The previous section shows that there exists at least
one optimal solution, namely (5.10). It is however not the only one, as we will see in this section.

5.4.1 MAXIMAL SOLUTION

The maximal solution (5.10) requires only the evaluation ofan infimum at timet over the past values of
R and over the future values ofR up to timet + dmin, with dmin = Tmin − Dmin. Of course, we need
the knowledge of the traffic traceR(t) to dimensionDmin, dmin andBmin. However, once we have these
values, we do not need the full stream for the computation of the smoothed input to the network.

5.4.2 MINIMAL SOLUTION

To compute the minimal solution, we reformulate the lossless smoothing problem slightly differently. Be-
cause of Rule 14 of Theorem 3.1.12, an inequality equivalentto (5.2) is

x(t) ≥ (x⊘ σ)(t) = Dσ(x)(t). (5.14)
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We use this equivalence to replace the set of inequalities (5.6) and (5.7) by the equivalent set

x(t) ≤ δ0(t) ∧R(t+ d) ∧ {R(t−D) +B}
(5.15)

x(t) ≥ (R⊘ β)(t−D) ∨ Dσ(x)(t). (5.16)

One can then apply Theorem 4.3.2 to compute theminimalsolution of (5.16), which isxmin = Dσ(b) =
b⊘ σ whereb(t) = (R⊘ β)(t−D), becauseσ is a ‘good’ function. Eliminatingb from these expressions,
we compute that the minimal solution is

xmin(t) = (R⊘ (β ⊗ σ))(t−D), (5.17)

and compute the constraints ond, D andB ensuring that it verifies (5.15): one would get the very same
values ofDmin, Tmin andBmin given by (5.11) (5.12) and (5.13).

It does achieve the values ofDmin andBmin given by (5.11) and (5.13), but requires nevertheless the
evaluation, at timet, of a supremum over all values ofR up to the end of the trace, contrary to the maximal
solution (5.10). Min-plus deconvolution can however be represented in the time inverted domain by a min-
plus convolution, as we have seen in Section 3.1.10. As the duration of the pre-recorded stream is usually
known, the complexity of computing a min-plus deconvolution can thus be reduced to that of computing a
convolution.

5.4.3 SET OF OPTIMAL SOLUTIONS

Any functionx ∈ F such that
xmin ≤ x ≤ xmax

and
x ≤ x⊗ σ

is therefore also a solution to the lossless smoothing problem, for the same minimal values of the playback
delay, look-ahead delay and client buffer size. This gives the set of all solutions. A particular solution among
these can be selected to further minimize another metric, such as the ones discussed in [29], e.g. number of
rate changes or rate variability.

The top of Figure 5.2 shows, for a synthetic traceR(t), the maximal solution (5.10) for a CBR smoothing
curveσ(t) = λr(t) and a service curveβ(t) = δ0(t), whereas the bottom shows the minimal solution (5.17).
Figure 5.3 shows the same solutions on a single plot, for the MPEG traceR(t) of the top of Figure 1.2.4
representing the number of packet arrivals per time slot of 40 ms corresponding to a MPEG-2 encoded video
when the packet size is 416 bytes for each packet.

An example of VBR smoothing on the same MPEG trace is shown on Figure 5.4, with a smoothing curve
derived from the T-SPEC field, which is given byσ = γP,M ∧ γr,b, whereM is the maximum packet size
(hereM = 416 Bytes),P the peak rate,r the sustainable rate andb the burst tolerance. Here we roughly
haveP = 560 kbits/sec,r = 330 kbits/sec andb = 140 kBytes The service curve is a rate-latency curve
βL,C with L = 1 second andC = 370 kbits/sec. The two traces have the same envelope, thus the same
minimum buffer requirement (here, 928kBytes). However thesecond trace has its bursts later, thus, has a
smaller minimum playback delay (D2 = 2.05s versusD1 = 2.81s).

5.5 OPTIMAL CONSTANT RATE SMOOTHING

Let us compute the above values in the case of a constant rate (CBR) smoothing curveσ(t) = λr(t) = rt
(with t ≥ 0) and a rate-latency service curve of the networkβ(t) = βL,C(t) = C[t− L]+. We assume that
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Figure 5.2: In bold, the maximal solution (top figure) and minimal solution (bottom figure) to the CBR
smoothing problem with a null network.

r < C, the less interesting case wherer ≥ C being handled similarly. We will often use the decomposition
of a rate-latency function as the min-plus convolution of a pure delay function, with a constant rate function:
βL,C = δL ⊗ λC . We will also use the following lemma.

LEMMA 5.5.1. If f ∈ F ,

h(f, βL,C) = L+
1

C
(f ⊘ λC)(0). (5.18)



5.5. OPTIMAL CONSTANT RATE SMOOTHING 161

0 100 200 300 400 500
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

frame number

cu
m

ul
at

iv
e 

flo
w

 [K
by

te
s]

x     (t)
min

max
x     (t)

min
D

min
d

t

R(t - D    )min

R(t + d    )
R(t)min

minB

Figure 5.3: In bold, the maximal and minimal solutions to theCBR smoothing problem of an MPEG trace
with a null network. A frame is generated every 40 msec.
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Figure 5.4: Two MPEG traces with the same arrival curve (left). The corresponding playback delaysD1

andD2 are the horizontal deviations between the cumulative flowsR(t) and functionσ ⊗ β (right).
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PROOF: As f(t) = 0 for t ≤ 0 and asβL,C = δL ⊗ λC , we can write for anyt ≥ 0

(f ⊘ βL,C)(−t) = sup
u≥0

{f(u− t)− (δL ⊗ λC)(u)}

= sup
u≥0

{f(u− t)− λC(u− L)}

= sup
v≥−t

{f(v)− λC(v + t− L)}

= sup
v≥0

{f(v)− λC(v + t− L)}

= sup
v≥0

{f(v)− λC(v)} − C(t− L)

= (f ⊘ λC)(0) − Ct+ CL,

from which we deduce the smallest value oft making the left-hand side of this equation non-positive is
given by (5.18).

In the particular CBR case, the optimal values (5.11), (5.12) and (5.13) become the following ones.

THEOREM 5.5.1 (Requirements for CBR optimal smoothing).If σ = λr andβ = βL,C with r < C, the
smallest values ofD, of T and ofB are

Dmin = L+
1

r
(R ⊘ λr)(0) (5.19)

Tmin = L+
1

r
((R ⊘R)⊘ λr)(0) (5.20)

Bmin = ((R ⊘R)⊘ λr))(L) ≤ rTmin. (5.21)

PROOF: To establish (5.19) and (5.20), we note thatR and(R ⊘R) ∈ F . Sincer < C

β ⊗ σ = βL,C ⊗ λr = δL ⊗ λC ⊗ λr = δL ⊗ λr = βL,r

so that we can apply Lemma 5.5.1 withf = R andf = (R⊘R), respectively.

To establish (5.21), we develop (5.13) as follows

((R ⊘R)⊘ (β ⊗ σ))(0) = ((R⊘R)⊘ (δL ⊗ λr))(0)

= sup
u≥0

{(R ⊘R)(u)− λr(u− L)}

= ((R⊘R)⊘ λr)(L)

= sup
u≥L

{(R ⊘R)(u)− λr(u− L)}

= sup
u≥L

{(R ⊘R)(u)− λr(u)}+ rL

≤ sup
u≥0

{(R ⊘R)(u)− λr(u)}+ rL

= ((R⊘R)⊘ λr)(0) + rL = rTmin.

This theorem provides the minimal values of playback delayDmin and bufferBmin, as well as the minimal
look-ahead delaydmin = Tmin −Dmin for a given constant smoothing rater < C and a given rate-latency
service curveβL,C . We can also solve the dual problem, namely compute for givenvalues of playback delay
D, of the look-ahead delayd, of the playback bufferB and for a given rate-latency service curveβL,C , the
minimal ratermin which must be reserved on the network.
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THEOREM 5.5.2 (Optimal CBR smoothing rate).If σ = λr andβ = βL,C with r < C, the smallest value
of r, givenD ≥ L, d andB ≥ (R ⊘R)(L), is

rmin = sup
t>0

{
R(t)

t+D − L

}
∨ sup

t>0

{
(R⊘R)(t)

t+D + d− L

}

∨ sup
t>0

{
(R ⊘R)(t+ L)−B

t

}
. (5.22)

PROOF: Let us first note that because of (5.19), there is no solution if D < L. On the other hand, if
D ≥ L, then (5.19) implies that the rater must be such that for allt > 0

D ≥ L+
1

r
(R(t)− rt)

or equivalentlyr ≥ R(t)/(t+D−L). The latter being true for allt > 0, we must haver ≥ supt≥0{R(t)/(t+
D − L)}. Repeating the same argument with (5.20) and (5.21), we obtain the minimal rate (5.22).

In the particular case whereL = 0 andr < C the network is completely transparent to the flow, and can
be considered as a null network: can replaceβ(t) by δ0(t). The values (5.19), (5.20) and (5.21) become,
respectively,

Dmin =
1

r
(R⊘ λr)(0) (5.23)

Tmin =
1

r
((R⊘R)⊘ λr)(0) (5.24)

Bmin = ((R ⊘R)⊘ λr))(0) = rTmin. (5.25)

It is interesting to compute these values on a real video trace, such as the first trace on top of Figure 1.2.4.
SinceBmin is directly proportional toTmin because of (5.25), we show only the graphs of the values of
Dmin anddmin = Tmin − Dmin, as a function of the CBR smoothing rater on Figure 5.5. We observe
three qualitative ranges of rates: (i) the very low ones where the playback delay is very large, and where
look-ahead does not help in reducing it; (ii) a middle range where the playback delay can be kept quite
small, thanks to the use of look-ahead and (iii) the high rates above the peak rate of the stream, which do not
require any playback nor lookahead of the stream. These three regions can be found on every MPEG trace
[79], and depend on the location of the large burst in the trace. If it comes sufficiently late, then the use of
look-ahead can become quite useful in keeping the playback delay small.

5.6 OPTIMAL SMOOTHING VERSUS GREEDY SHAPING

An interesting question is to compare the requirements onD andB, due to the scheduling obtained in Sec-
tion 5.4, which are minimal, with those that a simpler scheduling, namely the greedy shaper of Section 1.5,
would create. Asσ is a ‘good’ function, the solution of a greedy shaper is

xshaper(t) = (σ ⊗R)(t). (5.26)

To be a solution for the smoothing problem, it must satisfy all constraints listed in Section 5.2. It already
satisfies (5.1), (5.2) and (5.5). Enforcing (5.3) is equivalent to impose that for allt ∈ R

(R ⊘ β)(t−D) ≤ (σ ⊗R)(t),

which can be recast as
((R ⊘R)⊘ (β ⊗ σ))(−D) ≤ 0. (5.27)
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Figure 5.5: Minimum playback delayDmin and corresponding look-ahead delaydmin for a constant rate
smoothingr of the MPEG-2 video trace shown on top of Figure 1.2.4.

This implies that the minimal playback delay needed for a smoothing using a greedy shaping algorithm
is equal to the minimal total delayTmin, the sum of the playback and lookahead delays, for the optimal
smoothing algorithm. It means that the only way an optimal smoother allows to decrease the playback delay
is its ability to look ahead and send data in advance. If this look-ahead is not possible (d = 0) as for example
for a live video transmission, the playback delay is the samefor the greedy shaper and the optimal smoother.

The last constraint that must be verified is (5.4), which is equivalent to impose that for allt ∈ R

(σ ⊗R)(t) ≤ R(t−D) +B,

which can be recast as
((R ⊗ σ)⊘R)(D) ≤ B. (5.28)

Consequently, the minimal requirements on the playback delay and buffer using a greedy shaper instead of
an optimal smoother are given by the following theorem.

THEOREM 5.6.1 (Requirements for greedy shaper).If σ is a ‘good’ function, then the smallest values ofD
andB for lossless smoothing of flowR by a greedy shaper are

Dshaper = Tmin = h((R ⊘R), (β ⊗ σ)) (5.29)

Bshaper = ((R ⊗ σ)⊘R)(Dshaper) ∈ [Bmin, σ(Dshaper)]. (5.30)

PROOF: The expressions ofDshaperandBshaperfollow immediately from (5.27) and (5.28). The only
point that remains to be shown is thatBshaper≤ σ(Dshaper), which we do by pickings = u in the inf
below:

Bshaper = (R⊘ (R ⊗ σ)) (Dshaper)
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= sup
u≥0

{
inf

0≤s≤u+Dshaper

{
R(s) + σ(u+Dshaper− s)

}
−R(u)

}

≤ sup
u≥0

{
R(u) + σ(u+Dshaper− u)−R(u)

}

= σ(Dshaper).

Consequently, a greedy shaper does not minimize, in general, the playback buffer requirements, although it
does minimize the playback delay when look-ahead is not possible. Figure 5.6 shows the maximal solution
xmax of the optimal shaper (top) and the solutionxshaperof the greedy shaper (bottom) when the shaping
curve is a one leaky bucket affine curveσ = γr,b, when the look-ahead delayd = 0 (no look ahead possible)
and for a null network (β = δ0). In this case the playback delays are identical, but not theplayback buffers.

Another example is shown on Figure 5.7 for the MPEG-2 video trace shown on top of Figure 1.2.4. Here
the solution of the optimal smoother is the minimal solutionxmin.

There is however one case where a greedy shaper does minimizethe playback buffer: a constant rate smooth-
ing (σ = λr) over a null network (β = δ0). Indeed, in this case, (5.25) becomes

Bmin = rTmin = rDshaper= σ(Dshaper),

and thereforeBshaper= Bmin. Consequently, if no look-ahead is possible and if the network is transparent
to the flow, greedy shaping is an optimal CBR smoothing strategy.

5.7 COMPARISON WITH DELAY EQUALIZATION

A common method to implement a decoder is to first remove any delay jitter caused by the network, by
delaying the arriving data in a delay equalization buffer, before using the playback buffer to compensate for
fluctuations due to pre-fetching. Figure 5.8 shows such a system. If the delay equalization buffer is properly
configured, its combination with the guaranteed service network results into a fixed delay network, which,
from the viewpoint we take in this chapter, is equivalent to anull network. Compared to the original scenario
in Figure 5.1, there are now two separate buffers for delay equalization and for compensation of prefetching.
We would like to understand the impact of this separation on the minimum playback delayDmin.

The delay equalization buffer operates by delaying the firstbit of data by an initial delayDeq, equal to the
worst case delay through the network. We assume that the network offers a rate-latency service curveβL,C .
Since the flowx is constainted by the arrival curveσ which is assumed to be a ‘good’ function, we know
from Theorem 1.4.4, that the worst-case delay is

Deq = h(σ, βL,C).

On the other hand, the additional part of the playback delay to compensate for fluctuations due to pre-
fetching, denoted byDpf , is given by (5.11) withβ replaced byδ0:

Dpf = h(R, δ0 ⊗ σ) = h(R,σ).

The sum of these two delays is, in general, larger than the optimal playback delay (without a separation
between equalization and compensation for prefetching),Dmin, given by (5.11):

Dmin = h(R, βL,C ⊗ σ).
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Figure 5.6: In bold, the maximal solution (top figure) and minimal solution (bottom figure) to the smoothing
problem with a null network, no look-ahead and an affine smoothing curveσ = γr,b .

Consider the example of Figure 5.9, whereσ = γr,b with r < C. Then one easily computes the three delays
Dmin,Deq andDpf , knowing that

βL,C ⊗ σ = δL ⊗ λC ⊗ γr,b = δL ⊗ (λC ∧ γr,b)
= (δL ⊗ λC) ∧ (δL ⊗ γr,b) = βL,C ∧ (δL ⊗ γr,b).

One clearly hasDmin < Deq + Dpf : separate delay equalization gives indeed a larger overallplayback
delay. In fact, looking carefully at the figure (or working out the computations), we can observe that the
combination of delay equalization and compensation for prefetching in a single buffer accounts for the
busrtiness of the (optimally) smoothed flow only once. This is another instance of the “pay bursts only
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Figure 5.7: Example of optimal shaping versus optimal smoothing for the MPEG-2 video trace shown on
top of Figure 1.2.4. The example is for a null network and a smoothing curveσ = γP,M ∧ γr,b with
M = 416 bytes,P = 600 kbits/sec,r = 300 kbits/sec andb = 80 kBytes. The figure shows the optimal
shaper [resp. smoother] output and the original signal (video trace), shifted by the required playback delay.
The playback delay is2.76 sec for optimal shaping (top) and1.92 sec for optimal smoothing (bottom).
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Figure 5.8: Delay equalization at the receiver.
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once” phenomenon, which we have already met in Section 1.4.3.

min
D

ββ(t)

t

R(t)

eqD

pf
D

σσ(t)

((σσ⊗⊗ββ))(t)

Figure 5.9: DelaysDmin,Deq andDpf for a rate-latency service curveβL,C and an affine smoothing curve
σ = γr,b .

We must however make – once again – an exception for a constantrate smoothing. Indeed, ifσ = λr (with
r < C), thenDpf is given by (5.23) andDmin by (5.19), so that

Deq = h(λr, βL,C) = L

Dpf =
1

r
(R⊘ λr)(0)

Dmin = L+
1

r
(R⊘ λr)(0)

and thereforeDmin = Deq + Dpf . In the CBR case, separate delay equalization is thus able toattain the
optimal playback delay.

5.8 LOSSLESSSMOOTHING OVER TWO NETWORKS

We now consider the more complex setting where two networks separate the video server from the client:
the first one is a backbone network, offering a service curveβ1 to the flow, and the second one is a local
access network, offering a service curveβ2 to the flow, as shown on Figure 5.10. This scenario models
intelligent, dynamic caching often done at local network head-ends. We will compute the requirements
onD, d, B and on the bufferX of this intermediate node in Subsection 5.8.1. Moreover, wewill see in
Subsection 5.8.2 that for constant rate shaping curves and rate-latency service curves, the size of the client
bufferB can be reduced by implementing a particular smoothing strategy instead of FIFO scheduling at the
intermediate node.

Two flows need therefore to be computed: the first onex1(t) at the input of the backbone network, and the
second onex2(t) at the input of the local access network, as shown on Figure 5.10.

The constraints on both flows are now as follows:
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• Causal flowx1: This constraint is the same as (5.1), but withx replaced byx1:

x1(t) ≤ δ0(t), (5.31)

• Smoothness constraint: Both flowsx1 andx2 are constrained by two arrival curvesσ1 andσ2:

x1(t) ≤ (x1 ⊗ σ1)(t) (5.32)

x2(t) ≤ (x2 ⊗ σ2)(t). (5.33)

• No playback and intermediate server buffers underflow: The data is read out from the playback
buffer afterD unit of times at a rate given byR(t−D), which implies thaty2(t) ≥ R(t−D). On the
other hand, the data is retrieved from the intermediate server at a rate given byx2(t), which implies
that y1(t) ≥ x2(t). As we do not know the expressions of the outputs of each network, but only a
service curveβ1 andβ2 for each of them, we can replacey1 by x1 ⊗ β1 andy2 by x2 ⊗ β2, and
reformulate these two constraints by

x2(t) ≤ (x1 ⊗ β1)(t) (5.34)

x2(t) ≥ (R ⊘ β2)(t−D). (5.35)

• No playback and intermediate server buffers overflow: The size of the playback and cache buffers
are limited toB andX, respectively, and to prevent any overflow of the buffer, we must impose that
y1(t)− x2(t) ≤ X andy2(t)− R(t−D) ≤ B for all t ≥ 0. Again, we do not know the exact value
of y1 andy2, but we know that they are bounded byx1 andx2, respectively, so that the constraints
becomes, for allt ≥ 0,

x1(t) ≤ x2(t) +X (5.36)

x2(t) ≤ R(t−D) +B. (5.37)

• Look-ahead delay constraint: this constraint is the same as in the single network case:

x1(t) ≤ R(t+ d). (5.38)

5.8.1 MINIMAL REQUIREMENTS ON THE DELAYS AND BUFFER SIZES FOR TWO NET-
WORKS

Inequalities (5.31) to (5.38) can be recast as three sets of inequalities as follows:

x1(t) ≤ δ0(t) ∧R(t+ d) ∧ (σ1 ⊗ x1)(t) ∧ (x2(t) +X) (5.39)

x2(t) ≤ {R(t−D) +B} ∧ (β1 ⊗ x1)(t) ∧ (σ2 ⊗ x2)(t) (5.40)

x2(t) ≥ (R⊘ β2)(t−D). (5.41)
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We use the same technique for solving this problem sa in Section 5.3, except that now the dimension of the
systemJ is 2 instead of 1.

With T denoting transposition, let us introduce the following notations:

~x(t) = [x1(t) x2(t)]
T

~a(t) = [δ0(t) ∧R(t+ d) R(t−D) +B]T

~b(t) = [0 (R⊘ β2)(t−D)]T

Σ(t) =

[
σ1(t) δ0(t) +X
β1(t) σ2(t)

]
.

With these notations, the set of inequalities (5.39), (5.40) and (5.41) can therefore be recast as

~x ≤ ~a ∧ (Σ⊗ ~x) (5.42)

~x ≥ ~b. (5.43)

We will follow the same approach as in Section 5.3: we first compute the maximal solution of (5.42) and
then derive the constraints onD, T (and henced), X andB ensuring the existence of this solution. We
apply thus Theorem 4.3.1 again, but this time in the two-dimensional case, to obtain an explicit formulation
of the maximal solution of (5.42). We get

~xmax = CΣ(~a) = (Σ⊗ ~a) (5.44)

whereΣ is the sub-additive closure ofΣ, which is, as we know from Section 4.2,

Σ = inf
n∈N

{Σ(n)} (5.45)

whereΣ(0) = D0 andΣ(n) denotes thenth self-convolution ofΣ. Application of (5.45) to matrixΣ is
straightforward, but involves a few manipulations which are skipped. Denoting

α = σ1 ⊗ σ2 ⊗ inf
n∈N

{
β
(n+1)
1 + nX

}
(5.46)

= σ1 ⊗ σ2 ⊗ β1 ⊗ β1 +X,

we find that

Σ =

[
σ1∧(α+X) (σ1⊗σ2+X)∧(α + 2X)

α σ2 ∧ (α+X)

]

and therefore the two coordinates of the maximal solution of(5.42) are

x1max(t) = σ1(t) ∧ {α(t) +X} ∧ (σ1 ⊗R)(t+ d) ∧ {(α⊗R)(t+ d) +X}
∧ {(σ1 ⊗ σ2 ⊗R)(t−D) +B +X}
∧ {(α⊗R)(t−D) +B + 2X} (5.47)

x2max(t) = α(t) ∧ (α⊗R)(t+ d) ∧ {(σ2 ⊗R)(t−D) +B}
∧ {(α⊗R)(t−D) +B +X} . (5.48)

Let us mention that an alternative (and computationally simpler) approach to obtain (5.47) and (5.48) would
have been to first compte the maximal solution of (5.40), as a function ofx1, and next to replacex2 in (5.39)
by this latter value.

We can now express the constraints onX, B, D andd that will ensure that a solution exists by requiring
that (5.48) be larger than (5.41). The result is stated in thefollowing theorem, whose proof is similar to that
of Theorem 5.3.1.
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THEOREM 5.8.1. The lossless smoothing of a flow to (sub-additive) curvesσ1 and σ2, respectively, over
two networks offering service curvesβ1 andβ2 has a solution if and only if theD, T , X andB verify the
following set of inequalities, withα defined by (5.46):

(R⊘ (α⊗ β2)(−D) ≤ 0 (5.49)

((R⊘R)⊘ (α⊗ β2)) (−T ) ≤ 0 (5.50)

((R⊘R)⊘ (σ2 ⊗ β2)) (0) ≤ B (5.51)

((R⊘R)⊘ (α⊗ β2)) (0) ≤ B +X. (5.52)

5.8.2 OPTIMAL CONSTANT RATE SMOOTHING OVER TWO NETWORKS

Let us compute the values of Theorem 5.8.1 in the case of two constant rate (CBR) smoothing curves
σ1 = λr1 andσ2 = λr2 . We assume that each network offers a rate-latency service curve βi = βLi,Ci

,
i = 1, 2. We assume thatri ≤ Ci In this case the optimal values ofD, T andB become the following ones,
depending on the value ofX.

THEOREM 5.8.2. Let r = r1 ∧ r2. Then we have the following three cases depending onX:

(i) If X ≥ rL1, thenDmin, Tmin andBmin are given by

Dmin = L1 + L2 +
1

r
(R⊘ λr)(0) (5.53)

Tmin = L1 + L2 +
1

r
((R⊘R)⊘ λr)(0) (5.54)

Bmin = ((R ⊘R)⊘ λr2)(L2) ∨ {((R ⊘R)⊘ λr)(L1 + L2)−X}
≤ ((R ⊘R)⊘ λr)(L2). (5.55)

(ii) If 0 < X < rL1 thenDmin, Tmin andBmin are bounded by

X

r
+ L2 +

L1

X
(R⊘ λ X

L1

)(0) ≤ Dmin

≤ L1 + L2 +
L1

X
(R⊘ λ X

L1

)(0) (5.56)

X

r
+ L2 +

L1

X
((R ⊘R)⊘ λ X

L1

)(0) ≤ Tmin

≤ L1 + L2 +
L1

X
((R⊘R)⊘ λ X

L1

)(0) (5.57)

((R⊘R)⊘ λ X
L1

)(L1 + L2)− r2L1 ≤ Bmin

≤ ((R⊘R)⊘ λ X
L1

)(L2) (5.58)

(iii) Let K be duration of the stream. IfX = 0 < rL1 thenDmin = K.

Proof. One easily verifies thatδ(n+1)
L1

= δ(n+1)L1
and thatλ(n+1)

C1
= λC1 . Sinceβ1 = βL1,C1 = δL1 ⊗ λC1 ,

and sincer = r1 ∧ r2 ≤ C1, (5.46) becomes

α = λr ⊗ inf
n∈N

{
δ(n+1)L1

⊗ λC1 + nX
}

= δL1 ⊗ inf
n∈N

{δnL1 ⊗ λr + nX} . (5.59)

(i) If X ≥ rL1, then fort ≥ nL1

(δnL1 ⊗ λr)(t) + nX = λr(t− nL1) + nX = rt+ n(X − rL1) ≥ rt = λr(t)
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whereas for0 ≤ t < nL1

(δnL1 ⊗ λr)(t) + nX = λr(t− nL1) + nX = nX ≥ nrL1 > rt = λr(t).

Consequently, for allt ≥ 0, α(t) ≥ (δL1 ⊗λr)(t). On the other hand, takingn = 0 in the infimum in (5.59)
yields thatα ≤ δL1 ⊗ λr. Combining these two inequalities, we get that

α = δL1 ⊗ λr

and hence that
α⊗ β2 = δL1 ⊗ λr ⊗ δL2 ⊗ λr2 = δL1+L2 ⊗ λr = βL1+L2,r. (5.60)

Inserting this last relation in (5.49) to (5.52), and using Lemma 5.5.1 we establish (5.53), (5.54) and the
equality in (5.55). The inequality in (5.55) is obtained by noticing thatr2 ≥ r and that

((R⊘R)⊘ λr)(L1 + L2)−X = sup
u≥0

{(R ⊘R)(u+ L1 + L2)− ru} −X

= sup
v≥L1

{(R⊘R)(v + L2)− r(v − L1)} −X

≤ sup
v≥0

{(R ⊘R)(v + L2)− rv}+ (rL1 −X)

≤ ((R ⊘R)⊘ λr)(L2).

(ii) If 0 < X < rL1, the computation ofα does not provide a rate-latency curve anymore, but a function
that can be bounded below and above by the two following rate-latency curves:βL1,X/L1

≤ α ≤ βX/r,X/L1
.

Therefore, replacing (5.60) by

δL1+L2 ⊗ λ X
L1

≤ α⊗ β2 ≤ δX
r
+L2

⊗ λ X
L1

,

and applying Lemma 5.5.1 to both bounding rate-latency curvesβL1,X/L1
andβX/r,X/L1

, we get respec-
tively the lower and upper bounds (5.56) to (5.58).

(iii) If X = 0 andrL1 > 0 then (5.59) yields thatα(t) = 0 for all t ≥ 0. In this case (5.49) becomes
supu≥0{R(u−D)} ≤ 0. This is possible only ifD is equal to the duration of the stream.

It is interesting to examine these results for two particular values ofX.

The first one isX = ∞. If the intermediate server is a greedy shaper whose output isx2(t) = (σ2 ⊗ y1)(t),
one could have applied Theorem 5.5.1 withσ2 = λr andβ = β1 ⊗ σ2 ⊗ β2 = δL1+L2 ⊗ λr2 = βL1+L2,r2

to find out thatD andT are still given by (5.53) and (5.54) but thatB = ((R ⊘ R) ⊘ λr)(L1 + L2) is
larger than (5.55). Using the caching scheduling (5.48) instead of a greedy shaping one allows therefore to
decrease the playback buffer size, but not the delays. The buffer X of the intermediate node does not need
to be infinite, but can be limited torL1.

The second one isX = 0. Then whatever the rater > 0, if L1 > 0, the playback delay is the length of
the stream, which makes streaming impossible in practice. WhenL1 = L2 = 0 however (in which case we
have two null networks)X = rL1 = 0 is the optimal intermediate node buffer allocation. This was shown
in [69](Lemma 5.3) using another approach. We see that whenL1 > 0, this is no longer the case.

5.9 BIBLIOGRAPHIC NOTES

The first application of network calculus to optimal smoohting is found in [53], for an unlimited value of
the look-ahead delay. The minimal solution (5.17) is shown to be an optimal smoothing scheme. The
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computation of the minimum look-ahead delay, and of the maximal solution, is done in [79]. Network
calculus allows to retrieve some results found using other methods, such as the optimal buffer allocation of
the intermdiate node for two null networks computed in [69].

It also allows to extend these results, by computing the fullset of optimal schedules and by taking into
account non null networks, as well as by using more complex shaping curvesσ than constant rate service
curves. For example, with the Resource Reservation Protocol (RSVP),σ is derived from the T-SPEC field
in messages used for setting up the reservation, and is givenby σ = γP,M ∧ γr,b, whereM is the maximum
packet size,P the peak rate,r the sustainable rate andb the burst tolerance, as we have seen in Section 1.4.3.

The optimal T-SPEC field is computed in [53]. More precisely,the following problem is solved. As assumed
by the Intserv model, every node offers a service of the formβL,C for some latencyL and rateC, with the
latency parameterL depending on the rateC according toL = C0

ρ +D0. The constantsC0 andD0 depends
on the route taken by the flow throughout the network. Destinations choose a target admissible network
delayDnet. The choice of a specific service curveβL,C (or equivalently, of a rate parameterC) is done
during the reservation phase and cannot be known exactly in advance. The algorithm developed in [53]
computes the admissible choices ofσ = γP,M ∧ γr,b and ofDnet in order to guarantee that the reservation
that will subsequently be performed ensures a playback delay not exceeding a given valueD.
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CHAPTER 6

AGGREGATESCHEDULING

6.1 INTRODUCTION

Aggregate scheduling arises naturally in many case. Let us just mention here the differentiated services
framework (Section 2.4 on Page 86) and high speed switches with optical switching matrix and FIFO out-
puts. The state of the art for aggregate multiplexing is not very rich. In this chapter, we give a panorama of
results, a number of which are new.

In a first step (Section 6.2), we evaluate how an arrival curveis transformed through aggregate multiplex-
ing; we give a catalog of results, when the multiplexing nodeis either a service curve element with FIFO
scheduling, or a Guaranteed Rate node (Section 2.1.3), or a service curve element with strict service curve
property. This provides many simple, explicit bounds whichcan be used in practice.

In a second step (Section 6.3), we consider a global network using aggregate multiplexing (see assumptions
below); given constraints at the inputs of the network, can we obtain some bounds for backlog and delay ?
Here, the story is complex. The question of delay bounds for anetwork with aggregate scheduling was first
raised by Chang [8]. For a given family of networks, we callcritical load factor νcri a value of utilization
factor below which finite bounds exist, and above which thereexist unstable networks, i.e., networks whose
backlog grow to infinity. For feed-forward networks with aggregate multiplexing, an iterative application
of Section 6.2 easily shows thatνcri = 1. However, many networks are not feed-forward, and this result
does not hold in general. Indeed, and maybe contrary to intuition, Andrews [3] gave some examples of
FIFO networks withνcri < 1. Still, the iterative application of Section 6.2, augmented with a time-stopping
argument, provides lower bounds ofνcri (which are less than 1).

In a third step (Section 6.4), we give a number of cases where we can say more. We recall the result in
Theorem 2.4.1 on Page 88, which says that, for a general network with either FIFO service curve elements,
or with GR nodes, we haveνcri ≥ 1

h−1 whereh is a bound on the number of hops seen by any flow. Then,
in Section 6.4.1, we show that the unidirectional ring always always hasνcri = 1; thus, and this may be
considered a surprise, the ring is not representative of nonfeed-forward topologies. This result is actually
true under the very general assumption that the nodes on the ring are service curve elements, with any values
of link speeds, and with any scheduling policy (even non FIFO) that satisfies a service curve property. As far
as we know, we do not really understand why the ring is always stable, and why other topologies may not be.
Last, and not least surprising, we present in Section 6.4.2 aparticular case, originally found by Chlamtac,
Faragó, Zhang, and Fumagalli [15], and refined by Zhang [83]and Le Boudec and Hébuterne [51] which
shows that, for a homogeneous network of FIFO nodes with constant size packets, strong rate limitations at
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all sources have the effect of providing simple, closed formbounds.

6.2 TRANSFORMATION OF ARRIVAL CURVE THROUGH AGGREGATE SCHEDUL -
ING

Consider a number of flows served as an aggregate in a common node. Without loss of generality, we
consider only the case of two flows. Within an aggregate, packets are served according to some unspecified
arbitration policy. In the following sub-sections, we consider three additional assumptions.

6.2.1 AGGREGATE M ULTIPLEXING IN A STRICT SERVICE CURVE ELEMENT

The strict service curve property is defined in Definition 1.3.2 on Page 21. It applies to some isolated
schedulers, but not to complex nodes with delay elements.

THEOREM 6.2.1 (Blind multiplexing). Consider a node serving two flows,1 and 2, with some unknown
arbitration between the two flows. Assume that the node guarantees astrict service curveβ to the aggregate
of the two flows. Assume that flow2 is α2-smooth. Defineβ1(t) := [β(t) − α2(t)]

+. If β1 is wide-sense
increasing, then it is a service curve for flow1.

PROOF: The proof is a straightforward extension of that of Proposition 1.3.4 on Page 21.

We have seen an example in Section 1.3.2: ifβ(t) = Ct (constant rate server or GPS node) andα2 = γr,b
(constraint by one leaky bucket) then the service curve for flow 1 is the rate-latency service curve with rate
C− r and latency b

C−r . Note that the bound in Theorem 6.2.1 is actually for a preemptive priority scheduler
where flow 1 has low priority. It turns out that if we have no other information about the system, it is the
only bound we can find. For completeness, we give the following case.

COROLLARY 6.2.1 (Non preemptive priority node).Consider a node serving two flows,H andL, with
non-preemptive priority given to flowH. Assume that the node guarantees astrict service curveβ to the
aggregate of the two flows. Then the high priority flow is guaranteed a service curveβH(t) = [β(t)−lLmax]

+

wherelLmax is the maximum packet size for the low priority flow.

If in addition the high priority flow isαH -smooth, then defineβL by βL(t) = [β(t) − αH(t)]+. If βL is
wide-sense increasing, then it is a service curve for the lowpriority flow.

PROOF: The first part is an immediate consequence of Theorem 6.2.1. The second part is proven in the
same way as Proposition 1.3.4.

If the arrival curves are affine, then the following corollary of Theorem 6.2.1 expresses the burstiness in-
crease due to multiplexing.

COROLLARY 6.2.2 (Burstiness Increase due to Blind Multiplexing).Consider a node serving two flows in
an aggregate manner. Assume the aggregate is guaranteed astrict service curveβR,T . Assume also that
flow i is constrained by one leaky bucket with parameters(ρi, σi). If ρ1+ ρ2 ≤ R the output of the first flow
is constrained by a leaky bucket with parameters(ρ1, b

∗
1) with

b∗1 = σ1 + ρ1T + ρ1
σ2 + ρ2T

R− ρ2

Note that the burstiness increase contains a termρ1T that is found even if there is no multiplexing; the
second termρ1

σ2+ρ2T
R−ρ2

comes from multiplexing with flow 2. Note also that if we further assume that the
node is FIFO, then we have a better bound (Section 6.2.2).
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PROOF: From Theorem 6.2.1, the first flow is guaranteed a service curve βR′,T ′ with R′ = R − ρ2 and
T ′ = T + σ2+Tρ2

R−ρ2
. The result follows from a direct application of Theorem 1.4.3 on Page 23.

DO WE NEED THAT THE SERVICE CURVE PROPERTY BE STRICT ? If we relax the assumption that
the service curve property is strict, then the above resultsdo not hold. A counter-example can be built as
follows. All packets have the same size, 1 data unit, and input flows have a peak rate equal to 1. Flow 1
sends one packet at time0, and then stops. The node delays this packet forever. With anobvious notation,
we have, fort ≥ 0:

R1(t) = min(t, 1) and R′
1(t) = 0

Flow 2 sends one packet every time unit, starting at timet = 1. The output is a continuous stream of packets,
one per time unit, starting from time1. Thus

R2(t) = (t− 1)+ and R′
2(t) = R2(t)

The aggregate flows are, fort ≥ 0:

R(t) = t and R′(t) = (t− 1)+

In other words, the node offers to the aggregate flow a servicecurveδ1. Obviously, Theorem 6.2.1 does
not apply to flow1: if it would, flow 1 would receive a service curve(δ1 − λ1)

+ = δ1, which is not true
since it receives0 service. We can interpret this example in the light of Section 1.4.4 on Page 29: if the
service curve property would be strict, then we could bound the duration of the busy period, which would
give a minimum service guarantee to low priority traffic. We do not have such a bound on this example. In
Section 6.2.2 we see that if we assume FIFO scheduling, then we do have a service curve guarantee.

6.2.2 AGGREGATE M ULTIPLEXING IN A FIFO SERVICE CURVE ELEMENT

Now we relax the strict service curve property; we assume that the node guarantees to the aggregate flow a
minimum service curve, and in addition assume that it handles packets in order of arrival at the node. We
find some explicit closed forms bounds for some simple cases.

PROPOSITION6.2.1 (FIFO Minimum Service Curves [20]).Consider a lossless node serving two flows,1
and2, in FIFO order. Assume that packet arrivals are instantaneous. Assume that the node guarantees a
minimum service curveβ to the aggregate of the two flows. Assume that flow2 is α2-smooth. Define the
family of functionsβ1θ by

β1θ (t) = [β(t) − α2(t− θ)]+1{t>θ}

Call R1(t), R
′
1(t) the input and output for flow1. Then for anyθ ≥ 0

R′
1 ≥ R1 ⊗ β1θ (6.1)

If β1θ is wide-sense increasing, flow1 is guaranteed the service curveβ1θ

The assumption that packet arrivals are instantaneous means that we are either in a fluid system (one packet
is one bit or one cell), or that the input to the node is packetized prior to being handled in FIFO order.

PROOF: We give the proof for continuous time and assume that flow functions are left-continuous. All
we need to show is (6.1). CallRi the flowi input,R = R1 +R2, and similarlyR′

i, R
′ the output flows.

Fix some arbitrary parameterθ and timet. Define

u := sup{v : R(v) ≤ R′(t)}
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Note thatu ≤ t and that
R(u) ≤ R′(t) and Rr(u) ≥ R′(t) (6.2)

whereRr(u) = infv>u[R(v)] is the limit from the right ofR atu.

(Case 1) consider the case whereu = t. It follows from the above and fromR′ ≤ R thatR′
1(t) = R1(t).

Thus for anyθ, we haveR′
1(t) = R1(t) + β1θ (0) which shows thatR′

1(t) ≥ (R1 ⊗ β1θ )(t) in that case.

(Case 2), assume now thatu < t. We claim that

R1(u) ≤ R′
1(t) (6.3)

Indeed, if this is not true, namely,R1(u) > R′
1(t), it follows from the first part of (6.2) thatR2(u) < R′

2(t).
Thus some bits from flow2 arrived after timeu and departed by timet, whereas all bits of flow1 arrived
up to timeu have not yet departed at timet. This contradicts our assumption that the node is FIFO and that
packets arrive instantaneously.

Similarly, we claim that
(R2)r(u) ≥ R′

2(t) (6.4)

Indeed, otherwisex := R′
2(t) − (R2)r(u) > 0 and there is somev0 ∈ (u, t] such that for anyv ∈ (u, v0]

we haveR2(v) < R′
2(t) − x

2 . From (6.2), we can find somev1 ∈ (u, v0] such that ifv ∈ (u, v1] then
R1(v) +R2(v) ≥ R′(t)− x

4 . It follows that

R1(v) ≥ R′
1(t) +

x

4

Thus we can find somev with R1(v) > R′
1(t) whereasR2(v) < R′

2(t), which contradicts the FIFO
assumption.

Call s a time such thatR′(t) ≥ R(s) + β(t− s). We haveR(s) ≤ R′(t) thuss ≤ u.

(Case 2a) Assume thatu < t− θ thus alsot− s > θ. From (6.4) we derive

R′
1(t) ≥ R1(s) + β(t− s) +R2(s)−R′

2(t) ≥ R1(s) + β(t− s) +R2(s)− (R2)r(u)

Now there exist someǫ > 0 such thatu+ ǫ ≤ t− θ, thus(R2)r(u) ≤ R2(t− θ) and

R′
1(t) ≥ R1(s) + β(t− s)− α2(t− s− θ)

It follows from (6.3) that
R′

1(t) ≥ R1(s)

which shows that
R′

1(t) ≥ R1(s) + β1θ (t− s)

(Case 2b) Assume thatu ≥ t− θ. By (6.3):

R′
1(t) ≥ R1(u) = R1(u) + β1θ (t− u)

We cannot conclude from Proposition 6.2.1 thatinfθ β
1
θ is a service curve. However, we can conclude

something for the output.

PROPOSITION6.2.2 (Bound for Output with FIFO).Consider a lossless node serving two flows,1 and2,
in FIFO order. Assume that packet arrivals are instantaneous. Assume that the node guarantees to the
aggregate of the two flows a minimum service curveβ. Assume that flow2 is α2-smooth. Define the family
of functions as in Proposition 6.2.1. Then the output of flow1 is α∗

1-smooth, with

α∗
1(t) = inf

θ≥0

(
α1 ⊘ β1θ

)
(t)
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PROOF: Observe first that the network calculus output bound holds even ifβ is not wide-sense increasing.
Thus, from Proposition 6.2.1, we can conclude thatα1⊘β1θ is an arrival curve for the output of flow1. This
is true for anyθ.

We can apply the last proposition and obtain the following practical result.

THEOREM6.2.2 (Burstiness Increase due to FIFO, General Case).Consider a node serving two flows,1 and
2, in FIFO order. Assume that flow1 is constrained by one leaky bucket with rateρ1 and burstinessσ1, and
flow 2 is constrained by a sub-additive arrival curveα2. Assume that the node guarantees to the aggregate
of the two flows a rate latency service curveβR,T . Call ρ2 := inft>0

1
tα2(t) the maximum sustainable rate

for flow2.

If ρ1 + ρ2 < R, then at the output, flow1 is constrained by one leaky bucket with rateρ1 and burstinessb∗1
with

b∗1 = σ1 + ρ1

(
T +

B̂

R

)

and
B̂ = sup

t≥0
[α2(t) + ρ1t−Rt]

The bound is a worst case bound.

PROOF: (Step 1) Defineβ1θ as in Proposition 6.2.1. DefineB2 = supt≥0 [α2(t)−Rt]. ThusB2 is the
buffer that would be required if the latencyT would be0. We first show the following

if θ ≥ B2

R
+ T then for t ≥ θ : β1θ (t) = Rt−RT − α2(t− θ) (6.5)

To prove this, callφ(t) the right hand-side in (6.5), namely, fort ≥ θ defineφ(t) = Rt− α2(t− θ)−RT .
We have

inf
t>θ

φ(t) = inf
v>0

[Rv − α2(v)−RT +Rθ]

From the definition ofB2:
inf
t>θ

φ(t) = −B2 +Rθ −RT

If θ ≥ B2
R + T thenφ(t) ≥ 0 for all t > θ. The rest follows from the definition ofβ1θ .

(Step 2) We apply the second part of Proposition 6.2.1 withθ = B̂
R + T . An arrival curve for the output of

flow 1 is given by
α∗
1 = λρ1,σ1 ⊘ β1θ

We now computeα∗
1. First note that, obviously,̂B ≥ B2, and thereforeβ1θ (t) = Rt− RT − α2(t− θ) for

t ≥ θ. α∗
1 is thus defined fort > 0 by

α∗
1(t) = sup

s≥0

[
ρ1t+ σ1 + ρ1s− β1θ (s)

]
= ρ1t+ σ1 + sup

s≥0

[
ρ1s− β1θ (s)

]

Defineψ(s) := ρ1s− β1θ (s). Obviously:

sup
s∈[0,θ]

[ψ(s)] = ρ1θ

Now from Step 1, we have

sup
s>θ

[ψ(s)] = sup
s>θ

[ρ1s−Rs+RT + α2(s− θ)]

= sup
v>0

[ρ1v −Rv + α2(v)] + (ρ1 −R)θ +RT
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From the definition ofB̂, the former is equal to

sup
s>θ

[ψ(s)] = B̂ + (ρ1 −R)θ +RT = ρ1θ

which shows the burstiness bound in the theorem.

(Step 3) We show that the bound is attained. There is a time aθ̂ such thatB̂ = (α2)r(θ̂)−(R−ρ1)θ̂. Define
flow 2 to be greedy up to timêθ and stop from there on:

{
R2(t) = α2(t) for t ≤ θ̂

R2(t) = (R2)r(θ̂) for t > θ̂

Flow 2 is α2-smooth becauseα2 is sub-additive. Define flow1 by
{
R1(t) = ρ1t for t ≤ θ̂

R1(t) = ρ1t+ σ1 for t > θ̂

Flow 1 is λρ1,σ1-smooth as required. Assume the server delays all bits byT at time0, then after timeT
operates with a constant rateR, until time θ̂ + θ, when it becomes infinitely fast. Thus the server satisfies
the required service curve property. The backlog just aftertime θ̂ is preciselyB̂ + RT . Thus all flow-2

bits that arrive just after timêθ are delayed byB̂R + T = θ. The output for flow1 during the time interval

(θ̂ + θ, θ̂+ θ+ t] is made of the bits that have arrived in(θ̂, θ̂+ t], thus there areρ1t+ b∗1 such bits, for any
t.

The following corollary is an immediate consequence.

COROLLARY 6.2.3 (Burstiness Increase due to FIFO).Consider a node serving two flows,1 and2, in FIFO
order. Assume that flowi is constrained by one leaky bucket with rateρi and burstinessσi. Assume that the
node guarantees to the aggregate of the two flows a rate latency service curveβR,T . If ρ1 + ρ2 < R, then
flow1 has a service curve equal to the rate latency function with rateR− ρ2 and latencyT + σ2

R and at the
output, flow1 is constrained by one leaky bucket with rateρ1 and burstinessb∗1 with

b∗1 = σ1 + ρ1

(
T +

σ2
R

)

Note that this bound is better than the one we used in Corollary 6.2.2 (but the assumptions are slightly
different). Indeed, in that case, we would obtain the rate-latency service curve with the same rateR − ρ2
but with a larger latency:T + σ2+ρ2T

R−ρ2
instead ofT + σ2

R . The gain is due to the FIFO assumption.

6.2.3 AGGREGATE M ULTIPLEXING IN A GR NODE

We assume now that the node is of the Guaranteed Rate type (Section 2.1.3 on Page 70). A FIFO ser-
vice curve element with rate-latency service curve satisfies this assumption, but the converse is not true
(Theorem 2.1.3 on Page 71).

THEOREM 6.2.3. Consider a node serving two flows,1 and 2 in some aggregate manner. Arbitration
between flows is unspecified, but the node serves the aggregrate as a GR node with rateR and latency
T . Assume that flow1 is constrained by one leaky bucket with rateρ1 and burstinessσ1, and flow 2 is
constrained by a sub-additive arrival curveα2. Call ρ2 := inft>0

1
tα2(t) the maximum sustainable rate for

flow2.

If ρ1 + ρ2 < R, then at the output, flow1 is constrained by one leaky bucket with rateρ1 and burstinessb∗1
with

b∗1 = σ1 + ρ1

(
T + D̂

)
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and

D̂ = sup
t>0

[
α2(t) + ρ1t+ σ1

R
− t]

PROOF: From Theorem 2.1.4 on Page 71, the delay for any packet is bounded byD̂+T . Thus an arrival
curve at the output of flow 1 isα1(t+ D̂).

COROLLARY 6.2.4. Consider a node serving two flows,1 and 2 in some aggregate manner. Arbitration
between flows is unspecified, but the node serves the aggregrate as a GR node with rateR and latencyT .
Assume that flowi is constrained by one leaky bucket with rateρi and burstinessσi. If ρ1 + ρ2 < R, then,
at the output, flow1 is constrained by one leaky bucket with rateρ1 and burstinessb∗1 with

b∗1 = σ1 + ρ1

(
T +

σ1 + σ2
R

)

We see that the bound in this section is less good than Corollary 6.2.3 (but the assumptions are more general).

6.3 STABILITY AND BOUNDS FOR A NETWORK WITH AGGREGATE SCHEDUL -
ING

6.3.1 THE I SSUE OF STABILITY

In this section we consider the following global problem: Given a network with aggregate scheduling and
arrival curve constraints at the input (as defined in the introduction) can we find good bounds for delay
and backlog ? Alternatively, when is a network with aggregate scheduling stable (i.e., the backlog remains
bounded) ? As it turns out today, this problem is open in many cases. In the rest of the chapter, we make the
following assumptions.

ASSUMPTION AND NOTATION

• Consider a network with a fixed numberI of flows, following fixed paths. The collection of paths is
called the topology of the network. A network node is modeledas a collection of output buffers, with
no contention other than at the output buffers. Every bufferis associated with one unidirectional link
that it feeds.

• Flow i is constrained by one leaky bucket of rateρi and burstinessσi at the input.
• Inside the network, flows are treated as an aggregate by the network; within an aggregate, packets

are served according to some unspecified arbitration policy. We assume that the node is such that
the aggregate of all flows receives a service curve at nodem equal to the rate-latency function with
raterm and latencyem. This does not imply that the node is work-conserving. Also note that we do
not require, unless otherwise specified, that the service curve property be strict. In some parts of the
chapter, we make additional assumptions, as explained later.
em accounts for the latency on the link that exits nodem; it also account for delays due to the scheduler
at nodem.

• We write i ∋ m to express that nodem is on the route of flowi. For any nodem, defineρ(m) =∑
i∋m ρi. The utilization factor of linkm is ρ(m)

rm
and the load factor of the network isν = maxm

ρ(m)

rm
.

• The bit rate of the link feeding nodem isCm < +∞, with Cm ≥ rm.

In the context of the following definition, we call “network”N a system satisfying the assumptions above,
where all parameters exceptρi, σi, rm, em are fixed. In some cases (Section 6.3.2), we may add additional
constraints on these parameters.
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DEFINITION 6.3.1 (Critical Load Factor).We say thatνcri is the critical load factor for a networkN if

• for all values ofρi, σi, rm, em such thatν < νcri, N is stable
• there exists values ofρi, σi, rm, em with ν > νcri such thatN is unstable.

It can easily be checked thatνcri is unique for a given networkN .

It is also easy to see that for all well defined networks, the critical load factor is≤ 1. However, Andrews
gave in [3] an example of a FIFO network withνcri < 1. The problem of finding the critical load factor,
even for the simple case of a FIFO network of constant rate servers, seems to remain open. Hajek [37] shows
that, in this last case, the problem can be reduced to that where every sourcei sends a burstσi instantly at
time0, then sends at a rate limited byρi.

In the rest of this section and in Section 6.4, we give lower bounds onνcri for some well defined sub-classes.

FEED-FORWARD NETWORKS A feed-forward network is one in which the graph of unidirectional links
has no cycle. Examples are interconnection networks used inside routers or multiprocessor machines. For
a feed-forward network made ofstrict service curve element or GR nodes,νcri = 1. This derives from
applying the burstiness increase bounds given in Section 6.2 repeatedly, starting from network access points.
Indeed, since there is no loop in the topology, the process stops and all input flows have finite burstiness.

A L OWER BOUND ON THE CRITICAL L OAD FACTOR It follows immediately from Theorem 2.4.1 on
Page 88 that for a network of GR nodes (or FIFO service curve elements), we haveνcri ≥ 1

h−1 , whereh is
the maximum hop count for any flow. A slightly better bound canbe found if we exploit the values of the
peak ratesCm (Theorem 2.4.2).

6.3.2 THE T IME STOPPING M ETHOD

For a non feed-forward network made ofstrict service curve element or GR nodes, we can find a lower bound
on νcri (together with bounds on backlog or delay), using the time stopping method. It was introduced by
Cruz in [22] together with bounds on backlog or delay. We illustrate the method on a specific example,
shown on Figure 6.1. All nodes are constant rate servers, with unspecified arbitration between the flows.
Thus we are in the case where all nodes are strict service curve elements, with service curves of the form
βm = λCm .

The method has two steps. First, we assume that there is a finite burstiness bound for all flows; using
Section 6.2 we obtain some equations for computing these bounds. Second, we use the same equations to
show that, under some conditions, finite bounds exist.

FIRST STEP: INEQUATIONS FOR THE BOUNDS For any flowi and any nodem ∈ i, defineσmi as the
maximum backlog that this flow would generate in a constant rate server with rateρi. By convention, the
fresh inputs are considered as the outputs of a virtual node numbered−1. In this first step, we assume that
σmi is finite for all i andm ∈ i.

By applying Corollary 6.2.2 we find that for alli andm ∈ i:




σ0i ≤ σi

σmi = σ
predi(m)
i + ρi

∑
j∋m,j 6=i σ

pred
j
(m)

j

C−
∑

j∋m,j 6=i ρj

(6.6)

where predi(m) is the predecessor of nodem. If m is the first node on the path of flowi, we set by
convention predi(m) = −1 andσ−1

i = σi.
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N o d e  0

F l o w  0
F l o w  3

N o d e  1N o d e  2

Figure 6.1:A simple example with aggregate scheduling, used to illustrate the bounding method. There
are three nodes numbered 0, 1, 2 and six flows, numbered 0, ..., 5. For i = 0, 1, 2, the path of flow i is
i, (i + 1) mod 3, (i + 2) mod 3 and the path of flow i + 3 is i, (i + 2) mod 3, (i + 1) mod 3. The fresh arrival
curve is the same for all flows, and is given by αi = γρ,σ. All nodes are constant rate, work conserving
servers, with rate C. The utilization factor at all nodes is 6 ρ

C
.

Now put all theσmi , for all (i,m) such thatm ∈ i, into a vector~x with one column andn rows, for some
appropriaten. We can re-write (6.6) as

~x ≤ A~x+ ~a (6.7)

whereA is ann × n, non-negative matrix and~a is a non-negative vector depending only on the known
quantitiesσi. The method now consists in assuming that the spectral radius of matrixA is less than1. In
that case the power seriesI +A+A2 +A3 + ... converges and is equal to(I −A)−1, whereI is then× n
identity matrix. SinceA is non-negative,(I − A)−1 is also non-negative; we can thus multiply (6.7) to the
left by (I −A)−1 and obtain:

~x ≤ (I −A)−1~a (6.8)

which is the required result, since~x describes the burstiness of all flows at all nodes. From therewe can
obtain bounds on delays and backlogs.

Let us apply this step to our network example. By symmetry, wehave only two unknownsx andy, defined
as the burstiness after one and two hops:

{
x = σ00 = σ11 = σ22 = σ03 = σ14 = σ25
y = σ10 = σ21 = σ02 = σ23 = σ04 = σ15

(6.6) becomes {
x ≤ σ + ρ

C−5ρ(σ + 2x+ 2y)

y ≤ x+ ρ
C−5ρ(2σ + x+ 2y)

Defineη = ρ
C−5ρ ; we assume that the utilization factor is less than1, thus0 ≤ η < 1. We can now write

(6.7) with

~x =

(
x
y

)
, A =

(
2η 2η

1 + η 2η

)
, ~a =

(
σ(1 + η)

2ση

)

Some remnant from linear algebra, or a symbolic computationsoftware, tells us that

(I −A)−1 =

(
1−2η

1−6η+2η2
2η

1−6η+2η2
1+η

1−6η+2η2
1−2η

1−6η+2η2

)

If η < 1
2(3 −

√
7) ≈ 0.177 then(I − A)−1 is positive. This is the condition for the spectral radius ofA to

be less than 1. The corresponding condition on the utilization factorν = 6ρ
C is

ν < 2
8−

√
7

19
≈ 0.564 (6.9)
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Thus, for this specific example, if (6.9) holds, and if the burstiness termsx andy are finite, then they are
bounded as given in (6.8), with(I −A)−1 and~a given above.

SECOND STEP: TIME STOPPING We now prove that there is a finite bound if the spectral radiusof A is
less than 1. For any timeτ > 0, consider the virtual system made of the original network, where all sources
are stopped at timeτ . For this network the total number of bits in finite, thus we can apply the conclusion
of step 1, and the burstiness terms are bounded by (6.8). Since the right-handside (6.8) is independent ofτ ,
letting τ tend to+∞ shows the following.

PROPOSITION 6.3.1. With the notation in this section, if the spectral radius ofA is less than1, then the
burstiness termsbmi are bounded by the corresponding terms in (6.8).

Back to the example of Figure 6.1, we find that if the utilization factorν is less than0.564, then the burstiness
termsx andy are bounded by {

x ≤ 2σ 18−33ν+16ν2

36−96ν+57ν2

y ≤ 2σ 18−18ν+ν2

36−96ν+57ν2

The aggregate traffic at any of the three nodes isγ6ρ,b-smooth withb = 2(σ + x + y). Thus a bound on
delay is (see also Figure 6.2):

d =
b

C
= 2

σ

C

108 − 198ν + 91ν2

36− 96ν + 57ν2

0.2 0.4 0.6 0.8 1

20

40

60

80

100

Figure 6.2: The bound d on delay at any node obtained by the method presented here for the network
of Figure 6.1 (thin line). The graph shows d normalized by σ

C
(namely, dC

σ
), plotted as a function of the

utilization factor. The thick line is a delay bound obtained if every flow is re-shaped at every output.

THE CRITICAL LOAD FACTOR FOR THIS EXAMPLE For the network in this example, where we impose
the constraint that allρi are equal, we findνcri ≥ ν0 ≈ 0.564, which is much less than1. Does it mean that
no finite bound exists forν0 ≤ ν < 1 ? The answer to this question is not clear.

First, theν0 found with the method can be improved if we express more arrival constraints. Consider our
particular example: we have not exploited the fact that the fraction of input traffic to nodei that originates
from another node has to beλC -smooth. If we do so, we will obtain better bounds. Second, ifwe know that
nodes have additional properties, such as FIFO, then we may be able to find better bounds. However, even
so, the value ofνcri seems to be unknown.
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THE PRICE FOR AGGREGATE SCHEDULING Consider again the example on Figure 6.1, but assume
now that every flow is reshaped at every output. This is not possible with differentiated services, since there
is no per-flow information at nodes other than access nodes. However, we use this scenario as a benchmark
that illustrates the price we pay for aggregate scheduling.

With this assumption, every flow has the same arrival curve atevery node. Thus we can compute a service
curveβ1 for flow 1 (and thus for any flow) at every node, using Theorem 6.2.1; we find thatβ1 is the rate-
latency function with rate(C − 5ρ) and latency 5σ

C−5ρ . Thus a delay bound for flow at any node, including

the re-shaper, ish(α1, α1 ⊗ β1) = h(α1, β1) = 6C
C−5ρ for ρ ≤ C

6 . Figure 6.2 shows this delay bound,
compared to the delay bound we found if no reshaper is used. Aswe already know, we see that with per-
flow information, we are able to guarantee a delay bound for any utilization factor≤ 1. However, note also
that for relatively small utilization factors, the bounds are very close.

6.4 STABILITY RESULTS AND EXPLICIT BOUNDS

In this section we give strong results for two specific case. The former is for a unidirectional ring of aggre-
gate servers (of any type, not necessarily FIFO or strict service curve). We show that for all rings,νcri = 1.
The latter is for any topology, but with restrictions on the network type: packets are of fixed size and all
links have the same bit rate.

6.4.1 THE RING IS STABLE

The result was initially obtained in [77] for the case of a ring of constant rate servers, with all servers having
the same rate. We give here a more general, but simpler form.

ASSUMPTION AND NOTATION We take the same assumptions as in the beginning of Section 6.3 and
assume in addition that the network topology is a unidirectional ring. More precisely:

• The network is a unidirectional ring ofM nodes, labelled1, ...,M . We use the notationm ⊕ k =
(m + k − 1) modM + 1 andm ⊖ k = (m− k − 1) modM + 1, so that the successor of nodem
on the ring is nodem⊕ 1 and its predecessor is nodem⊖ 1.

• The route of flowi is (0, i.first, i.first⊕1, ..., i.first⊕ (hi−1)) where0 is a virtual node representing
the source of flowi, i.first is the first hop of flowi, andhi is the number of hops of flowi. At its last
hop, flow i exits the network. We assume that a flow does not wrap, namely,hi ≤ M . If hi = M ,
then the flow goes around the all ring, exiting at the same nodeit has entered.

• Let bm = emrm and letb =
∑

m bm reflect the total latency of the ring.
• For any nodem let σ(m) =

∑
i∋m σi.

Let σmax = maxMm=1 σ
(m) andσ =

∑
i σi. Note thatσmax ≤ σ ≤Mσmax.

• Defineη = minm(rm − ρ(m)).

• Let ρ(m)
0 =

∑
i.first=m ρi andµ = maxMm=0

[
Cm − rm + ρ

(m)
0

]+
. µ reflects the sum of the peak rate

of transit links and the rates of fresh sources, minus the rate guaranteed to the aggregate of microflows.
We expect high values ofµ to give higher bounds.

THEOREM 6.4.1. If η > 0 (i.e. if the utilization factor is< 1) the backlog at any node of the unidirectional
ring is bounded by

M
µ

η
(Mσmax + b) + σ + b
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PROOF: The proof relies on the concept of chain of busy periods, combined with the time stopping
method in Section 6.3.2.

For a nodem and a flowi, defineRm
i (t) as the cumulative amount of data of flowi at the output of nodem.

Form = 0, this defines the input function. Also define

xm(t) =
∑

i∋m

(
R0

i (t)−Rm
i (t)

)
(6.10)

thusxm(t) is the total amount of data that is present in the network at timet and will go through nodem at
some time> t.

We also define the backlog at nodem by

qm(t) =
∑

i∋m,i.first6=m

Rm⊖1
i (t) +

∑

i.first=m

R0
i (t)−

∑

i∋m

Rm
i (t)

Now obviously, for all timet and nodem:

qm(t) ≤ xm(t) (6.11)

and

xm(t) ≤
M∑

n=1

qn(t) (6.12)

(Step 1) Assume that a finite boundX exists. Consider a timet and a nodem that achieves the bound:
xm(t) = X. We fixm and apply Lemma 6.4.1 to all nodesn. Call sn the time calleds in the lemma. Since
xn(sn) ≤ X, it follows from the first formula in the lemma that

(t− sn)η ≤Mσmax + b (6.13)

By combining this with the second formula in the lemma we obtain

qn(t) ≤ µ
Mσmax + b

η
+ bn + σ

(n)
0

Now we apply (6.12) and note that
∑M

n=1 σ
(n)
0 = σ, from which we derive

X ≤M
µ

η
(Mσmax + b) + σ + b (6.14)

(Step 2) By applying the same reasoning as in Section 6.3.2, we find that (6.14) is always true. The theorem
follows from (6.11).

LEMMA 6.4.1. For any nodesm,n (possibly withm = n), and for any timet there is somes such that

{
xm(t) ≤ xn(s)− (t− s)η +Mσmax + b

qn(t) ≤ (t− s)µ+ bn + σ
(n)
0

with σ(n)0 =
∑

i.first=n σi.
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PROOF: By definition of the service curve property at nodem, there is somes1 such that
∑

i∋m

Rm
i (t) ≥

∑

i∋m,i.first6=m

Rm⊖1
i (s1) +

∑

i.first=m

R0
i (s1) + rm(t− s1)− bm

which we can rewrite as
∑

i∋m

Rm
i (t) ≥ −A+

∑

i∋m

R0
i (s1) + rm(t− s1)− bm

with
A =

∑

i∋m,i.first6=m

(
R0

i (s1)−Rm−1
i (s1)

)

Now the condition{i ∋ m, i.first 6= m} implies that flowi passes through nodem−1, namely,{i ∋ (m− 1)}.
Furthermore, each element in the summation that constitutesA is nonnegative. Thus

A ≤
∑

i∋(m−1)

(
R0

i (s1)−Rm−1
i (s1)

)
= xm⊖1(s1)

Thus ∑

i∋m

Rm
i (t) ≥ −xm⊖1(s1) +

∑

i∋m

R0
i (s1) + rm(t− s1)− bm (6.15)

Now combining this with the definition ofxm(t) in (6.10) gives:

xm(t) ≤ xm⊖1(s1) +
∑

i∋m

(
R0

i (t)−R0
i (s1)

)
− rm(t− s1) + bm

From the arrival curve property applied to all micro-flowsi in the summation, we derive:

xm(t) ≤ xm⊖1(s1)− (rm − ρ(m))(t− s1) + σ(m) + bm

and sincerm − ρ(m) ≥ η andσ(m) ≤ σmax by definition ofη andσmax, we have

xm(t) ≤ xm⊖1(s1)− (t− s1)η + σmax + bm

We apply the same reasoning to nodem ⊖ 1 and times1, and so on iteratively until we reach noden
backwards fromm. We thus build a sequence of timess0 = t, s1, s2, ..., sj , ..., sk such that

xm⊖j(sj) ≤ xm⊖(j+1)(sj+1)− (t− sj+1)η + σmax + bm⊖j (6.16)

until we havem ⊖ k = n. If n = m we reach the same node again by a complete backwards rotationand
k = M . In all cases, we havek ≤ M . By summing (6.16) forj = 0 to k − 1 we find the first part of the
lemma.

Now we prove the second part.s = sk is obtained by applying the service curve property to noden
and timesk−1. Apply the service curve property to noden and timet. Sincet ≥ sk−1, we know from
Proposition 1.3.2 on Page 19 that we can find somes′ ≥ s such that

∑

i∋n

Rn
i (t) ≥

∑

i∋n,i.first6=n

Rn−1
i (s′) +

∑

i.first=n

R0
i (s

′) + rn(t− s′)− bn

Thus

qn(t) ≤
∑

i∋n,i.first6=n

(
Rn⊖1

i (t)−Rn⊖1
i (s′)

)
+

∑

i.first=n

(R0
i (t)−R0

i (s
′))− rn(t− s′) + bn

≤ (Cn − rn + ρ
(n)
0 )(t− s′) + bn + σ

(n)
0 ≤ (t− s′)µ+ bn + σ

(n)
0

the second part of the formula follows froms ≤ s′.
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REMARK : A simpler, but weaker bound, is

M
µ

η
(Mσ + b) + σ + b

or

M
µ

η
(Mσmax + b) +Mσmax + b (6.17)

THE SPECIAL CASE IN [77]: Under the assumption that all nodes are constant rate servers of rate equal
to 1 (thusCm = rm = 1 andbm is the latency of the linkm), the following bound is found in [77]:

B1 =
Mb+M2σmax

η
+ b (6.18)

In that case, we haveµ ≤ 1− η. By applying (6.17), we obtain the bound

B2 =
Mµb+

[
M2µ+Mη

]
σmax

η
+ b

since

µ ≤ 1− η (6.19)

and0 < η ≤ 1, M ≤ M2, we haveB2 < B1, namely, our bound is better than that in [77]. If there is
equality in (6.19) (namely, if there is a node that receives no transit traffic), then both bounds are equivalent
whenη → 0.

6.4.2 EXPLICIT BOUNDS FOR A HOMOGENEOUS ATM N ETWORK WITH STRONG SOURCE

RATE CONDITIONS

When analyzing a global network, we can use the bounds in Section 6.2.2, using the same method as in
Section 2.4. However, as illustrated in [41], the bounds so obtained are not optimal: indeed, even for a FIFO
ring, the method doesnot find a finite bound for all utilization factors less than 1 (although we know from
Section 6.4.1 that such finite bounds exist).

In this section we show in Theorem 6.4.2 some partial result that goes beyond the per-node bounds in
Section 6.2.2. The result was originally found in [15, 51, 83].

Consider an ATM network with the assumptions as in Section 6.3, with the following differences

• Every link has one origin node and one end node. We say that a link f is incident to linke if the origin
node of linke is the destination node of linkf . In general, a link has several incident links.

• All packets have the same size (called cell). All arrivals and departures occur at integer times (syn-
chronized model). All links have the same bit rate, equal to1 cell per time unit. The service time for
one cell is1 time unit. The propagation times are constant per link and integer.

• All links are FIFO.

PROPOSITION6.4.1. For a network with the above assumption, the delay for a cellc arriving at nodee over
incident linki is bounded by the number of cells arriving on incident linksj 6= i during the busy period,
and that will depart beforec.
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PROOF: Call R′(t) (resp.Rj(t), R(t))the output flow (resp. input arriving on linkj, total input flow).
Call d the delay for a tagged cell arriving at timet on link i. CallAj the number of cells arriving on linkj
up to timet that will depart before the tagged cell, and letA =

∑
j Aj . We have

d = A−R′(t) ≤ A−R(s)− (t− s)

wheres is the last time instant before the busy period att. We can rewrite the previous equation as

d ≤
∑

j 6=i

[Aj −Rj(s)] + [Ai(t)−Ri(s)]− (t− s)

Now the link rates are all equal to1, thusAi −Ri(s) ≤ t− s and

d ≤
∑

j 6=i

[Aj −Rj(s)]

An “Interference Unit” is defined as a set(e, {j, k}) wheree is a link, {j, k} is a set of two distinct flows
that each havee on their paths, and that arrive ate over two different incident links (Figure 6.3). The Route
Interference Number (RIN) of flowj is the number of interference units that containj. It is thus the number
of other flows that share a common sub-path, counted with multiplicity if some flows share several distinct
sub-paths along the same path. The RIN is used to define a sufficient condition, under which we prove a
strong bound.

f l o w  j

n o d e  h n o d e  g

n o d e  k

n o d e  f n o d e  e

f l o w  i 1

f l o w  i 2

n o d e  l

Figure 6.3:The network model and definition of an interference unit. Flows j and i2 have an interference
unit at node f . Flows j and i1 have an interference unit at node l and one at node g.

DEFINITION 6.4.1 (Source Rate Condition).The fresh arrival curve constraint (at network boundary) for
flow j is the stair functionvR+1,R+1, whereR is the RIN of flowj.

The source rate condition is equivalent to saying that a flow generates at most one cell in any time interval
of durationRIN + 1.

THEOREM 6.4.2. If the source rate condition holds at all sources, then

1. The backlog at any node is bounded byN −maxiNi, whereNi is the number of flows entering the
node via input linki, andN =

∑
iNi.

2. The end-to-end queuing delay for a given flow is bounded by its RIN.
3. There is at most one cell per flow present during any busy period.
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c e l l  d

c e l l  c 1

c e l l  c 2l h g

f

e

c e l l  c 2

c e l l  c 1

c e l l  d

Figure 6.4:A time-space diagram illustrating the definitions of d 4g c1 and c1 4f c2. Time flows downwards.
Rectangles illustrate busy periods.

The proof of item 3 involves a complex analysis of chained busy periods, as does the proof of Theorem 6.4.1.
It is given in a separate section. Item 3 gives an intuitive explanation of what happens: the source rate
condition forces sources to leave enough spacing between cells, so that two cells of the same flow do not
interfere, in some sense. The precise meaning of this is given in the proof. Items 1 and 2 derive from item 3
by a classical network calculus method (Figure 6.6).

PROOF OF THEOREM 6.4.2 As a simplification, we call “path of a cell“ the path of the flowof the cell.
Similarly, we use the phrase “interference unit ofc” with the meaning of interference unit of the flow ofc.

We define a busy period as a time interval during which the backlog for the flow at the node is always
positive. We now introduce a definition (super-chain) that will be central in the proof. First we use the
following relation:

DEFINITION 6.4.2 (“Delay Chain” [15]).For two cellsc andd, and for some linke, we say thatc 4e d if c
andd are in the same busy period ate andc leavese befored.

Figure 6.4 illustrates the definition.

DEFINITION 6.4.3 (Super-Chain [15]).Consider a sequence of cellsc = (c0, ..., ci, ..., ck) and a sequence
of nodesf = (f1, ..., fk). We say that(c, f) is a super-chain if

• f1, ..., fk are all on the pathP of cell c0 (but not necessarily consecutive)
• ci−1 4fi ci for i = 1 to k.
• the path of cellci from fi to fi+1 is a sub-path ofP

We say that the sub-path ofc0 that spans from nodef1 to nodefk is the path of the super-chain.

DEFINITION 6.4.4 (Segment Interfering with a Super-Chain).For a given super-chain, we call “segment”
a couple(d, P ) whereP is a sub-path of the path of the super-chain,d is a cell whose path also hasP
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as a sub-path, andP is maximal (namely, we cannot extendP to be a common sub-path of bothd and the
super-chain). We say that the segment(d, P ) is interfering with super-chain(c, f) if there is somei onP
such thatd 4fi ci.

LEMMA 6.4.2. Let (c, f) be a super-chain. Lets0 be the arrival time of cellc0 at link f1 and s′k the
departure time of cellck from link fk. Thens′k − s0 ≤ R1,k + T1,k, whereR1,k is the total number of
segments interfering with(c, f) andT1,k is the total transmission and propagation time on the path ofthe
super-chain.

PROOF: Consider first some nodefj on the super-chain. Letsj−1 (resp. tj) be the arrival time of cell
cj−1 (resp.cj) at the node. Lett′j−1 (resp.s′j) be the departure time of cellcj−1 (resp.cj) (Figure 6.5). Let
vj be the last time slot before the busy period thattj is in. By hypothesis,vj + 1 ≤ sj−1. Also defineBj

t i m e

v j

s j - 1

t j

s � j

t � j - 1

C e l l  c j - 1

C e l l  c j

A 0
j

B j

Figure 6.5:The notation used in the proof of Lemma 6.4.2.

(resp.B0
j ) as the set of segments(d, P ) whered is a cell arriving at the node after timevj on a link incident

to the path of the super-chain (resp. on the path of the super-chain) and that will depart no later than cellcj ,
and whereP is the maximal common sub-path ford and the super-chain thatfj is in. Also defineA0

j as the
subset of those segments inB0

j for which the cell departs aftercj−1. LetBj (resp.B0
j , A

0
j ) be the number

of elements inBj (resp.B0
j ,A0

j ), see Figure 6.5.

Since the rate of all incident links is1, we have

B0
j −A0

j ≤ sj−1 − vj

Also, since the rate of the node is1, we have:

s′j − vj = Bj +B0
j

Combining the two, we derive

s′j − sj−1 = Bj +B0
j − (sj−1 − vj) ≤ Bj +A0

j (6.20)

By iterative application of (6.20) fromj = 1 to k, we obtain

s′k − s0 ≤
k∑

j=1

(Bj +A0
j ) + T1,k
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Now we show that all sets in the collection{Bj ,A0
j , j = 1 to k} are two-by-two disjoint. Firstly, if

(d, P ) ∈ Bj thenfj is the first node ofP thus(d, P ) cannot be in some otherBj′ with j 6= j′. Thus theBj

are two-by-two disjoint. Second, assume(d, P ) ∈ Bj and(d, P ) ∈ A0
j′. It is obvious from their definitions

that, for a fixedj, Bj andA0
j are disjoint; thusj 6= j′. Sincefj is the first node ofP and j′ is onP ,

it follows that j < j′. Now d leavesfj beforecj and leavesfj′ after cj′−1, which contradicts the FIFO
assumption. Thus theBj andA0

j′ are two-by-two disjoint. The same reasoning shows that it isnot possible
that(d, P ) ∈ Aj

⋂Aj′ with j < j′.

Now, by definition, every segment in eitherBj or A0
j is an interfering segment. Thus

k∑

j=1

(Bj +A0
j ) ≤ R1,k

.

PROPOSITION6.4.2. Assume the source rate condition holds. Let(c, f) be a super-chain.

1. For every interference unit ofc0 there is at most one cell interfering with the super-chain.
2. ck does not belong to the same flow asc0.

PROOF: Define the time of a super-chain as the exit time for the last cell ck on the last nodefk. We use
a recursion on the timet of the super-chain.

If t = 1, the proposition is true because any flow has at most one cell on a link in one time slot. Assume
now that the proposition holds for any super-chain with time≤ t − 1 and consider a super-chain with time
t.

First, we associate an interference unit to any segment(d, P ) interfering with the sub-chain, as follows. The
paths ofd andc0 may share several non contiguous sub-paths, andP is one of them. Callf the first node of
P . Tod we associate the interference unit(f, {j0, j}), wherej0 (resp.j) is the flow ofc0 (resp.d).

We now show that this mapping is injective. Assume that another segment(d′, P ′) 6= (d, P ) is associated
with the same interference unit(f, {j0, j}). Without loss of generality, we can assume thatd was emitted
befored′. d andd′ belong to the same flowj, thus, sinceP andP ′ are maximal, we must haveP = P ′. By
hypothesis, have an interference with the super-chain at a node onP . Let fl be a node on the super-chain
and onP such thatd 4fl cl. If d′ leaves nodefl beforecl, thend 4fl d

′, and thus((d, d′), (fl)) is a
super-chain. Sinced′ is an interfering cell, necessarily, it must leave nodefl beforet, thus the proposition
is true for super-chain((d, d′), (fl)), which contradicts item 2. Thusd′ must leave nodefl after cellcl. But
there is some other indexm ≤ k such thatd 4fm cm, thus celld′ leaves nodefm before cellcm. Define
l′ as the smallest index withl < l′ ≤ m such thatd′ leaves nodefl′ after cellcl′−1 and beforecl′ . Then
((d, cl, ..., cl′−1, d

′), (fl, .., fl′)) is a super-chain with time≤ t − 1 which would again contradict item 2 in
the proposition. Thus, in all cases we have a contradiction,the mapping is injective, and item 1 is shown for
the super-chain.

Second, let us count a bound on the maximum queuing delay of cell c0. Callu0 its emission time,P0 the sub-
path ofc0 from its source up to, but excluding, nodef1, andT the total transmission and propagation time
for the flow ofc0. The transmission and propagation time alongP0 is thusT − T1,k. By Proposition 6.4.1,
the queuing delay ofc0 at a nodef onP0 is bounded by the number of cellsd 4f c0 that arrive on a link not
onP0. By the same reasoning as in the previous paragraph, there isat most one such celld per interference
unit of c0 at f . DefineR as the number of interference units of the flow ofc0 onP1. We have thus

s0 ≤ u0 +R+ T − T1,k (6.21)

Similarly, from Lemma 6.4.2, we have

s′k ≤ s0 +R1,k + T1,k
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CallR′ the number of interference units of the flow ofc0 on the path of the super-chain. It follows from the
first part of the proof thatR1,k ≤ R′, thus

s′k ≤ s0 +R′ + T1,k

Combining with (6.21) gives
s′k ≤ u0 +R+R′ + T (6.22)

Now by the source condition, ifck belongs to the flow ofc0, its emission timeu′ must satisfy

u′ ≥ u0 +R+R′ + 1

and thus
s′k ≥ u0 +R+R′ + 1 + T

which contradicts (6.22). This shows that the second item ofthe proposition must hold for the super-
chain.

PROOF OF THEOREM 6.4.2: Item 3 follows from Proposition 6.4.2, since if there would be two cells
d, d′ of the same flow in the same busy period, then((d, d′), (e)) would be a super-chain.

Now we show how items 1 and 2 derive from item 3. Callα∗
i (t) the maximum number of cells that may

ever arrive on incident linki duringt time units inside a busy period. Sinceλ1 is a service curve for nodee,
the backlogB at nodee is bounded by

B ≤ sup
t≥0

[
I∑

i=1

α∗
i (t) − t

]

Now by item 3,α∗
i (t) ≤ Ni and thus

α∗
i (t) ≤ αi(t) := min[Ni, t]

Thus

B ≤ sup
t≥0

[
I∑

i=1

αi(t) − t

]

Now define a renumbering of theNi’s such thatN(1) ≤ N(2) ≤ ... ≤ N(I). The function
∑

i αi(t) − t is
continuous and has a derivative at all points except theN(i)’s (Figure 6.6). The derivative changes its sign
atN(I) (=max1≤i≤I(Ni)) thus the maximum is atN(I) and its value isN −N(I), which shows item 1.

From Item 1, the delay at a node is bounded by the number of interference units of the flow at this node.
This shows item 2.

6.5 BIBLIOGRAPHIC NOTES

In [51], a stronger property is shown than Theorem 6.4.2: Consider a given linke and a subsetA of m con-
nections that use that link. Letn be a lower bound on the number of route interferences that anyconnection
in the subset will encounter after this link. Then over any time interval of durationm + n, the number of
cells belonging toA that leave linke is bounded bym.

It follows from item 1 in Theorem 6.4.2 that a better queuing delay bound for flowj is:

δ(j) =
∑

e such that e∈j

{
min

i such that 1≤i≤I(e)
(N(e) −Ni(e))

}
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a ( t )
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Figure 6.6:Derivation of a backlog bound.

whereI(e) is the number of incident links at nodee, Ni(e) is the number of flows entering nodee on link
i, andN =

∑
i = 1I(e)Ni(e). In other words, the end-to-end queuing delay is bounded by the sum of

the minimum numbers of route interference units for all flowsat all nodes along the path of a flow. For
asymmetric cases, this is less than the RIN of the flow.

6.6 EXERCISES

EXERCISE 6.1. Consider the same assumptions as in Section 6.4.1 but with a linear network instead of a
ring. Thus nodem feeds nodem+ 1 for m = 1, ...,M − 1; node1 receives only fresh traffic, whereas all
traffic exiting nodeM leaves the network. Assume that all service curves are strict. Find a bound which is
finite forν ≤ 1. Compare to Theorem 6.4.1.

EXERCISE6.2. Consider the same assumptions as in Theorem 6.4.2. Show thatthe busy period duration is
bounded byN .

EXERCISE6.3. Consider the example of Figure 6.1. Apply the method of Section 6.3.2 but express now that
the fraction of input traffic to nodei that originates from another node must haveλC as an arrival curve .
What is the upper-bound on utilization factors for which a bound is obtained ?

EXERCISE6.4. Can you conclude anything onνcri from Proposition 2.4.1 on Page 90 ?



CHAPTER 7

ADAPTIVE AND PACKET SCALE RATE

GUARANTEES

7.1 INTRODUCTION

In Chapter 1 we defined a number of service curve concepts: minimum service curve, maximum service
curve and strict service curves. In this chapter we go beyondand define some concepts that more closely
capture the properties of generalized processor sharing (GPS).

We start by a motivating section, in which we analyze some features of service curves or Guaranteed Rate
node that do not match GPS. Then we provide the theoretical framework of packet scale rate guarantee
(PSRG); it is a more complex node abstraction than Guaranteed Rate, which better captures some of the
properties of GPS. A major difference is the possibility to derive information on delay when the buffer size
is known – a property that is not possible with service curve or guaranteed rate. This is important for low
delay services in the internet. PSRG is used in the definitionof the Internet Expedited Forwarding service.

Just like GR is the max-plus correspondant of the min-plus concept of service curve, PSRG is the max-plus
correspondant ofadaptive service curves. These were first proposed in Okino’s dissertation in [62] and by
Agrawal, Cruz, Okino and Rajan in [1]. We explain the relationship between the two and give practical
applications to the concatenation of PSRG nodes.

In the context of differentiated services, a flow is an aggregate of a number of micro-flows that belong to the
same service class. Such an aggregate may join a router by different ports, and may follow different paths
inside the router. It follows that it can generally not be assumed that a router is FIFO per flow. This is why
the definition of PSRG (like GR) does not assume the FIFO property.

In all of this chapter, we assume that flow functions are left-continuous, unless stated otherwise.

7.2 LIMITATIONS OF THE SERVICE CURVE AND GR NODE ABSTRAC-
TIONS

The definition of service curve introduced in Section 1.3 is an abstraction of nodes such as GPS and its
practical implementations, as well as guaranteed delay nodes. This abstraction is used in many situations,
described all along this book. However, it is not always sufficient.

195
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Firstly, it does not provide a guarantee over any interval. Consider for example a node offering to a flow
R(t) the service curveλC . AssumeR(t) = B for t > 0, so the flow has a very large burst at time0 and then
stops. A possible output is illustrated on Figure 7.1. It is perfectly possible that there is no output during the
time interval(0, B−ǫ

C ], even though there is a large backlog. This is because the server gave a higher service
than the minimum required during some interval of time, and the service property allows it to be lazy after
that.

B
B  - e

R ( t )

R * ( t )

C t

Figure 7.1:The service curve property is not sufficient.

Secondly, there are case where we would like to deduce a boundon the delay that a packet will suffer given
the backlog that we can measure in the node. This is used for obtaining bounds in FIFO systems with
aggregate scheduling. In Chapter 6 we use such a property fora constant delay server with rateC: given
that the backlog at timet is Q, the last bit present at timet will depart before within a time ofQC . If we
assume instead that the server has a service curveλC , then we cannot draw such a conclusion. Consider for
example Figure 7.1: at timet > 0, the backlog,ǫ, can be made arbitrily small, whereas the delayB−ǫ

C − t
can be made arbitrarily large.

The same limitation applies to the concept of Guaranteed Rate node. Indeed, the example in Figure 7.1
could very well be for GR node. The main issue here is that a GR node, like a service curve element, may
serve packetsearlier than required.

A possible fix is the use ofstrict service curve, as defined in Definition 1.3.2 on Page 21. Indeed, it follows
from the next section (and can easily be shown independently) that if a FIFO node offers a strict service
curveβ, then the delay at timet is bounded byβ−1(Q(t)), whereQ(t) is the backlog at timet, andβ−1 is
the pseudo-inverse (Definition 3.1.7 on Page 108).

We know that the GPS node offers to a flow a strict service curveequal of the formλR. However, we cannot
model delay nodes with a strict service curve. Consider for example a node with inputR(t) = ǫt, which
delays all bits by a constant timed. Any interval [s, t] with s ≥ d is within a busy period, thus if the node
offers a strict service curveβ to the flow, we should haveβ(t − s)ǫ(t − s), andǫ can be arbitrarily small.
Thus, the strict service curve does not make much sense for a constant delay node.

7.3 PACKET SCALE RATE GUARANTEE

7.3.1 DEFINITION OF PACKET SCALE RATE GUARANTEE

In Section 2.1.3 on Page 70 we have introduced the definition of guaranteed rate scheduler, which is the
practical application of rate latency service curves. Consider a node where packets arrive at timesa1 ≥
0, a2, ... and leave at timesd1, d2, .... A guaranteed rate scheduler, with rater and latencye requires that
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di ≤ f ′i + e, wheref ′i is defined iteratively byf ′0 = 0 and

f ′i = max{ai, f ′i−1}+
li
r

whereli is the length of theith packet.

A packet scale rate guaranteeis similar, but avoids the limitations of the service curve concept discussed
in Section 7.2. To that end, we would like that the deadlinef ′i is reduced whenever a packet happens to
be served early. This is done by replacingf ′i−1 in the previous equation bymin{f ′i , di}. This gives the
following definition.

DEFINITION 7.3.1 (Packet Scale Rate Guarantee).Consider a node that serves a flow of packets numbered
i = 1, 2, .... Call ai, di, li the arrival time, departure time, and length in bits for theith packet, in order of
arrival. Assumea1 ≥ 0.We say that the node offers to the flow a packet scale rate guarantee with rater and
latencye if the departure times satisfy

di ≤ fi + e

wherefi is defined by:
{
f0 = d0 = 0

fi = max {ai,min (di−1, fi−1)}+ li
r for all i ≥ 1

(7.1)

See Figure 7.2 and Figure 7.3 for an illustration of the definition.

f(n-1) d(n-1)a(n)

f(n) d(n)

L(n)/r

f(n-1) d(n-1) a(n)

f(n) d(n)

L(n)/r

f(n-1)d(n-1)a(n) f(n) d(n)

L(n)/r

f(n) = max{a(n), min[d(n-1), f(n-1)]}+ L(n)/rf(n) = max{a(n), min[d(n-1), f(n-1)]}+ L(n)/r

Figure 7.2:Definition of PSRG.

THEOREM 7.3.1. A PSRG node with rater and latencye is GR(r, e).

PROOF: Follows immediately from the definition.

Comment. It follows that a PSRG node enjoys all the properties of a GR node. In particular:
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f(n) = max{a(n), f(n-1)]}+ L(n)/rf(n) = max{a(n), f(n-1)]}+ L(n)/r

f(n-1)d(n-1)a(n) f(n) d(n)

L(n)/r

f(n) = max{a(n), min[d(n-1), f(n-1)]}+ L(n)/rf(n) = max{a(n), min[d(n-1), f(n-1)]}+ L(n)/r

f(n-1)d(n-1)a(n) f(n) d(n)

L(n)/r

Guaranteed Rate

Packet Scale Rate Guarantee

Figure 7.3:Difference between PSRG and GR when packet n− 1 leaves before fn.

• Delay bounds for input traffic with arrival curves can be obtained from Theorem 2.1.4.
• PSRG nodes have a rate latency service curve property (Theorem 2.1.3) that can be used for buffer

dimensioning.

We now obtain a characterization of packet scale rate guarantee that does not contain the virtual finish times
fn. It is the basis for many results in this chapter. We start with an expansion of the recursive definition of
packet scale rate guarantee,

LEMMA 7.3.1 (Min-max expansion of PSRG).Consider three arbitrary sequences of non-negative numbers
(an)n≥1, (dn)n≥0, and(mn)n≥1, with d0 = 0. Define the sequence(fn)n≥0, by

{
f0 = 0
fn = max [an,min (dn−1, fn−1)] +mn for n ≥ 1

Also define {
An

j = aj +mj + ...+mn for 1 ≤ j ≤ n

Dn
j = dj +mj+1 + ...+mn for 0 ≤ j ≤ n− 1

For all n ≥ 1, we have

fn = min [ max(An
n, A

n
n−1, ..., A

n
1 ),

max(An
n, A

n
n−1..., A

n
2 ,D

n
1 ),

...

max(An
n, A

n
n−1..., A

n
j+1,D

n
j ),

...

max(An
n, A

n
n−1,D

n
n−2),

max(An
n,D

n
n−1)

]
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The proof is long and is given in a separate section (Section 7.7); it is based on min-max algebra.

Comment: The expansion in Lemma 7.3.1 can be interpreted as follows. The first termmax(An
n, A

n
n−1, ..., A

n
1 )

corresponds to the guaranteed rate clock recursion (see Theorem 2.1.2). The following terms have the effect
of reducingfn, depending on the values ofdj .

We now apply the previous lemma to packet scale rate guarantee and obtain the required characterization
without the virtual finish timesfn:

THEOREM 7.3.2. Consider a system where packets are numbered1, 2, ... in order of arrival. Call an, dn
the arrival and departure times for packetn, andln the size of packetn. Define by conventiond0 = 0. The
packet scale rate guarantee with rater and latencye is equivalent to: For alln and all0 ≤ j ≤ n− 1, one
of the following holds

dn ≤ e+ dj +
lj+1 + ...+ ln

r
(7.2)

or there is somek ∈ {j + 1, ..., n} such that

dn ≤ e+ ak +
lk + ...+ ln

r
(7.3)

The proof is also given in Section 7.7. It is a straightforward application of Lemma 7.3.1.

Comment 1: The original definition of EF in [42] was based on the informalintuition that a node guarantees
to the EF aggregate a rate equal tor, at all time scales (this informal definition was replaced byPSRG).
Theorem 7.3.2 makes the link to the original intuition: a rate guarantee at all time scales means that either
(7.2) or (7.3) must hold. For a simple scheduler, the former means thatdj , dn are in the same backlogged
period; the latter is for the opposite case, and hereak is the beginning of the backlogged period. But
note that we do not assume that the PSRG node is a simple scheduler; as mentioned earlier, it may be any
complex, non work conserving node. It is a merit of the abstract PSRG definition to avoid using the concept
of backlogged period, which is not meaningful for a composite node [13, 5].

Comment 2: In Theorem 2.1.2 we give a similar result for GR nodes. It is instructive to compare both in
the case of a simple scheduler, where the interpretation in terms of backlogged period can be made. Let us
assume the latency term is0, to make the comparison simple. For such a simple scheduler,PSRG means
that duringanybacklogged period, the scheduler guarantees a rate at leastequal tor. In contrast, and again
for such simple schedulers, GR means that during the backlogged period starting at the first packet arrival
that finds the system empty (this is called “busy period” in queuing theory), the average rate of service is
at leastr. GR allows the scheduler to serve some packets more quickly than at rater, and take advantage
of this to serve other packets at a rate smaller thanr, as long as the overall average rate is at leastr. PSRG
does not allow such a behaviour.

A special case of interest is whene = 0.

DEFINITION 7.3.2. We callminimum rate server, with rater, a PSRG node for with latencye = 0.

For a minimum rate server we have

{
d0 = 0

di ≤ max {ai, di−1}+ li
r for all i ≥ 1

(7.4)

Thus, roughly speaking, a minimum rate server guarantees that during any busy period, the instantaneous
output rate is at leastr. A GPS node with total rateC and weightwi for flow i is a minimum rate server for
flow i, with rateri =

wiC∑
j wj

.
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7.3.2 PRACTICAL REALIZATION OF PACKET SCALE RATE GUARANTEE

We show in this section that a wide variety of schedulers provide the packet scale rate guarantee. More
schedulers can be obtained by using the concatenation theorem in the previous section.

A simple but important realization is the priority scheduler.

PROPOSITION 7.3.1. Consider a non-preemptive priority scheduler in which all packets share a single
FIFO queue with total output rateC. The high priority flow receives a packet scale rate guarantee with rate
C and latencye = lmax

C , wherelmax is the maximum packet size of all low priority packets.

PROOF: By Proposition 1.3.7, the high priority traffic receives a strict service curveβr,c.

We have already introduced in Section 2.1.3 schedulers thatcan be thought of as derived from GPS and we
have modeled their behaviour with a rate-latency service curve. In order to give a PSRG for such schedulers,
we need to define more.

DEFINITION 7.3.3 (PSRG Accuracy of a scheduler with respect to rater). Consider a schedulerS and call
di the time of thei-th departure. We say that the PSRG accuracy ofS with respect to rater is (e1, e2) if
there is a minimum rate server with rater and departure timesgi such that for alli

gi − e1 ≤ di ≤ gi + e2 (7.5)

We interpret this definition as a comparison to a hypothetical GPS reference scheduler that would serve the
same flows. The terme2 determines the maximum per-hop delay bound, wherease1 has an effect on the
jitter at the output of the scheduler. For example, it is shown in [6] that WF2Q satisfiese1(WF2Q) = lmax/r,
e2(WF2Q) = lmax/C, wherelmax is maximum packet size andC is the total output rate. In contrast, for
PGPS [64]e2(PGPS) = e2(WF2Q), while e1(PGPS) is linear in the number of queues in the scheduler.
This illustrates that, while WF2Q and PGPS have the same delay bounds, PGPS may result in substantially
burstier departure patterns.

THEOREM 7.3.3. If a scheduler satisfies (7.5), then it offers the packet scale rate guarantee with rater and
latencye = e1 + e2.

The proof is in Section 7.7.

7.3.3 DELAY FROM BACKLOG

A main feature of the packet scale rate guarantee definition is that it allows to bound delay from backlog.
For a FIFO node, it could be derived from Theorem 7.4.3 and Theorem 7.4.5. But the important fact is that
the bound is the same, with or without FIFO assumption.

THEOREM 7.3.4. Consider a node offering the Packet Scale Rate Guarantee with rater and latencye, not
necessarily FIFO. CallQ the backlog at timet. All packets that are in the system at timet will leave the
system no later than at timet+Q/r + e,

The proof is in Section 7.7.

Application to Differentiated Services Consider a network of nodes offering the EF service, as in Sec-
tion 2.4.1. Assume nodem is a PSRG node with raterm and latencyem. Assume the buffer size at nodem
is limited toBm. A boundD on delay at nodem follows directly

D =
Bm

rm
+ em
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Figure 7.4:End to end delay bound versus the utilization factor α for an infinite buffer (left curve) and buffers
sizes of 1MB (top), 0.38MB (middle) and 0.1MB (bottom). There are h = 10 hops, em = 2 1500B

rm
, σi = 100B

and ρi = 32kb/s for all flows, rm = 149.760Mb/s.

Compare to the bound in Theorem 2.4.1: this bound is valid forall utilization levels and is independent of
traffic load. Figure 7.4 shows a numerical example.

However, forcing a small buffer size may cause some packet loss. The loss probability can be computed if
we assume in addition that the traffic at network edge is made of stationary, independent flows [58].

7.4 ADAPTIVE GUARANTEE

7.4.1 DEFINITION OF ADAPTIVE GUARANTEE

Much in the spirit of PSRG, we know introduce a stronger service curve concept, calledadaptive guarantee,
that better captures the properties of GPS [62, 1], and helpsfinding concatenation properties for PSRG.
Before giving the formula, we motivate it on three examples.

Example 1. Consider a node offering a strict service curveβ. Consider some fixed, but arbitrary times
s < t. Assume thatβ is continuous. If[s, t] is within a busy period, we must have

R∗(t) ≥ R∗(s) + β(t− s)

Else, callu the beginning of the busy period att. We have

R∗(t) ≥ R(u) + β(t− u)

thus in all cases
R∗(t) ≥ (R∗(s) + β(t− s)) ∧ inf

u∈[s,t]
(R(u) + β(t− u)) (7.6)

Example 2.Consider a node that guarantees a virtual delay≤ d. If t− s ≤ d then trivially

R∗(t) ≥ R∗(s) + δd(t− s)

and if t− s > d then the virtual delay property means that

R∗(t) ≥ R(t− d) = inf
u∈[s,t]

(R(u) + δd(t− u))
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thus we have the same relation as in (7.6) withβ = δd.

Example 3.Consider a greedy shaper with shaping functionσ (assumed to be a good function). Then

R∗(t) = inf
u≤t

[R(u) + σ(t− u)]

Breaking the inf intou < s andu ≥ s gives

R∗(t) = inf
u<s

[R(u) + σ(t− u)] ∧ inf
u∈[s,t]

[R(u) + σ(t− u)] (7.7)

Defineσ̃ := σ⊘σ, namely,
σ̃(u) = inf

t
[σ(t+ u)− σ(u)] (7.8)

For example, for a piecewise linear concave arrival curve (conjunction of leaky buckets),σ(t) = mini(riu+
bi), we havẽσ(u) = mini riu. Back to (7.7), we have

σ(t− u) ≥ σ(s− u) + σ̃(t− s)

and finally
R∗(t) ≥ (R∗(s) + σ̃(t− s)) ∧ inf

u∈[s,t]
(R(u) + σ(t− u)) (7.9)

We see that these three cases fall under a common model:

DEFINITION 7.4.1 (Adaptive Service Curve).Let β̃, β be inF . Consider a systemS and a flow through
S with input and output functionsR andR∗. We say thatS offers theadaptive guarantee(β̃, β) if for any
s ≤ t it holds:

R∗(t) ≥
(
R∗(s) + β̃(t− s)

)
∧ inf

u∈[s,t]
[R(u) + β(t− u)]

If β̃ = β we say that the node offers the adaptive guaranteeβ.

The following proposition summarizes the examples discussed above:

PROPOSITION7.4.1. • If S offers to a flow a strict service curveβ, then it also offers theadaptive
guaranteeβ.

• If S guarantees a virtual delay bounded byd, then it also offers theadaptive guaranteeδd
• A greedy shaper with shaping curveσ, whereσ is a good function, offers theadaptive guarantee
(σ̃, σ), with σ̃ defined in (7.8).

Similar to [62], we use the notationR → (β̃, β) → R∗ to express that Definition 7.4.1 holds. Ifβ̃ = β we
writeR→ (β) → R∗.

Assume thatR is left-continuous andβ is continuous. It follows from Theorem 3.1.8 on Page 115 thatthe
adaptive guarantee is equivalent to saying that for alls ≤ t, we have either

R∗(t)−R∗(s) ≥ β̃(t− s)

or
R∗(t) ≥ R(u) + β(t− u)

for someu ∈ [s, t].

7.4.2 PROPERTIES OF ADAPTIVE GUARANTEES

THEOREM 7.4.1. LetR→ (β̃, β) → R∗. If β̃ ≤ β thenβ is a minimum service curve for the flow.
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PROOF: Apply Definition 7.4.1 withs = 0 and use the fact that̃β ≤ β.

THEOREM 7.4.2 (Concatenation).If R → (β̃1, β1) → R1 andR1 → (β̃2, β2) → R∗ thenR → (β̃, β) →
R∗ with

β̃ =
(
β̃1 ⊗ β2

)
∧ β̃2

and
β = β1 ⊗ β2

The proof is in Section 7.7

COROLLARY 7.4.1. If Ri−1 → (β̃i, βi) → Ri for i = 1 to n thenR0 → (β̃, β) → Rn with

β̃ =
(
β̃1 ⊗ β2 ⊗ ...⊗ βn

)
∧
(
β̃2 ⊗ β3 ⊗ ...⊗ βn

)
∧ ... ∧

(
β̃n−1 ⊗ βn

)
∧ β̃n

and
β = β1 ⊗ ...⊗ βn

PROOF: Apply Theorem 7.4.2 iteratively and use Rule 6 in Theorem 3.1.5 on Page 111.

THEOREM 7.4.3 (Delay from Backlog).If R → (β̃, β) → R∗, then the virtual delay at timet is bounded
by β̃−1(Q(t)), whereQ(t) is the backlog at timet, andβ̃−1 is the pseudo-inverse of̃β (see Definition 3.1.7
on Page 108).

The proof is in Section 7.7. Note that if the node is FIFO, thenthe virtual delay at timet is the real delay
for a bit arriving at timet.

Consider a system (bit-by-bit system) with L-packetized inputR and bit-by-bit outputR∗, which is then
L-packetized to produce a final packetized outputR′. We call combined systemthe system that mapsR
into R′. Assume both systems are first-in-first-out and lossless. Remember from Theorem 1.7.1 that the
per-packet delay for the combined system is equal the maximum virtual delay for the bit-by-bit system.

THEOREM 7.4.4 (Packetizer and Adaptive Guarantee).If the bit-by-bit system offers to the flow the adaptive
guarantee(β̃, β), then the combined system offers to the flow the adaptive guarantee(β̃′, β′) with

β̃′(t) = [β̃(t)− lmax]
+

and
β′(t) = [β(t) − lmax]

+

wherelmax is the maximum packet size for the flow.

The proof is in Section 7.7.

7.4.3 PSRGAND ADAPTIVE SERVICE CURVE

We now relate packet scale rate guarantee to an adaptive guarantee. We cannot expect an exact equivalence,
since a packet scale rate guarantee does not specify what happens to bits at a time other than a packet
departure or arrival. However, the concept of packetizer allows us to establish an equivalence.
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THEOREM 7.4.5 (Equivalence with adaptive guarantee).Consider a nodeS withL-packetized inputR and
with outputR∗.

1. If R → (β) → R∗, whereβ = βr,e is the rate-latency function with rater and latencye, and ifS is
FIFO, thenS offers to the flow the packet scale rate guarantee with rater and latencye.

2. Conversely, ifS offers to the flow the packet scale rate guarantee with rater and latencye and ifR∗

isL-packetized, thenS is the concatenation of a nodeS ′ offering the adaptive guaranteeβr,e and the
L-packetizer. IfS is FIFO, then so isS ′.

The proof is long and is given in a separate section (Section 7.7). Note that the packet scale rate guarantee
does not mandate that the node be FIFO; it is possible thatdi < di−1 in some cases. However, part 1 of the
theorem requires the FIFO assumption in order for a condition onR,R∗ to be translated into a condition on
delays.

7.5 CONCATENATION OF PSRG NODES

7.5.1 CONCATENATION OF FIFO PSRG NODES

We have a simple concatenation result for FIFO systems:

THEOREM 7.5.1. Consider a concatenation of FIFO systems numbered1 to n. The output of systemi − 1
is the input of systemi, for i > 1. Assume systemi offers the packet scale rate guarantee with rateri and
latencyei. The global system offers the packet scale rate guarantee with rater = mini=1,...,n ri and latency
e =

∑
i=1,...,n ei +

∑
i=1,...,n−1

Lmax
ri

.

PROOF: By Theorem 7.4.5–(2), we can decompose systemi into a concatenationSi,Pi, whereSi offers
the adaptive guaranteeβri,ei andPi is a packetizer.

Call S the concatenation
S1,P1,S2,P2, ...,Sn−1,Pn−1,Sn

By Theorem 7.4.5–(2),S is FIFO. By Theorem 7.4.4, it provides the adaptive guarantee βr,e. By Theo-
rem 7.4.5–(1), it also provides the packet scale rate guarantee with rater and latencye. Now Pn does not
affect the finish time of the last bit of every packet.

A Composite NodeWe analyze in detail one specific example, which often arisesin practice when mod-
elling a router. We consider a composite node, made of two components. The former (“variable delay
component”) imposes to packets a delay in the range[δmax − δ, δmax]. The latter is FIFO and offers to its
input the packet scale rate guarantee, with rater and latencye. We show that, if the variable delay compo-
nent is known to be FIFO, then we have a simple result. We first give the following lemma, which has some
interest of its own.

LEMMA 7.5.1 (Variable Delay as PSRG).Consider a node which is known to guarantee a delay≤ δmax.
The node need not be FIFO. Calllmin the minimum packet size. For anyr > 0, the node offers the packet
scale rate guarantee with latencye = [δmax − lmin

r ]+ and rater.

Proof. With the standard notation in this section, the hypothesis implies thatdn ≤ an + δmax for all n ≥ 1. Define
fn by (7.1). We havefn ≥ an + ln

r
≥ an + lmin

r
, thusdn − fn ≤ δmax − lmin

r
≤ [δmax − lmin

r
]+.
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�

We will now apply known results on the concatenation of FIFO elements and solve the case where the
variable delay component is FIFO.

THEOREM 7.5.2. (Composite Node with FIFO Variable Delay Component) Consider the concatenation of
two nodes. The former imposes to packets a delay≤ δmax. The latter offers the packet scale rate guarantee
to its input, with rater and latencye. Both nodes are FIFO. The concatenation of the two nodes, in any
order, offers the packet scale rate guarantee with rater and latencye′ = e+ δmax.

Proof. Combine Theorem 7.4.2 with Lemma 7.5.1: for anyr′ ≥ r, the combined node offers the packet scale
guarantee with rater and latencye(r′) = e + δmax + lmax−lmin

r′
. Definefn for all n by (7.1). Consider some

fixed but arbitraryn. We havedn − fn ≤ e(r′), and this is true for anyr′ ≥ r. Let r′ → +∞ and obtain
dn − fn ≤ infr′≥r e(r

′) = e+ δmax as required.

�

7.5.2 CONCATENATION OF NON FIFO PSRG NODES

In general, we cannot say much about the concatenation of nonFIFO PSRG nodes. We analyze in detail
composite node described above, but now the delay element isnon FIFO. This is a frequent case in practice.
The results are of interest for modelling a router. The also serve the purpose of showing that the results in
Theorem 7.5.1 do not hold here.

To obtain a result, we need to an arrival curve for the incoming traffic. This is because some packets may
take over some other packets in the non-FIFO delay element (Figure 7.5); an arrival curve puts a bound on
this.

THEOREM 7.5.3. (Composite Node with non-FIFO Variable Delay Component) Consider the concatena-
tion of two nodes. The first imposes to packets a delay in the range[δmax−δ, δmax]. The second is FIFO and
offers the packet scale rate guarantee to its input, with rate r and latencye. The first node is not assumed
to be FIFO, so the order of packet arrivals at the second node is not the order of packet arrivals at the first
one. Assume that the fresh input is constrained by a continuous arrival curveα(·). The concatenation of the
two nodes, in this order, satisfies the packet scale rate guarantee with rater and latency

e′ = e+ δmax+

min{supt≥0[
α(t+δ)−lmin

r − t],

sup0≤t≤δ [
α(t)+α(δ)−2lmin

r − t]}
(7.10)

The proof is long, and is given in Section 7.7.

Figures 7.6 to 7.8 show numerical applications when the arrival curve includes both peak rate and mean rate
constraints.

Special Case :Forα(t) = ρt+ σ, a direct computation of the suprema in Theorem 7.5.3 gives:

if ρ ≤ r then e′ = e+ δmax +
ρδ+σ−lmin

r

else e′ = e+ δmax − δ + 2ρδ+σ−lmin
r

The latency of the composite node has a discontinuity equal to σ/r at ρ = r. It may seem irrelevant to
consider the caseρ > r. However, PSRG gives a delay from backlog bound; there may becases where
the only information available on the aggregate input is a bound on sustainable rateρ, with ρ > r. In such
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Figure 7.5:Composite Node with non-FIFO Variable Delay Component. Packet n arrives at times an at
the first component, at time bn at the second component, and leaves the system at time dn. Since the first
component is not FIFO, overtaking may occur; (k) is the packet number of the kth packet arriving at the
second component.
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Figure 7.6: Numerical Application of Theorem 7.5.3 and Theorem 2.1.7, showing the additional latency
e′ − e for a composite node, made of a variable delay element (δ = δmax = 0.01s) followed by a PSRG
or GR component with rate r = 100Mb/s and latency e. The fresh traffic has arrival curve ρt + σ, with
σ = 50KBytes. The figure shows e′ − e as a function of ρ, for lmin = 0. Top graph: delay element is
non-FIFO, second component is PSRG (Theorem 7.5.3); middle graph: delay element is non-FIFO, second
component is GR (Theorem 2.1.7); bottom line: delay element is FIFO, both cases (Theorem 7.5.2 and
Theorem 7.5.3). Top and middle graph coincide for ρ ≤ r.
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Figure 7.7:Same as Figure 7.6, but the fresh traffis has a peak rate limit. The arrival curve for the fresh
traffic is min(pt+MTU, ρt+ σ), with MTU = 500B, p = 200Mb/s (top picture) or p = 2ρ (bottom picture).
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Figure 7.8:Latency increase as a function of peak rate and mean rate. The parameters are the same as
for Figure 7.7.
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cases, there are probably other mechanisms (such as window flow control [47]) to prevent buffer overflow;
here, it is useful to be able to bounde′ as in Theorem 7.5.3.

Comment 1 : We now justify why Theorem 7.5.3 is needed, in other words: ifwe relax the FIFO as-
sumption for the variable delay component, then Theorem 7.5.2 does not hold any more. Intuitively, this is
because a tagged packet (sayP3 on Figure 7.5) may be delayed at the second stage by packets (P4 on the
figure) that arrived later, but took over our tagged packet. Also, the service rate may appear to be reduced
by packets (P1 on the figure) that had a long delay in the variable delay component. Formally, we have:

PROPOSITION7.5.1 (Tightness).The bound in Theorem 7.5.3 is tight in the case of an arrival curve of the
formα(t) = ρt+ σ and if lmax ≥ 2lmin.

The proof is in Section 7.7.

The proposition shows that the concatenation of non-FIFO PSRG nodes does not follow the rule as for
FIFO nodes, which is recalled in the proof of Theorem 7.5.2. Note that if the conditionlmax ≥ 2lmin is not
satisfied then the bound in Theorem 7.5.3 is tight up to a tolerance of2lmin/r.

Comment 2 : (7.10) for the latency is the minimum of two terms. In the caseα(t) = ρt + σ, for
ρ ≤ r, the bound is equal to its former term, otherwise to its second term. For a generalα however, such a
simplification does not occur.

Comment 3 : If α is not continuous (thus has jumps at some values), then it canbe shown that Theorem 7.5.3
still holds, with (7.10) replaced by

e′ = e+ δmax+

min{supt≥0[
α(t+δ)

r − t],

sup0≤t≤δ[
α0(t)+α0(δ)

r − t]}

with α0(u) = min[α(u+) − lmin, α(u)].

7.6 COMPARISON OF GR AND PSRG

First, we know that a PSRG node is GR with the same parameters.This can be used to obtain delay
and backlog bounds for arrival curve constrained input traffic. Compare however Theorem 2.1.1 to The-
orem 7.3.3: the PSRG characterization has a larger latencye than the GR characterization, so it is better
not to use the two characterizations separately: GR to obtain delay and backlog bounds, PSRG to obtain
delay-from-backlog bounds.

Second, we have shown that for GR there cannot exist a delay-from-backlog bound as in Theorem 7.3.4.

Third, there are similar concatenation results as for PSRG in Theorem 2.1.7. The value of latency increase
e′ for the composite node is the same for PSRG and GR when the total incoming rateρ is less than the
scheduler rater. However, the guarantee expressed by PSRG is stronger than that of GR. Thus the stronger
guarantee of PSRG comes at no cost, in that case.

7.7 PROOFS

7.7.1 PROOF OF L EMMA 7.3.1

In order to simplify the notation, we use, locally to this proof, the following convention: first,∨ has prece-
dence over∧; second, we denoteA ∨B with AB. Thus, in this proof only, the expression

AB ∧ CD
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means
(A ∨B) ∧ (C ∨D)

The reason for this convention is to simplify the use of the distributivity of ∨ with respect to∧ [28], which
is here written as

A(B ∧ C) = AB ∧AC

Our convention is typical of “min-max” algebra, wheremin takes the role of addition andmax the role of
multiplication. Armed with this facilitating notation, the proof becomes simple, but lengthy, calculus. In the
rest of the proof we consider some fixedn and drop superscriptn.

For0 ≤ j ≤ n− 1, define
Fj = fj +mj+1 + ...+mn

and letFn = fn. Also letD0 = d0 +m1 + ...+mn = m1 + ...+mn

First note that for allj ≥ 1:

fj = (aj +mj) ∨ [(fj−1 +mj) ∧ (dj−1 +mj)]

then, by addingmj+1 + ...+mn to all terms of the right hand side of this equation, we find

Fj = Aj ∨ (Fj−1 ∧Dj−1)

or, with our notation:
Fj = Aj (Fj−1 ∧Dj−1)

and by distributivity:
Fj = AjFj−1 ∧AjDj−1 (7.11)

Now we show by downwards induction onj = n− 1, ..., 0 that

fn = AnAn−1...Aj+1Fj

∧ AnAn−1...Aj+1Dj

∧ ...

∧ AnAn−1...Ak+1Dk

∧ ...

∧ AnAn−1Dn−2

∧ AnDn−1 (7.12)

wherek ranges fromj to n− 1. Forj = n− 1, the property follows from (7.11) applied forj = n. Assume
now that (7.12) holds for somej ∈ {1, ..., n − 1}. By (7.11), we have

AnAn−1...Aj+1Fj =

AnAn−1...Aj+1(AjFj−1 ∧AjDj−1)

thus

AnAn−1...Aj+1Fj =

AnAn−1...Aj+1AjFj−1 ∧AnAn−1...Aj+1AjDj−1

which, combined with (7.12) forj shows the property forj − 1.

Now we apply (7.12) forj = 0 and find

fn = AnAn−1...A1F0 ∧AnAn−1...A1D0 ∧ ...
∧AnAn−1Dn−2 ∧AnDn−1
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First note thatF0 = D0 so we can remove the first term in the right hand side of the previous equation.
Second, it follows froma1 ≥ 0 thatD0 ≤ A1 thus

AnAn−1...A1D0 = AnAn−1...A1

thus finally

fn = AnAn−1...A1 ∧AnAn−1...A2D1 ∧ ...
∧AnAn−1Dn−2 ∧AnDn−1

which is precisely the required formula.

7.7.2 PROOF OF THEOREM 7.3.2

First, assume that the packet scale rate guarantee holds. Apply Lemma 7.3.1 withmn = ln
r . It follows that,

for 1 ≤ j ≤ n− 1.
fn ≤ max

[
An

n, A
n
n−1, ..., A

n
j+1,D

n
j

]

thusfn is bounded by one of the terms in the right hand side of the previous equation. If it is the last term,
we have

fn ≤ Dn
j = dj +

lj+1 + ...+ ln
r

nowdn ≤ fn + e, which shows (7.2). Otherwise, there is somek ∈ {j + 1, ..., n} such that

fn ≤ An
k = ak +

lk + ...+ ln
r

which shows (7.3). Forj = 0, Lemma 7.3.1 implies that

fn ≤ max
[
An

n, A
n
n−1, ..., A

n
1

]

and the rest follows similarly.

Second, assume conversely that (7.2) or (7.3) holds. Consider some fixedn, and defineAn
j ,D

n
j , F

n
j as in

Lemma 7.3.1, withmn = ln
r . For1 ≤ j ≤ n− 1, we have

dn − e ≤ max
[
An

n, A
n
n−1, ..., A

n
j+1,D

n
j

]

and forj = 0:
dn − e ≤ max

[
An

n, A
n
n−1, ..., A

n
1

]

thus dn − e is bounded by the minimum of all right-handsides in the two equations above, which, by
Lemma 7.3.1, is preciselyfn.

7.7.3 PROOF OF THEOREM 7.3.3

We first prove that for alli ≥ 0
fi ≥ gi − e1 (7.13)

wherefi is defined by (7.1). Indeed, if (7.13) holds, then by (7.5)):

di ≤ gi + e2 ≤ fi + e1 + e2

which means that the scheduler offers the packet scale rate guarantee with rater and latencye = e1 + e2.

Now we prove (7.13) by induction. (7.13) trivially holds fori = 0.
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Suppose now that it holds fori− 1, namely,

fi−1 ≥ gi−1 − e1

By hypothesis, (7.5) holds:
di−1 ≥ gi−1 − e1

thus
min[fi−1, di−1] ≥ gi−1 − e1 (7.14)

Combining this with (7.1), we obtain

fi ≥ gi−1 − e1 +
L(i)

R
(7.15)

Again from (7.1) we have
fi ≥ ai +

li
r

≥ ai − e1 +
li)
r

(7.16)

Now by (7.4)

gi ≤ max[ai, gi−1] +
li
r

(7.17)

Combining (7.15)), (7.16)) and (7.17) gives

fi ≥ gi − e1

7.7.4 PROOF OF THEOREM 7.3.4

Consider a fixed packetn which is present at timet. Call aj [resp.dj ] the arrival [resp. departure] time of
packetj. Thusan ≤ t ≤ dn. LetB be the set of packet numbers that are present in the system at time t, in
other words:

B = {k ≥ 1|ak ≤ t ≤ dk}
The backlog at timet isQ =

∑
i∈B li. The absence of FIFO assumption means thatB is not necessarily a

set of consecutive integers. However, definej as the minimum packet number such that the interval[j, n] is
included inB. There is such aj becausen ∈ B. If j ≥ 2 thenj − 1 is not inB andaj−1 ≤ an ≤ t thus
necessarily

dj−1 < t (7.18)

If j = 1, (7.18) also holds with our conventiond0 = 0. Now we apply the alternate characterization of
packet scale rate guarantee (Theorem 7.3.2) ton andj − 1. One of the two following equations must hold:

dn ≤ e+ dj−1 +
lj + ...+ ln

r
(7.19)

or there exists ak ≥ j, k ≤ n with

dn ≤ e+ ak +
lk + ...+ ln

r
(7.20)

Assume that (7.19) holds. Since[j, n] ⊂ B, we haveQn ≥ lj + ...+ ln. By (7.18) and (7.19) it follows that

dn ≤ e+ t+
Q

r

which shows the result in this case. Otherwise, use (7.20); we haveQ ≥ lk + ...+ ln andak ≤ t thus

dn ≤ e+ t+
Q

r
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7.7.5 PROOF OF THEOREM 7.4.2

Consider some fixed but arbitrary timess ≤ t and letu ∈ [s, t]. We have

R1(u) ≥
[
R1(s) + β̃(u− s)

]
∧ inf

v∈[s,u]
[R(v) + β1(u− v)]

thus
R1(u) + β2(t− u) ≥

[
R1(s) + β̃(u− s) + β2(t− u)

]
∧

infv∈[s,u] [R(v) + β1(u− v) + β2(t− u)]

and

inf
u∈[s,t]

[R1(u) + β2(t− u)] ≥

inf
u∈[s,t]

[
R1(s) + β̃(u− s) + β2(t− u)

]

∧ inf
u∈[s,t],v∈[s,u]

[R(v) + β1(u− v) + β2(t− u)]

After re-arranging the infima, we find

inf
u∈[s,t]

[R1(u) + β2(t− u)] ≥
(
R1(s) + inf

u∈[s,t]

[
β̃(u− s) + β2(t− u)

])
∧

inf
v∈[s,t]

(
R(v) + inf

u∈[v,t]
[β1(u− v) + β2(t− u)]

)

which can be rewritten as

inf
u∈[s,t]

[R1(u) + β2(t− u)] ≥
(
R1(s) + (β̃1 ⊗ β2)(t− s)

)
∧

inf
v∈[s,t]

[R(v) + β(t− v)]

Now by hypothesis we have

R∗(t) ≥
(
R∗(s) + β̃2(t− s)

)
∧ inf

u∈[s,t]
[R(u) + β2(t− u)]

Combining the two gives

R∗(t) ≥(
R∗(s) + β̃2(t− s)

)
∧
(
R1(s) + (β̃1 ⊗ β2)(t− s)

)

∧ inf
v∈[s,t]

[R(v) + β(t− v)]

NowR1(s) ≥ R∗(s) thus

R∗(t) ≥(
R∗(s) + β̃2(t− s)

)
∧
(
R∗(s) + (β̃1 ⊗ β2)(t− s)

)

∧ inf
v∈[s,t]

[R(v) + β(t− v)]
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7.7.6 PROOF OF THEOREM 7.4.3

If the virtual delay at timet is larger thant+ τ for someτ ≥ 0, then we must have

R∗(t+ τ) < R(t) (7.21)

By hypothesis

R∗(t+ τ) ≥
(
R∗(t) + β̃(τ)

)
∧ inf

[u∈[t,t+τ ]
[R(u) + β(t+ τ − u)] (7.22)

now foru ∈ [t, t+ τ ]
R(u) + β(t+ τ − u) ≥ R(t) + β(0) ≥ R∗(t+ τ)

thus (7.22) implies that
R∗(t+ τ) ≥ R∗(t) + β̃(τ)

combining with (7.21) gives
Q(t) = R(t)−R∗(t) ≥ β̃(τ)

thus the virtual delay is bounded bysup{τ : β̃(τ) > Q(t)} which is equal tõβ−1(Q(t)).

7.7.7 PROOF OF THEOREM 7.4.4

PROOF: Let s ≤ t. By hypothesis we have

R∗(t) ≥
(
R∗(s) + β̃(t− s)

)
∧ inf

u∈[s,t]
[R(u) + β(t− u)]

We do the proof when theinf in the above formula is a minimum, and leave it to the alert reader to extend
it to the general case. Thus assume that for someu0 ∈ [s, t]:

inf
u∈[s,t]

[R(u) + β(t− u)] = R(u0) + β(t− u0)

it follows that either
R∗(t)−R∗(s) ≥ β̃(t− s)

or
R∗(t) ≥ R(u0) + β(t− u0)

Consider the former case. We haveR′(t) ≥ R∗(t)− lmax andR′(s) ≤ R∗(s) thus

R′(t) ≥ R∗(t)− lmax ≥ R′(s) + β̃(t− s)− lmax

Now also obviouslyR′(t) ≥ R′(s), thus finally

R′(t) ≥ R′(s) + max[0, β̃(t− s)− lmax] = R′(s) + β̃′(t− s)

Consider now the latter case. A similar reasoning shows that

R′(t) ≥ R(u0) + β(t− u0)− lmax

but also
R∗(t) ≥ R(u0)

now the input isL-packetized. Thus

R′(t) = PL(R∗(t)) ≥ PL(R(u0)) = R(u0)

from which we conclude thatR′(t) ≥ R(u0) + β′(t− u0).

Combining the two cases provides the required adaptive guarantee.
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7.7.8 PROOF OF THEOREM 7.4.5

The first part uses the min-max expansion of packet scale rateguarantee in Lemma 7.3.1. The second part
relies on the reduction to the minimum rate server.

We use the same notation as in Definition 7.3.1.L(i) =
∑i

j=1 lj is the cumulative packet length.

I TEM 1: Define the sequence of timesfk by (7.1). Consider now some fixed but arbitrary packet index
n ≥ 1. By the FIFO assumption, it is sufficient to show that

R∗(t) ≥ L(n) (7.23)

with t = fn + e. By Lemma 7.3.1, there is some index1 ≤ j ≤ n such that

fn =

(
s+

L(n)− L(j − 1)

r

)∨ i
max
k=j+1

(
ak +

L(n)− L(k − 1)

r

)
(7.24)

with

s = aj ∨ dj−1

and with the convention thatd0 = 0.

Let us now apply the definition of an adaptive guarantee to thetime interval[s, t]:

R∗(t) ≥ A ∧B

with

A := R∗(s) + r(t− s− e)+ and B := inf
u∈[s,t]

B(u)

where

B(u) :=
(
R(u) + r(t− u− e)+

)

Firstly, sinces ≥ dj−1, we haveR∗(s) ≥ L(j − 1). By (7.24), fn ≥ s + L(n)−L(j−1)
r thus t ≥ s +

L(n)−L(j−1)
r + e. It follows that

t− s− e ≥ L(n)− L(j − 1)

r

and thusA ≥ L(n).

Secondly, we show thatB ≥ L(n) as well. Consider someu ∈ [s, t]. If u ≥ an thenR(u) ≥ L(n) thus
B(u) ≥ L(n). Otherwise,u < an; sinces ≥ aj , it follows thatak−1 ≤ u < ak for somek ∈ {j +1, ..., n}
andR(u) = L(k − 1). By (7.24),

fn ≥ ak +
L(n)− L(k − 1)

r

thus

t− u− e ≥ L(n)− L(k − 1)

r

It follows thatB(u) ≥ L(n) also in that case. Thus we have shown thatB ≥ L(n).

Combining the two shows thatR∗(t) ≥ L(n) as required.
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I TEM 2: We use a reduction to a minimum rate server as follows. Letd′i := min(di, fi) for i ≥ 0. By
(7.1) we have

ai ≤ d′i ≤ max(ai, d
′
i−1) +

li
r

(7.25)

and
d′i ≤ di ≤ d′i + e (7.26)

The idea of the proof is now to interpretd′i as the output time for packeti out of a virtual minimum rate
server.

Construct a virtual nodeR as follows. The input is the original inputR(t). The output is defined as follows.
The number of bits of packeti that are output up to timet isψi(t), defined by





if t > d′i then ψi(t) = L(i)

else if ai < t ≤ d′i then ψi(t) = [L(i)− r(d′i − t)]+

else ψi(t) = 0

so that the total output ofR isR1(t) =
∑

i≥1 ψi(t).

The start time for packeti is thusmax[ai, d
′
i − li

r ] and the finish time isd′i. ThusR is causal (but not
necessarily FIFO, even if the original system would be FIFO). We now show that during any busy period,
R has an output rate at least equal tor.

Let t be during a busy period. Consider now some timet during a busy period. There must exist somei such
thatai ≤ t ≤ d′i. Let i be the smallest index such that this is true. Ifai ≥ d′i−1 then by (7.25)d′i − t ≤ li

r
and thusψ′

r(t) = r whereψ′
r is the derivative ofψi to the right. Thus the service rate at timet is at leastr.

Otherwise,ai < d′i−1. Necessarily (because we number packets in order of increasing ai’s – this is not a
FIFO assumption)ai−1 ≤ ai; sincei is the smallest index such thatai ≤ t < d′i, we must havet ≥ d′i−1.
But thend′i − t ≤ li

r and the service rate at timet is at leastr. Thus, nodeR offers the strict service curve
λr and

R→ (λr) → R1 (7.27)

Now define nodeD. Let δ(i) := di − d′i, so that0 ≤ δ(i) ≤ E. The input ofD is the output ofR. The
output is as follows; let a bit of packeti arrive at timet; we havet ≤ d′i ≤ di. The bit is output at time
t′ = max[min[di−1, di], t+ δi]. Thus all bits of packeti are delayed inD by at mostδ(i), and ifdi−1 < di
they depart afterdi. It follows that the last bit of packeti leavesD at timedi. Also, sincet′ ≥ t, D is
causal. Lastly, if the original system is FIFO, thendi−1 < di, all bits of packeti depart afterdi−1 and thus
the concatenation ofR andD is FIFO. Note thatR is not necessarily FIFO, even if the original system is
FIFO.

The aggregate output ofD is

R2(t) ≥
∑

i≥1

ψi(t− δ(i)) ≥ R1(t− e)

thus the virtual delay forD is bounded bye and

R1 → (δe) → R2 (7.28)

Now we plug the output ofD into anL-packetizer. Since the last bit of packeti leavesD at timedi, the final
output isR∗. Now it follows from (7.27), (7.28) and Theorem 7.4.2 that

R→ (λr ⊗ δe) → R2
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7.7.9 PROOF OF THEOREM 7.5.3

We first introduce some notation (see Figure 7.5). Callan ≥ 0 the arrival times for the fresh input. Packets
are numbered in order of arrival, so0 ≤ a1 ≤ a2 ≤ .... Let ln be the size of packetn. Call bn the arrival
time for packetn at the second component;bn is not assumed to be monotonic withn, but for alln:

an ≤ bn ≤ an + δ (7.29)

Also calldn the departure time of packetn from the second component. By convention,a0 = d0 = 0.

Then, define

e1 = e+ δmax + sup
t≥0

[
α(t+ δ) − lmin

r
− t]

and

e2 = e+ δmax + sup
0≤t≤δ

[
α(t) + α(δ) − lmin

r
− t]

so thate′ = min[e1, e2]. It is sufficient to show that the combined node separately satisfies the packet scale
rate guarantee with rater and with latenciese1 ande2. To see why, definefn by (7.1). Ifdn − fn ≤ e1 and
dn − fn ≤ e2 for all n, thendn − fn ≤ e′.

Part 1: We show that the combined node satisfies the packet scale rateguarantee with rater and latencye1.

An arrival curve for the input traffic to the second componentisα2(t) = α(t+ δ). Thus, by Theorem 2.1.4,
dn ≤ bn +D2, with

dn ≤ bn + e+ sup
t≥0

[
α(t+ δ)

r
− t]

By (7.29):

dn − an ≤ e+ δmax + sup
t≥0

[
α(t+ δ)

r
− t]

Now we apply Lemma 7.5.1 which ends the proof for this part.

Part 2: We show that the combined node satisfies the packet scale rateguarantee with rater and latencye2.

Let δmin = δmax − δ the constant part of the delay. We do the proof forδmin = 0 since we can eliminate the
constant delay by observing packetsδmin time units after their arrival, and addingδmin to the overall delay.

Part 2A:

We assume in this part that there cannot be two arrivals at thesame instant; in part 2B, we will show how to
relax this assumption.

For a time interval(s, t] (resp.[s, t]), defineA(s, t] as the total number of bits at the fresh input during the
interval(s, t] (resp.[s, t]); similarly, defineB(s, t] andB[s, t] at the input of the second node. We have the
following relations:

A(s, t] =
∑

n≥1

1{s<an≤t]}ln , A[s, t] =
∑

n≥1

1{s≤an≤t]}ln

B(s, t] =
∑

n≥1

1{s<bn≤t]}ln , B[s, t] =
∑

n≥1

1{s≤bn≤t]}ln

Note that

A(aj , an] =

n∑

i=j+1

li

but, by lack of FIFO assumption, there is no such relation forB.

By definition of an arrival curve, we haveA(s, t] ≤ α(t− s).
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LEMMA 7.7.1. For 0 ≤ t, u and0 ≤ v ≤ t, if there is an arrival att, thenA(t, t + u] ≤ α(u) − lmin and
A[t− v, t) ≤ α(v) − lmin

Proof. First note thatA[t, t+ u] ≤ infǫ>0 A(t− ǫ, t+ u] ≤ infǫ>0 α(u+ ǫ) = α(u) (the last equality is because
α is continuous).

Second, letl be the packet length for one packet arriving at timet. ThenA(t, t+ u] + l ≤ A[t, t+ u] ≤ α(u) thus
A(t, t+ u] ≤ α(u)− l ≤ α(u)− lmin. The same reasoning shows the second inequality in the lemma.

�

Now we apply Theorem 7.3.2. Consider some fixed packets numbers 0 ≤ j < n. We have to show that one
of the following holds:

dn ≤ e2 + dj +
A(aj , an]

r
(7.30)

or there is somek ∈ {j + 1, ..., n} such that

dn ≤ e2 + ak +
A[ak, an]

r
(7.31)

(Case 1:)Assume thatbj ≥ bn. Since the second node is FIFO, we have

dn ≤ dj

and thus (7.30) trivially holds.

(Case 2:)Assume thatbj < bn. By Theorem 7.3.2 applied to the second node, we have

dn ≤ e+ dj +
1

r
B(bj , bn] (7.32)

or there exists somek such thatbj ≤ bk ≤ bn and

dn ≤ e+ bk +
1

r
B[bk, bn] (7.33)

(Case 2a: )Assume that (7.32) holds. By (7.29), any packet that arrivesat node 2 in the interval(bj , bn]
must have arrived at node1 in the interval(aj − δ, bn] ⊂ (aj − δ, an + δ]. Thus

B(bj , bn] ≤ A(aj − δ, an + δ]
≤ A(aj , an] +A[aj − δ, aj) +A(an, an + δ]
≤ A(aj , an] + 2α(δ) − 2lmin

the last part being due to Lemma 7.7.1. Thus

dn ≤ e+ δ + α(δ)
r − δ + α(δ)

r + dj
+1

rA(aj , an]− 2lmin

≤ e2 + dj +
1
rA(aj , an]

which shows (7.30).

(Case 2b: ) Assume that (7.33) holds. Note that we do not know the order ofk with respect toj andn.
However, in all cases, by (7.29):

B[bk, bn] ≤ A[bk − δ, an + δ] (7.34)

We further distinguish three cases.
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(Case 2b1: )k ≤ j:

Define
u = aj − bk + δ (7.35)

By hypothesis,ak ≤ aj andbk − δ ≤ ak so thatu ≥ 0. Note also thataj ≤ bj ≤ bk and thusu ≤ δ.

By (7.34):
B[bk, bn] ≤ A[bk − δ, aj) +A[aj , an] +A(an, an + δ]

Now by Lemma 7.7.1A(an, an + δ] ≤ α(δ) andA[bk − δ, aj) ≤ α(u)− lmin. Thus

B[bk, bn] ≤ A[aj , an] + α(u) + α(δ) − 2lmin

Combine with (7.33), (7.35) and obtain

dn ≤ aj +
A[aj , an]

r
+ e2

which shows that (7.31) holds.

(Case 2b2: )j < k ≤ n:

Defineu = δ − bk + ak. By (7.34)

B[bk, bn] ≤ A[ak, an] + α(u) + α(δ) − 2lmin

which shows that

dn ≤ e2 + ak +
1

r
A[ak, an]

(Case 2b3: )k > n:

Defineu = δ − bk + an. By bk ≤ bn andbn ≤ an + δ we haveu ≥ 0. By bk ≥ ak andak ≥ an we have
u ≤ δ.

Now by (7.33):

dn ≤ e+ bk +
1

r
B[bk, bn] = e+ δ − u+ an +

1

r
B[bk, bn]

By (7.34)
B[bk, bn] ≤ A[an − u, an + δ]
= A[an − u, an) + ln +A(an, an + δ]
≤ α(u) + ln + α(δ) − 2lmin

which shows that

dn ≤ e2 + an +
ln
r

Part 2B: Now it remains to handle the case where packet arrivals at either component may be simultaneous.
We assume that packets are ordered at component 2 in order of arrival, with some unspecified mechanism
for breaking ties. Packets also have a label which is their order of arrival at the first component; we call(k)
the label of thekth packet in this order (see Figure 7.5 for an illustration).

Call S the original system. Fix some arbitrary integerN . Consider the truncated systemSN that is derived
from the original system by ignoring all packets that arriveat the first component after timeaN + δ. Call
aNn , b

N
n , d

N
n , f

N
n the values of arrival, departure, and virtual finish times inthe truncated system (virtual

finish times are defined by (7.1)). Packets with numbers≤ N are not affected by our truncation, thus
aNn = an, b

N
n = bn, d

N
n = dn, f

N
n = fn for n ≤ N . Now the number of arrival events at either component

1 or 2 in the truncated system is finite; thus we can find a positive numberη which separates arrival events.
Formally: for anym,n ≤ N :

am = an or |am − an| > η
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and
bm = bn or |bm − bn| > η

Let ǫ < η
2 . We define a new system, calledSN,ǫ, which is derived fromSN as follows.

• We can find some sequence of numbersxn ∈ (0, ǫ), n ≤ N such that: (1) they are all distinct; (2)
if the packet labeledm is ordered before the packet labeledn in the order of arrival at the second
component, thenxm < xn. Building such a sequence is easy, and any sequence satisfying (1) and (2)
will do. For example, takexn = k

N+1ǫ wherek is the order of arrival of packetn (in other words,
(k) = n).

• Define the new arrival and departure times by

aǫn = an + xn , b
ǫ
n = bn + xn , d

ǫ
n = dn + xn

It follows from our construction that allaǫn are distinct forn ≤ N , and the same holds forbǫn. Also,
the arrival order of packets at the second component is the same as in the original system.

Thus we have built a new systemSN,ǫ where all arrivals times are distinct, the order of packets at the second
component is the same as inSN , arrival and departure times are no earlier than inSN , and differ by at most
ǫ.

Fork ≤ N , callF ǫ
(k) the virtual finish times at the second component. By definition:





F ǫ
(0) = 0

F ǫ
(k) = max

[
bǫ(k),min

(
dǫ(k−1), F

ǫ
(k−1)

)]

+
l(k)
r for k ≥ 1

and a similar definition holds forF(k) by droppingǫ. It follows by induction that

F ǫ
(k) ≥ F(k)

thus
dǫ(k) ≤ dk + ǫ ≤ e+ F(k) ≤ e+ F ǫ

(k) + ǫ

Similarly, bǫk ≤ aǫk + δ. This shows thatSN,ǫ satisfies the assumptions of the theorem, withe replaced by
e+ ǫ

Thus the conclusion of Part 2A holds forSN,ǫ. Define nowf ǫn by (7.1) applied toaǫn anddǫn. We have:

dǫn ≤ f ǫn + e2 + ǫ (7.36)

It also follows by induction that
f ǫn ≤ fn + ǫ

Now dn ≤ dǫn thus
dn − fn ≤ dǫn − f ǫn + ǫ

Combining with (7.36) gives:
dn − fn ≤ e2 + 2ǫ

Now ǫ can be arbitrarily small, thus we have shown that for alln ≤ N :

dn − fn ≤ e2

SinceN is arbitrary, the above is true for alln.
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7.7.10 PROOF OF PROPOSITION 7.5.2

Proof. Caseρ ≤ r: Assume that the source is greedy from time 0, with packetn = 1, of size l1 = lmin,
a1 = 0, b1 = δmax. Assume all subsequent packets have a delay in the first component equal toδmax − δ. We
can build an example where packet1 is overtaken by packetsn = 2, ..., n1 that arrive in the interval(0, δ], with
l2 + ...+ ln1

= ρδ + σ − l1. Assume that packet1 undergoes the maximum delay allowed by PSRG at the second
component. It follows after some algebra thatd1 = e+ δmax + ρδ+σ

r
. Now f1 = lmin

r
thusd1 − f1 = e′ and the

characterization is tight.

Caseρ > r: We build a worst case scenario as follows. We lete = 0, without loss of generality (add a delay element
to this example and obtain the general case). The principle is to first build a maximum size burst which is overtaken
by a tagged packetj. Later, a tagged packetn is overtaken by a second maximum size burst. Between the two,
packets arrive at a data rater; the second burst is possible becauser < ρ andan − aj is long enough. Details are in
Figure 7.9 and Table 7.1. We find finallydn − fn = 2(ρδ + σ − lmin)/r which shows that the bound is achieved.
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Figure 7.9:Worst-case example for Theorem 7.5.3. All packets have 0 delay through the first component
except packets 1...j − 1 and n.
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7.8 BIBLIOGRAPHIC NOTES

The concept of adaptive service curve was introduced in Okino’s dissertation in [62] and was published
by Agrawal, Cruz, Okino and Rajan in [1], which contains mostresults in Section 7.4.2, as well as an
application to a window flow control problem that extends Section 4.3.2 on Page 147. They call̃β an
“adaptive service curve” andβ a “partial service curve”.

The packet scale rate guarantee was first defined independently of adaptive service guarantees in [4]. It
serves as a basis for the definition of the Expedited Forwarding capability of the Internet.

7.9 EXERCISES

EXERCISE7.1. Assume thatR→ (β̃, β) → R∗.
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k ak lk bk fk dk

1 0 σ − lmin δ+ not relevant dj + l1/r
2 l2/ρ l2 δ+ not relevant dj + (l1 + l2)/r
... ... ... ... ... ...

j − 1 δ lj−1 δ+ not relevant dj +A

j δ lmin δ ≥ δ + lmin/r δ + lmin/r

j + 1 δ + lmin/r lmin aj+1 δ + 2lmin/r fj+1 +A
... ... ... ... ... ...

n− 1 δ + (n− j − 1)lmin/r lmin an−1 δ + (n− j)lmin/r fn−1 +A

n δ + (n− j)lmin/r lmin an + δ δ + (n− j + 1)lmin/r fn + 2A

n+ 1 a+n σ − lmin an+1 not relevant fn−1 +A+ (σ − lmin)/r
n+ 2 an + a2 l2 an+2 not relevant fn−1 +A+ (σ − lmin + l2)/r
... ... ... ... ... ...

n+ j − 1 (an + δ)− lj−1 (an + δ)− not relevant fn−1 + 2A

Notes:A = (ρδ + σ − lmin)/r

(j, l2, ..., lj−1) is a solution tol2 + ...+ lj−1 = ρδ, scl2, ..., lj−1 ∈ [lmin, lmax]. For example, letj = 2 + ⌊ ρδ
lmin

⌋,
l2 = ρδ − (j − 3)lmin, l3 = ... = lj−1 = lmin. We havel2 ≤ lmax becauselmax ≥ 2lmin

Table 7.1:Details for Figure 7.9. Assume for this table that σ − lmin ≤ lmax, otherwise replace packets 1
and n+ 1 by a number of smaller packets arriving in batch.

1. Show that the node offers to the flow a strict service curve equal toβ̃⊗ β, whereβ is the sub-additive
closure ofβ.

2. If β̃ = β is a rate-latency function, what is the value obtained for the strict service curve ?

EXERCISE7.2. Consider a system with inputR and outputR∗. We call “input flow restarted at timet” the
flowRt defined foru ≥ 0 by

Rt(u) = R(t+ u)−R∗(t) = R(t, u] +Q(t)

whereQ(t) := R(t) − R∗(t) is the backlog at timet. Similarly, let the“output flow restarted at timet” be
the flowR∗

t defined foru ≥ 0 by
R∗

t (u) = R∗(t+ u)−R∗(t)

Assume that the node guarantees a service curveβ to all couples of input, output flows(Rt, R
∗
t ). Show that

R→ (β) → R∗.
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CHAPTER 8

TIME VARYING SHAPERS

8.1 INTRODUCTION

Throughout the book we usually assume that systems are idle at time0. This is not a limitation for systems
that have a renewal property, namely, which visit the idle state infinitely often – for such systems we choose
the time origin as one such instant.

There are cases however where we are interested in the effectat timet of non zero initial conditions. This
occurs for example for re-negotiable services, where the traffic contract is changed at periodic renegotiation
moments. An example for this service is the Integrated Service of the IETF with the Resource reSerVation
Protocol (RSVP), where the negotiated contract may be modified periodically [33]. A similar service is the
ATM Available Bit Rate service (ABR). With a renegotiable service, the shaper employed by the source
is time-varying. With ATM, this corresponds to the concept of Dynamic Generic Cell Rate Algorithm
(DGCRA).. At renegotiation moments, the system cannot generally be assumed to be idle. This motivates
the need for explicit formulae that describe the transient effect of non-zero initial condition.

In Section 8.2 we define time varying shapers. In general, there is not much we can say apart from a
direct application of the fundamental min-plus theorems inSection 4.3. In contrast, for shapers made of a
conjunction of leaky buckets, we can find some explicit formulas. In Section 8.3.1 we derive the equations
describing a shaper with non-zero initial buffer. In Section 8.3.2 we add the constraint that the shaper has
some history. Lastly, in Section 8.4, we apply this to analyze the case where the parameters of a shaper are
periodically modified.

This chapter also provides an example of the use of time shifting.

8.2 TIME VARYING SHAPERS

We define a time varying shaper as follows.

DEFINITION 8.2.1. Consider a flowR(t). Given a function of two time variablesH(t, s), a time varying
shaperforces the outputR∗(t) to satisfy the condition

R∗(t) ≤ H(t, s) +R∗(s)

for all s ≤ t, possibly at the expense of buffering some data. An optimal time varying shaper, or greedy time
varying shaper, is one that maximizes its output among all possible shapers.

223
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The existence of a greedy time varying shaper follows from the following proposition.

PROPOSITION8.2.1. For an input flowR(t) and a function of two time variablesH(t, s), among all flows
R∗ ≤ R satisfying

R∗(t) ≤ H(t, s) +R∗(s)

there is one flow that upper bounds all. It is given by

R∗(t) = inf
s≥0

[
H(t, s) +R(s)

]
(8.1)

whereH is the min-plus closure ofH, defined in (4.10) on Page 142.

PROOF: The condition defining a shaper can be expressed as
{
R∗ ≤ LH(R∗)
R∗ ≤ R

whereLH is the min-plus linear operator whose impulse response isH (Theorem 4.1.1). The existence
of a maximum solution follows from Theorem 4.3.1 and from thefact that, being min-plus linear,LH is
upper-semi-continuous. The rest of the proposition follows from Theorem 4.2.1 and Theorem 4.3.1.

The output of the greedy shaper is given by (8.1). A time invariant shaper is a special case; it corresponds
to H(s, t) = σ(t − s), whereσ is the shaping curve. In that case we find the well-known result in Theo-
rem 1.5.1.

In general, Proposition 8.2.1 does not help much. In the restof this chapter, we specialize to the class of
concave piecewise linear time varying shapers.

PROPOSITION8.2.2. Consider a set ofJ leaky buckets with time varying ratesrj(t) and bucket sizesbj(t).
At time0, all buckets are empty. A flowR(t) satisfies the conjunction of theJ leaky bucket constraints if
and only if for all0 ≤ s ≤ t:

R(t) ≤ H(t, s) +R(s)

with

H(t, s) = min
1≤j≤J

{bj(t) +
∫ t

s
rj(u)du} (8.2)

PROOF: Consider the level of thejth bucket. It is the backlog of the variable capacity node (Sec-
tion 1.3.2) with cumulative function

Mj(t) =

∫ t

0
rj(u)du

We know from Chapter 4 that the output of the variable capacity node is given by

R′
j(t) = inf

0≤s≤t
{Mj(t)−Mj(s) +R(s)}

Thejth leaky bucket constraint is
R(t)−R′

j(t) ≤ bj(t)

Combining the two expresses thejth constraint as

R(t)−R(s) ≤Mj(t)−Mj(s) + bj(t)

for all 0 ≤ s ≤ t. The conjunction of all these constraints gives (8.2).

In the rest of this chapter, we give a practical and explicit computation ofH for H given in (8.2), when the
functionsrj(t) andbj(t) are piecewise constant.
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8.3 TIME I NVARIANT SHAPER WITH NON-ZERO I NITIAL CONDITIONS

We consider in this section some time invariant shapers. We start with a general shaper with shaping curve
σ, whose buffer is not assumed to be initially empty. Then we will apply this to analyze leaky bucket shapers
with non-empty initial buckets.

8.3.1 SHAPER WITH NON-EMPTY I NITIAL BUFFER

PROPOSITION8.3.1 (Shaper with non-zero initial buffer).Consider a shaper system with shaping curveσ.
Assume thatσ is a good function. Assume that the initial buffer content isw0. Then the outputR∗ for a
given inputR is

R∗(t) = σ(t) ∧ inf
0≤s≤t

{R(s) + w0 + σ(t− s)} for all t ≥ 0 (8.3)

PROOF: First we derive the constraints on the output of the shaper.σ is the shaping function thus, for all
t ≥ s ≥ 0

R∗(t) ≤ R∗(s) + σ(t− s)

and given that the bucket at time zero is not empty, for anyt ≥ 0, we have that

R∗(t) ≤ R(t) + w0

At time s = 0, no data has left the system; this is expressed with

R∗(t) ≤ δ0(t)

The output is thus constrained by

R∗ ≤ (σ ⊗R∗) ∧ (R+ w0) ∧ δ0

where⊗ is the min-plus convolution operation, defined by(f ⊗ g)(t) = infs f(s) + g(t − s). Since the
shaper is an optimal shaper, the output is the maximum function satisfying this inequality. We know from
Lemma 1.5.1 that

R∗ = σ ⊗ [(R+ w0) ∧ δ0]
= [σ ⊗ (R+ w0)] ∧ [σ ⊗ δ0]
= [σ ⊗ (R+ w0)] ∧ σ

which after some expansion gives the formula in the proposition. .

Another way to look at the proposition consists in saying that the initial buffer content is represented by an
instantaneous burst at time0.

The following is an immediate consequence.

COROLLARY 8.3.1 (Backlog for a shaper with non-zero initial buffer).The backlog of the shaper buffer
with the initial buffer contentw0 is given by

w(t) = (R(t)− σ(t) + w0) ∨ sup
0<s≤t

{R(t)−R(s)− σ(t− s)} (8.4)

8.3.2 LEAKY BUCKET SHAPERS WITH NON-ZERO I NITIAL BUCKET L EVEL

Now we characterize a leaky-bucket shaper system with non-zero initial bucket levels.
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PROPOSITION8.3.2 (Compliance withJ leaky buckets with non-zero initial bucket levels).A flowS(t) is
compliant withJ leaky buckets with leaky bucket specifications(rj , bj), j = 1, 2 . . . J and initial bucket
levelq0j if and only if

S(t)− S(s) ≤ min
1≤j≤J

[rj · (t− s) + bj ] for all 0 < s ≤ t

S(t) ≤ min
1≤j≤J

[rj · t+ bj − q0j ] for all t ≥ 0

PROOF: Apply Section 8.3.1 to each of the buckets.

PROPOSITION8.3.3 (Leaky-Bucket Shaper with non-zero initial bucket levels). Consider a greedy shaper
system defined by the conjunction ofJ leaky buckets(rj , bj), with j = 1, 2 . . . J . Assume that the initial
bucket level of the j-th bucket isq0j . The initial level of the shaping buffer is zero. The outputR∗ for a given
inputR is

R∗(t) = min[σ0(t), (σ ⊗R)(t)] for all t ≥ 0 (8.5)

whereσ is the shaping function

σ(u) = min
1≤j≤J

{σj(u)} = min
1≤j≤J

{rj · u+ bj}

andσ0 is defined as
σ0(u) = min

1≤j≤J
{rj · u+ bj − q0j}

PROOF: By Corollary 8.3.2 applied toS = R∗, the condition that the output is compliant with theJ
leaky buckets is

R∗(t)−R∗(s) ≤ σ(t− s) for all 0 < s ≤ t
R∗(t) ≤ σ0(t) for all t ≥ 0

Sinceσ0(u) ≤ σ(u) we can extend the validity of the first equation tos = 0. Thus we have the following
constraint:

R∗(t) ≤ [(σ ⊗R∗) ∧ (R ∧ σ0)](t)
Given that the system is a greedy shaper,R∗(·) is the maximal solution satisfying those constraints. Using
the same min-plus result as in Proposition 8.3.1, we obtain:

R∗ = σ ⊗ (R ∧ σ0) = (σ ⊗R) ∧ (σ ⊗ σ0)

As σ0 ≤ σ, we obtain
R∗ = (σ ⊗R) ∧ σ0

We can now obtain the characterization of a leaky-bucket shaper with non-zero initial conditions.

THEOREM 8.3.1 (Leaky-Bucket Shaper with non-zero initial conditions). Consider a shaper defined byJ
leaky buckets(rj , bj), with j = 1, 2 . . . J (leaky-bucket shaper). Assume that the initial buffer level of isw0

and the initial level of thejth bucket isq0j . The outputR∗ for a given inputR is

R∗(t) = min{σ0(t), w0 + inf
u>0

{R(u) + σ(t− u)}} for all t ≥ 0 (8.6)

with
σ0(u) = min

1≤j≤J
(rj · u+ bj − q0j )
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PROOF: Apply Proposition 8.3.3 to the inputR′ = (R+ w0) ∧ δ0 and observe thatσ0 ≤ σ.

An interpretation of (8.6) is that the output of the shaper with non-zero initial conditions is either the output
of the ordinary leaky-bucket shaper, taking into account the initial level of the buffer, or, if smaller, the
output imposed by the initial conditions, independent of the input.

8.4 TIME VARYING L EAKY -BUCKET SHAPER

We consider now time varying leaky-bucket shapers that are piecewise constant. The shaper is defined by
a fixed numberJ of leaky buckets, whose parameters change at timesti. For t ∈ [ti, ti+1) := Ii, we have
thus

rj(t) = rij and bj(t) = bij

At timesti, where the leaky bucket parameters are changed, we keep the leaky bucket levelqj(ti) unchanged.

We say thatσi(u) := min1≤jJ{riju+ bij} is the value of the time varying shaping curve during interval Ii.
With the notation in Section 8.2, we have

H(t, ti) = σi(t− ti) if t ∈ Ii

We can now use the results in the previous section.

PROPOSITION8.4.1 (Bucket Level).Consider a piecewise constant time varying leaky-bucket shaper with
outputR∗. The bucket levelqj(t) of the j-th bucket is, fort ∈ Ii:

qj(t) =
[
R∗(t)−R∗(ti)− rij · (t− ti) + qj(ti)

]
∨

supti<s≤t{R∗(t)−R∗(s)− rij · (t− s)}
(8.7)

PROOF: We use a time shift, defined as follows. Consider a fixed interval Ii and define

x∗(τ) := R∗(ti + τ)−R∗(ti)

Observe thatqj(ti + τ) is the backlog at timeτ (call it w(τ) at the shaper with shaping curveσ(τ) = rij · t,
fed with flowx∗, and with an initial buffer levelqj(ti). By Chapter 8.3.1 we have

w(τ) =
[
x∗(τ)− rij · τ + qj(ti)

]
∨ sup

0<s′≤τ
{x∗(τ)− x∗(s′)− rij · (τ − s′)}

which after re-introducingR∗ gives (8.7)

THEOREM 8.4.1 (Time Varying Leaky-Bucket Shapers).Consider a piecewise constant time varying leaky-
bucket shaper with time varying shaping curveσi in the intervalIi. The outputR∗ for a given inputR
is

R∗(t) = min

[
σ0i (t− ti) +R∗(ti), inf

ti<s≤t
{σi(t− s) +R(s)}

]
(8.8)

with σ0i is defined by

σ0i (u) = min
1≤j≤J

[
rij · u+ bji − qj(ti)

]

andqj(ti) is defined recursively by (8.7). The backlog at timet is defined recursively by

w(t) = max

[
sup

ti<s≤t
{R(t)−R(s)− σi(t− s)},

R(t)−R(ti)− σ0i (t− ti) + w(ti)

]
t ∈ Ii (8.9)
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PROOF: Use the same notation as in the proof of Proposition 8.4.1 anddefine in addition

x(τ) := R(ti + τ)−R(ti)

We can now apply Theorem 8.3.1, with initial bucket levels equal to qj(ti) as given in (8.7) and with an
initial buffer level equal tow(ti). The input-output characterization of this system is givenby (8.6), thus

x∗(τ) = σ0i (τ) ∧ [σi ⊗ x′](τ)

where

x′(τ) =

{
x(τ) + w(ti) τ > 0
x(τ) τ ≤ 0

Hence, re-introducing the original notation, we obtain

R∗(t)−R∗(ti) =

[
σ0i (t− ti) ∧ inf

ti<s≤t
{σi(t− s) +R(s)−R(ti) + w(ti)}

]

which gives (8.8).

The backlog at timet follows immediately.

Note that Theorem 8.4.1 provides a representation ofH. However, the representation is recursive: in order
to computeR∗(t), we need to computeR∗(ti) for all ti < t.

8.5 BIBLIOGRAPHIC NOTES

[71] illustrates how the formulas in Section 8.4 form the basis for defining a renegotiable VBR service.
It also illustrates that, if some inconsistency exists between network and user sides whether leaky buckets
should be reset or not at every renegotiation step, then thismay result in inacceptable losses (or service
degradation) due to policing.

[12] analyzes the general concept of time varying shapers.



CHAPTER 9

SYSTEMS WITH LOSSES

All chapters have dealt up to now with lossless systems. Thischapter shows that network calculus can also
be applied to lossy systems, if we model them as a lossless system preceded by a ‘clipper’ [17, 18], which
is a controller dropping some data when a buffer is full, or when a delay constraint would otherwise be
violated. By applying once again Theorem 4.3.1, we obtain a representation formula for losses. We use this
formula to compute various bounds. The first one is a bound on the loss rate in an element when both an
arrival curve of the incoming traffic and a minimum service curve of the element are known. We use it next
to bound losses in a complex with a complex service curve (e.g., VBR shapers) by means of losses with
simpler service curves (e.g., CBR shapers). Finally, we extend the clipper, which models data drops due to
buffer overflow, to a ‘compensator’, which models data accrual to prevent buffer underflow, and use it to
compute explicit solutions to Skorokhod reflection mappingproblem with two boundaries.

9.1 A REPRESENTATION FORMULA FOR L OSSES

9.1.1 LOSSES IN A FINITE STORAGE ELEMENT

We consider a network element offering a service curveβ, and having a finite storage capacity (buffer)X.
We denote bya the incoming traffic.

We suppose that the buffer is not large enough to avoid lossesfor all possible input traffic patterns, and we
would like to compute the amount of data lost at timet, with the convention that the system is empty at time
t = 0. We model losses as shown in Figure 9.1, wherex(t) is the data that has actually entered the system
in the time interval[0, t]. The amount of data lost during the same period is thereforeL(t) = a(t)− x(t).

The model of Figure 9.1 replaces the original lossy element,by an equivalent concatenation a controller
or regulator that separates the incoming flowa in two separate flows,x andL, and that we callclipper,
following the denomination introduced in [18], together with the original system, which is now lossless for
flow x.

The amount of data(x(t) − x(s)) that actually entered the system in any time interval(s, t] is always
bounded above by the total amount of data(a(t) − a(s)) that has arrived in the system during the same
period. Therefore, for any0 ≤ s ≤ t, x(t) ≤ x(s)+a(t)−a(s) or equivalently, using the linear idempotent
operator introduced by Definition 4.1.5,

x(t) ≤ inf
0≤s≤t

{a(t)− a(s) + x(s)} = ha(x)(t). (9.1)

229
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Clipp er

a(t)

L(t)

x(t)
X y(t)

Figure 9.1:System with losses

On the other hand,x is the part ofa that does actually enter the system. Ify denotes its output, there is
no loss forx if x(t) − y(t) ≤ X for any t. We do not know the exact mappingy = Π(x) realized by the
system, but we assume thatΠ is isotone. So at any timet

x(t) ≤ y(t) +X = Π(x)(t) +X (9.2)

The datax that actually enters the system is therefore the maximum solution to (9.1) and (9.2), which we
can recast as

x ≤ a ∧ {Π(x) +X} ∧ ha(x), (9.3)

and which is precisely the same equation as (4.33) withW = X andM = a. Its maximal solution is given
by

x = ({Π+X} ∧ ha)(a),
or equivalently, after applying Corollary 4.2.1, by

x =
(
(ha ◦ (Π +X)) ◦ ha

)
(a) =

(
(ha ◦ (Π +X))

)
(a) (9.4)

where the last equality follows fromha(a) = a.

We do not know the exact mappingΠ, but we know thatΠ ≥ Cβ. We have thus that

x ≥ (ha ◦ Cβ+X)(a). (9.5)

The amount of lost data in the interval[0, t] is therefore given by

L(t) = a(t)− x(t)

= a(t)− ha ◦ {Cβ+X}(a)(t) = a(t)− inf
n∈N

{
(ha ◦ Cβ+X)(n)

}
(a)(t)

= sup
n∈N

{
a(t)− (ha ◦ Cβ+X)(n) (a)(t)

}

= sup
n≥0

{a(t)− inf
0≤s2n≤...≤s2≤s1≤t

{a(t)− a(s1) + β(s1 − s2) +X

+a(s2)− . . .+ a(s2n)}}
= sup

n∈N
{ sup
0≤s2n≤...≤s2≤s1≤t

{a(s1)− β(s1 − s2)− a(s2)

+ . . .− a(s2n)− nX}}.

Consequently, the loss process can be represented by the following formula:

L(t) ≤
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sup
n∈N

{
sup

0≤s2n≤...≤s2≤s1≤t

{
n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X]

}}
(9.6)

If the network element is a greedy shaper, with shaping curveβ, thenΠ(x) = Cβ, and the inequalities in
(9.5) and (9.6) become equalities.

What the formula says is that losses up to timet are obtained by summing the losses over all intervals
[s2i−1, s2i], wheres2i marks the end of an overflow period, and wheres2i−1 is the last time befores2i when
the buffer was empty. These intervals are therefore larger then the congestion intervals, and their numbern
is smaller or eqaul to the number of congestion intervals. Figure 9.2 shows an example wheren = 2 and
where there are three congestion periods.

β(t) = Ct

t

x(t)

X

a(t)

y(t)

X

1s 2s 3s 4s

Figure 9.2:Losses in a constant rate shaper (β = λC ). Fresh traffic a is represented with a thin, solid line;
accepted traffic x is represented by a bold, solid line; the output process y is represented by a bold, dashed
line.

We will see in the next sections how the losses representation formula (9.6), can help us to obtain determin-
istic bounds on the loss process in some systems.

9.1.2 LOSSES IN A BOUNDED DELAY ELEMENT

Before moving to these applications, we first derive a representation formula for a similar problem, where
data are discarded not because of a finite buffer limit, but because of a delay constraint: any entering data
must have exited the system after at mostd unit of time, otherwise it is discarded. Such discarded dataare
called losses due to a delay constraint ofd time units.

As above, letx be the part ofa that does actually enter the system, and lety be its output. All the data
x(t) that has entered the system during[0, t] must therefore have left at timet + d at the latest, so that
x(t)− y(t+ d) ≤ 0 for anyt. Thus

x(t) ≤ y(t+ d) = Π(x)(t + d) = (S−d ◦ Π)(x)(t), (9.7)

whereS−d is the shift operator (with forward shift ofd time units) given by Definition 4.1.7.
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On the other hand, as in the previous example, the amount of data (x(t) − x(s)) that actually entered the
system in any time interval(s, t] is always bounded above by the total amount of data(a(t) − a(s)) that
has arrived in the system during the same period. Therefore the datax that actually enters the system is
therefore the maximum solution to

x ≤ a ∧ (S−d ◦Π)(x) ∧ ha(x), (9.8)

which is
x = ({S−d ◦ Π} ∧ ha)(a),

or equivalently, after applying Corollary 4.2.1, by

x =
(
ha ◦ ({S−d ◦Π}) ◦ ha

)
(a) =

(
ha ◦ S−d ◦ Π

)
(a). (9.9)

SinceΠ ≥ Cβ, we also have,
x ≥

(
ha ◦ S−d ◦ Cβ

)
(a). (9.10)

The amount of lost data in the interval[0, t] is therefore given by

L(t) ≤ sup
n∈N

{
a(t)− (ha ◦ S−d ◦ Cβ)(n) (a)(t)

}

which can be developed as
L(t) ≤

sup
n∈N

{
sup

0≤s2n≤...≤s2≤s1≤t

{
n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 + d− s2i)]

}}
(9.11)

Once again, ifΠ = Cβ, then (9.11) becomes an equality.

We can also combine a delay constraint with a buffer constraint, and repeat the same reasoning, starting
from

x ≤ a ∧ {Π(x) +X} ∧ (S−d ◦Π)(x) ∧ ha(x). (9.12)

to obtain

L(t) ≤ sup
n∈N

{ sup
0≤s2n≤...≤s2≤s1≤t

{
n∑

i=1

[a(s2i−1)− a(s2i)

−(β(s2i−1 + d− s2i) ∧ {β(s2i−1 − s2i) +X})]}}. (9.13)

This can be recast as a recursion on time ift ∈ N, following the time method to solve (9.12) instead of the
space method. This recurstion is established in [17].

9.2 APPLICATION 1: BOUND ON L OSSRATE

Let us return to the case of losses due to buffer overflow, and suppose that in this section fresh traffica is
constrained by an arrival curveα.

The following theorem provide a bound on the loss ratel(t) = L(t)/a(t), and is a direct consequence of the
loss representation (9.6).

THEOREM 9.2.1 (Bound on loss rate).Consider a system with storage capacityX, offering a service curve
β to a flow constrained by an arrival curveα. Then the loss ratel(t) = L(t)/a(t) is bounded above by

l̂(t) =

[
1− inf

0<s≤t

β(s) +X

α(s)

]+
. (9.14)
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PROOF: With l̂(t) defined by (9.14), we have that for any0 ≤ u < v ≤ t,

1− l̂(t) = inf
0<s≤t

β(s) +X

α(s)
≤ β(v − u) +X

α(v − u)
≤ β(v − u) +X

a(v) − a(u)

becausea(v) − a(u) ≤ α(v − u) by definition of an arrival curve. Therefore, for any0 ≤ u ≤ v ≤ t,

a(v) − a(u)− β(v − u)−X ≤ l̂(t) · [a(v)− a(u)].

For anyn ∈ N0 = {1, 2, 3, ...}, and any sequence{sk}1≤k≤2n, with 0 ≤ s2n ≤ . . . ≤ s1 ≤ t, setting
v = s2i−1 andu = s2i in the previous equation, and summing overi, we obtain

n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X] ≤ l̂(t) ·
n∑

i=1

[a(s2i−1)− a(s2i)] .

Because thesk are increasing withk, the right hand side of this inequality is always less than, or equal to,
l̂(t) · a(t). Therefore we have

L(t) ≤ sup
n∈N

{
sup

0≤s2n≤...≤s1≤t

{
n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X]

}}

≤ l̂(t) · a(t),

which shows that̂l(t) ≥ l(t) = L(t)/a(t).

To have a bound independent of timet, we take the sup over allt of (9.14), to get

l̂ = sup
t≥0

l̂(t) =

[
1− inf

t>0

β(t) +X

α(t)

]+
, (9.15)

and retrieve the result of Chuang [16].

A similar result for losses due to delay constraintd, instead of finite bufferX, can beeasily obtained too:

l̂(t) =

[
1− inf

0<s≤t

β(s+ d)

α(s)

]+
(9.16)

l̂ =

[
1− inf

t>0

β(t+ d)

α(t)

]+
. (9.17)

9.3 APPLICATION 2: BOUND ON L OSSES INCOMPLEX SYSTEMS

As a particular application of the loss representation formula (9.6), we show how it is possible to bound
the losses in a system offering a somewhat complex service curve β, by losses in simpler systems. The
first application is the bound on the losses in a shaper by a system that segregates the resources (buffer,
bandwidth) between a storage system and a policer. The second application deals with a VBR shaper, which
is compared with two CBR shapers. For both applications, thelosses in the original system are bounded
along every sample path by the losses in the simpler systems.For congestion times however, the same
conclusion does not always hold.

9.3.1 BOUND ON L OSSES BYSEGREGATION BETWEEN BUFFER AND POLICER

We will first compare the losses in two systems, having the same input flowa(t).
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The first system is the one of Figure 9.1 with service curveβ and bufferX, whose lossesL(t) are therefore
given by (9.6).

The second system is made of two parts, as shown in Figure 9.3(a). The first part is a system with storage
capacityX, that realizes some mappingΠ′ of the input that is not explicitly given, but that is assumedto be
isotone, and not smaller thanΠ (Π′ ≥ Π). We also know that a first clipper discards data as soon as thetotal
backlogged data in this system exceedsX. This operation is calledbuffer discard. The amount of buffer
discarded data in[0, t] is denoted byLBuf(t). The second part is a policer without buffer, whose output is
the min-plus convolution of the accepted input traffic by thepolicer byβ. A second clipper discards data
as soon as the total output flow of the storage system exceeds the maximum input allowed by the policer.
This operation is calledpolicing discard. The amount of discarded data by policing in[0, t] is denoted by
LPol(t).

LPol(t)

σ
a(t) y(t)

LBuf(t)

x(t)

Buffer
Cli pper

Policer
Cli pper

LPol(t)

C

a2(t) y2(t)C2

v
X2

v

LBuf(t)

x2(t)

a1(t)

y1(t)
C1

v
X1

v

x1(t)

Buffer
Cli pper

Policer
Cli pper

(a)

(b)

Virtual segregated system

System with 
buffer X

Figure 9.3:A storage/policer system with separation between losses due to buffer discard and to policing
discard (a) A virtual segregated system for 2 classes of traffic, with buffer discard and policing discard, as
used by Lo Presti et al [56] (b)

THEOREM 9.3.1. Let L(t) be the amount of lost data in the original system, with service curveβ and
bufferX.

LetLBuf(t) (resp. LPol(t)) be the amount of data lost in the time interval[0, t] by buffer (resp. policing)
discard, as defined above.

ThenL(t) ≤ LBuf(t) + LPol(t).
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PROOF: Let x andy denote respectively the admitted and output flows of the buffered part of the second
system. Then the policer implies thaty = β ⊗ x, and any times we have

a(s)− LBuf(s)−X = x(s)−X ≤ y(s) ≤ x(s) = a(s)− LBuf(s).

which implies that for any0 ≤ u ≤ v ≤ t,

y(v)− y(u)− β(v − u)

≥ (a(v) − LBuf(v) −X)− (a(u)− LBuf(u))− β(v − u)

= a(v)− a(u)− β(v − u)−X − (LBuf(v) − LBuf(u)).

We use the same reasoning as in the proof of Theorem 9.2.1: we pick any n ∈ N0 and any increasing
sequence{sk}1≤k≤2n, with 0 ≤ s2n ≤ . . . ≤ s1 ≤ t. Then we setv = s2i−1 andu = s2i in the previous
inequality, and we sum overi, to obtain

n∑

i=1

[y(s2i−1)− y(s2i)− β(s2i−1 − s2i)] ≥

n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X]

−
n∑

i=1

[(LBuf(s2i−1)− LBuf(s2i))] .

By taking the supremum over alln and all sequences{sk}1≤k≤2n, the left hand side is equal toLPol(t),
because of (9.6) (we can replace the inequality in (9.6) by anequality, because the output of the policer is
y = β ⊗ x). Since{sk} is a wide-sense increasing sequence, and sinceLBuf is a wide-sense increasing
function, we obtain therefore

LPol(t) ≥

sup
n∈N

{
sup

0≤s2n≤...≤s1≤t
[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X]

}
− LBuf(t)

= L(t)− LBuf(t),

which completes the proof.

Such a separation of resources between the “buffered system” and “policing system” is used in the estimation
of loss probability for devising statistical CAC (Call Acceptance Control) algorithms as proposed by Elwalid
et al [27], Lo Presti et al. [56]. The incoming traffic is separated in two classes. All variables relating to
the first (resp. second) class are marked with an index 1 (resp. 2), so thata(t) = a1(t) + a2(t). The
original system is a CBR shaper (β = λC) and the storage system is a virtually segregated system as in
Figure 9.3(b), made of 2 shapers with ratesCv

1 andCv
2 and buffersXv

1 andXv
2 . The virtual shapers are

large enough to ensure that no loss occurs for all possible arrival functionsa1(t) and a2(t). The total
buffer space (resp. bandwidth) is larger than the original buffer space (resp. bandwidth):Xv

1 + Xv
2 ≥ X

(Cv
1 + Cv

2 ≥ C). However, the buffer controller discards data as soon as the total backlogged data in the
virtual system exceedsX and the policer controller discards data as soon as the totaloutput rate of the
virtual system exceedsC.

9.3.2 BOUND ON L OSSES IN A VBR SHAPER

In this second example, we consider of a “buffered leaky bucket” shaper [54] with bufferX, whose output
must conform to a VBR shaping curve with peak rateP , sustainable rateM and burst toleranceB so that
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(a)

(b)
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Clipper

P

a(t)
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B

yCBR’(t)

Clipper

M

a(t)

LCBR’’(t)

xCBR’’(t)
X+B

Clipper

Ma(t)

Figure 9.4:Two CBR shapers in parallel (a) and in tandem (b).

here the mapping of the element isΠ = Cβ with β = λP ∧ γM,B. We will consider two systems to bound
these losses: first two CBR shapers in parallel (Figure 9.4(a)) and second two CBR shapers in tandem
(Figure 9.4(b)). Similar results also holds for losses due to a delay constraint [52].

We will first show that theamount of lossesduring [0, t] in this system is bounded by the sum of losses
in two CBR shapers in parallel, as shown in Figure 9.4(a): thefirst one has buffer of sizeX and rateP ,
whereas the second one has buffer of sizeX +B and rateM . Both receive the same arriving traffica as the
original VBR shaper.

THEOREM 9.3.2. Let LVBR(t) be the amount of lost data in the time interval[0, t] in a VBR shaper with
bufferX and shaping curveβ = λP ∧ γM,B, when the data that has arrived in[0, t] is a(t).

LetLCBR′(t) (resp.LCBR′′(t)) be the amount of lost data during[0, t] in a CBR shaper with bufferX (resp.
(X +B)) and shaping curveλP (resp.λM ) with the same incoming traffica(t).

ThenLVBR(t) ≤ LCBR′(t) + LCBR′′(t).

PROOF: The proof is again a direct application of (9.6). Pick any0 ≤ u ≤ v ≤ t. Sinceβ = λP ∧γM,B,

a(v)− a(u)− β(v − u)−X =

{a(v)− a(u)− P (v − u)−X} ∨ {a(v) − a(u)−M(v − u)−B −X}

Pick anyn ∈ N0 and any increasing sequence{sk}1≤k≤2n, with 0 ≤ s2n ≤ . . . ≤ s1 ≤ t. Setv = s2i−1

andu = s2i in the previous equation, and sum overi, to obtain

n∑

i=1

[a(s2i−1)− a(s2i)− β(s2i−1 − s2i)−X]
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=

n∑

i=1

[{a(s2i−1)− a(s2i)− P (s2i−1 − s2i)−X}

∨{a(s2i−1)− a(s2i)−M(s2i−1 − s2i)−B −X}

≤
n∑

i=1

[a(s2i−1)− a(s2i)− P (s2i−1 − s2i)−X]

+
n∑

i=1

[a(s2i−1)− a(s2i)−M(s2i−1 − s2i)−B −X]

≤ LCBR′(t) + LCBR′′(t),

because of (9.6). By taking the supremum over alln and all sequences{sk}1≤k≤2n in the previous inequal-
ity, we get the desired result.

A similar exercise shows that the amount of losses during[0, t] in the VBR system is also bounded above by
the sum of losses in two CBR shapers in cascade as shown in Figure 9.4(b): the first one has buffer of size
X and rateP , and receives the same arriving traffica as the original VBR shaper, whereas its output is fed
into the second one with buffer of sizeB and rateM .

THEOREM 9.3.3. Let LVBR(t) be the amount of lost data in the time interval[0, t] in a VBR shaper with
bufferX and shaping curveβ = λP ∧ γM,B, when the data that has arrived in[0, t] is a(t).

LetLCBR′(t) (resp.LCBR′′(t)) be the amount of lost data during[0, t] in a CBR shaper with bufferX (resp.
B) and shaping curveλP (resp.λM ) with the same incoming traffica(t) (resp. the output traffic of the first
CBR shaper).

ThenLVBR(t) ≤ LCBR′(t) + LCBR′′(t).

The proof is left as an exercise.

Neither of the two systems in Figure 9.4 gives the better bound for any arbitrary traffic pattern. For example,
suppose that the VBR system parameters areP = 4, M = 1, B = 12 andX = 4, and that the traffic is a
single burst of data sent at rateR during four time units, so that

a(t) =

{
R · t if 0 ≤ t ≤ 4
4R if t ≥ 4

If R = 5, both the VBR system and the parallel set of the twoCBR′ andCBR′′ systems are lossless,
whereas the amount of lost data after five units of time in the tandem of the twoCBR′ andCBR′′′ systems
is equal to three.

On the other hand, ifR = 6, the amount of lost data after five units of time in the VBR system, the parallel
system (CBR′ andCBR′′) and the tandem system (CBR′ andCBR′′′) are respectively equal to four, eight
and seven.

Interestingly enough, whereas both systems of Figure 9.4 will bound theamount of losses in the original
system, it is no longer so for thecongestion periods, i.e. the time intervals during which losses occur. The
tandem system does not offer a bound on the congestion periods, contrary to the parallel system [52].

9.4 SOLUTION TO SKOHORKHOD ’ S REFLECTION PROBLEM WITH TWO

BOUNDARIES

To obtain the model of Figure 9.1, we have added a regulator – called clipper – before the system itself,
whose inputx is the maximal input ensuring a lossless service, given a finite storage capacityX. The clipper
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eliminates the fraction of fresh traffica that exceedsx. We now generalize this model by adding a second
regulatorafter the lossless system, whose output is denoted withy, as shown on Figure 9.5. This regulator
complementsy, so that the output of the full process is now a given functionb ∈ F . The resulting process
N = y − b is the amount of traffic that needs to be fed to prevent the storage system to enter in starvation.
N compensates for possible buffer underflows, hence we name this second regulatorcompensator.

a(t) Storage 
system

y(t)

L(t)

x(t)
Cl ipper

N(t)

b(t)

Compensator

Figure 9.5:A storage system representing the variables used to solve Skorokhod’s reflection problem with
two boundaries

We can explicitly compute the loss processL and the “compensation” processN , from the arrival process
a and the departure processb, using, once again, Theorem 4.3.1. We are looking for the maximal solution

~x(t) = [x(t) y(t)]T ,

whereT denotes transposition, to the set of inequalities

x(t) ≤ inf
0≤s≤t

{a(t) − a(s) + x(s)} (9.18)

x(t) ≤ y(t) +X (9.19)

y(t) ≤ x(t) (9.20)

y(t) ≤ inf
0≤s≤t

{b(t) − b(s) + y(s)}. (9.21)

The two first inequalities are identical to (9.1) and to (9.2). The two last inequalities are the dual constraints
ony. We can therefore recast this system as

x ≤ a ∧ ha(x) ∧ {y +X} (9.22)

y ≤ b ∧ x ∧ hb(x). (9.23)

This is a system of min-plus linear inequalities, whose solution is

~x = LH(~a) = LH(~a),

whereH and~a are defined as

~a(t) = [a(t) b(t)]T

H(t, s) =

[
a(t)− a(s) δ0(t− s) +X
δ0(t− s) b(t)− b(s)

]
.

for all 0 ≤ s ≤ t. Instead of computingH, we go faster by first computing the maximal solution of (9.23).
Using properties of the linear idempotent operator, we get

y = hb(x ∧ b) = hb(x ∧ b) = hb(x) ∧ hb(b) = hb(x).



9.4. SKOHORKHOD’S REFLECTION PROBLEM 239

Next we replacey by hb(x) in (9.22), and we compute its maximal solution, which is

x = ha ∧ {hb +X}(a).
We work out the sub-additive closure using Corollary 4.2.1,and we obtain

x = (ha ◦ {hb +X})(a) (9.24)

and thus
y =

(
hb ◦ ha ◦ {hb +X}

)
(a). (9.25)

After some manipulations, we get
N(t) = b(t)− y(t) =

sup
n∈N

{
sup

0≤s2n+1≤...≤s2≤s1≤t

{
2n+1∑

i=1

(−1)i(a(si)− b(si))

}
− nX

}
(9.26)

L(t) = a(t)− x(t) =

sup
n∈N

{
sup

0≤s2n≤...≤s2≤s1≤t

{
2n∑

i=1

(−1)i+1(a(si)− b(si))

}
− nX

}
. (9.27)

Interestingly enough, these two functions are the solutionof the so-called Skorokhod reflection problem
with two fixed boundaries [74, 38].

Let us describe this reflection mapping problem following the exposition of [46]. We are given a lower
boundary that will be taken here as the origin, an upper boundaryX > 0, and afree processz(t) ∈ R such
that0 ≤ z(0−) ≤ X. Skorokhod’s reflection problem looks for functionsN(t) (lower boundary process)
andL(t) (upper boundary process) such that

1. Thereflected process
W (t) = z(t) +N(t)− L(t) (9.28)

is in [0,X] for all t ≥ 0.
2. BothN(t) andL(t) are non decreasing withN(0−) = L(0−) = 0, andN(t) (resp.L(t)) increases

only whenW (t) = 0 (resp.W (t) = X), i.e., with1A denoting the indicator function ofA
∫ ∞

0
1{W (t)>0}dN(t) = 0 (9.29)

∫ ∞

0
1{W (t)<X}dL(t) = 0 (9.30)

The solution to this problem exists and is unique [38]. When only one boundary is present, explicit formulas
are available. For instance, ifX → ∞, then there is only one lower boundary, and the solution is easily
found to be

N(t) = − inf
0≤s≤t

{z(s)}

L(t) = 0.

If X < ∞, then the solution can be constructed by successive approximations but, to our knowledge, no
solution has been explicitly obtained. The following theorem gives such explicit solutions for a continuous
VF function z(t). A VF function (VF standing for Variation Finie [38, 70])z(t) onR+ is a function such
that for allt > 0

sup
n∈N0

sup
0=sn<sn−1<...<s1<s0=t

{
n−1∑

i=0

|z(si)− z(si+1)|
}
<∞.

VF functions have the following property [70]:z(t) is a VF function onR+ if and only if it can be written
as the difference of two wide-sense increasing functions onR+.
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THEOREM 9.4.1 (Skorokhod’s reflection mapping).Let the free processz(t) be a continuous VF function
onR+. Then the solution to Skorokhod’s reflection problem on[0,X] is

N(t) = sup
n∈N

{
sup

0≤s2n+1≤...≤s2≤s1≤t

{
2n+1∑

i=1

(−1)iz(si)

}
− nX

}
(9.31)

L(t) = sup
n∈N

{
sup

0≤s2n≤...≤s2≤s1≤t

{
2n∑

i=1

(−1)i+1z(si)

}
− nX

}
. (9.32)

PROOF: As z(t) is a VF function on[0,∞), there exist two increasing functionsa(t) andb(t) such that
z(t) = a(t)− b(t) for all t ≥ 0. As z(0) ≥ 0, we can takeb(0) = 0 anda(0) = z(0). Note thata, b ∈ F .

We will show now thatL = a − x andN = b− y, wherex andy are the maximal solutions of (9.22) and
(9.23), are the solutions of Skorokhod’s reflection problem.

First note that

W (t) = z(t) +N(t)− L(t) = (a(t)− b(t)) + (b(t)− y(t))− (a(t)− x(t)) = x(t)− y(t)

is in [0,X] for all t ≥ 0 because of (9.19) and (9.20).

Second, because of (9.21), note thatN(0) = b(0) − y(0) = 0 and that for anyt > 0 and0 ≤ s < t,
N(t) − N(s) = b(t) − b(s) + y(s) − y(t) ≥ 0, which shows thatN(t) is non decreasing. The same
properties can be deduced forL(t) from (9.18).

Finally, if W (t) = x(t)− y(t) > 0, there is somes⋆ ∈ [0, t] such thaty(t) = y(s⋆) + b(t)− b(s⋆) because
y is the maximal solution satisfying (9.20) and (9.21). Therefore for all s ∈ [s⋆, t],

0 ≤ N(t)−N(s) ≤ N(t)−N(s⋆) = b(t)− b(s⋆) + y(s⋆)− y(t) = 0

which shows thatN(t) − N(s) = 0 and so thatN(t) is non increasing ifW (t) > 0. A similar reasoning
shows thatL(t) is non increasing ifW (t) < X.

Consequently,N(t) andL(t) are the lower and upper reflected processes that we are looking for. We have
already computed them: they are given by (9.26) and (9.27). Replacinga(si)−b(si) in these two expressions
by z(si), we establish (9.31) and (9.32).

9.5 BIBLIOGRAPHIC NOTES

The clipper was introduced by Cruz and Tenaja, and was extended to get the loss representation formula
presented in this chapter in [17, 52]. Explicit expressionswhen operatorΠ is a general, time-varying oper-
ator, can be found in [17]. We expect results of this chapter to form a starting point for obtaining bounds
on probabilities of loss or congestion for lossy shapers with complex shaping functions; the method would
consist in applying known bounds to virtual systems and takethe minimum over a set of virtual systems.
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Index

CA (Vector min-plus convolution), 134
Cσ (Min-plus convolution), 133
Dσ (Min-plus deconvolution), 133
PL (Packetization), 133
LH (Min-plus linear operator), 136
N, 4
N0, 233
Π (Max-plus operator), 133
Π (Min-plus operator), 133
R+, 4
βR,T (rate-latency function), 106
F (set of wide-sense increasing functions that are

zero for negative arguments), 105
G (set of wide-sense increasing functions), 105
δT (burst delay function), 105
γr,b (affine function), 106
h (horizontal deviation), 128
hσ (Linear idempotent operator), 134
λR (peak rate function), 105
νcri, 182
⊘ (min-plus deconvolution), 122
⊘ (max-plus deconvolution), 129
⊗ (min-plus convolution), 110
⊗ (max-plus convolution), 129
f (sub-additive closure off ), 118
F̃ (Set of wide-sense increasing bivariate functions),

132
uT,τ (staircase function), 106
vT (step function), 106
v (vertical deviation), 128
∨ (max or sup), 122
∧ (min or inf), 103

1{expr}(Indicator function), 40

ABR, 223
adaptive guarantee, 202
AF, 87
affine function, 106
arrival curve, 7
Assured Forwarding, 87
Available Bit Rate, 223

bivariate function, 132
burst delay function, 105

caching, 168
causal, 139
CDVT (cell delay variation tolerance), 13
concave function, 109
controlled load service, 75
convex function, 109
convex set, 109
Critical Load Factor, 182
Cumulative Packet Length, 41

damper, 93
damping tolerance, 93
Delay Based Scheduler, 80
DGCRA, 223
dioid, 104

Earliest Deadline First (EDF) scheduler, 80
EDF see Earliest Deadline First, 80
EF, 87
epigraph, 109
Expedited Forwarding, 87

FIFO, 5
Finite lifetime, 125

GCRA (Generic Cell Rate Algorithm
definition, 11

Good function, 14
GPS (generalized processor sharing, 18
GR, 70
greedy shaper, 30
greedy source, 16
guaranteed delay node, 20
Guaranteed Rate node, 70
guaranteed service, 75

horizontal deviation, 128

idempotent, 141
impulse response, 136, 139
infimum, 103
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Intserv, 3
isotone, 135

limit from the left, 9
limit from the right, 6
linear idempotent operator, 134
look ahead delay, 155
lower semi-continuous, 135

max-plus convolution, 129
max-plus deconvolution, 129
maximum, 129
min-plus convolution, 110
min-plus deconvolution, 122
Min-plus linear, 136, 139
minimum, 103
minimum rate server, 199

Packet Scale Rate Guarantee, 197
Packetizer, 41
peak rate function, 105
PGPS: packet generalized processor sharing, 68
PL, 41
playback buffer, 155
playback delay, 155
policer, 30
Priority Node, 20, 176
pseudo-inverse function, 106

rate-latency function, 106
Re-negotiable service, 223
RSVP, 76

SCED, 80
shaper, 30
shaping curve, 30
shift invariant, 140
Shift matrix, 136
smooth (α-smooth for some functionα(t), 7
smoothing, 155
staircase function, 106
star-shaped function, 109
step function, 106
strict service curve, 22
sub-additive closure, 118
sub-additive fucntion, 116
supremum, 129

T-SPEC (traffic specification), 13
time varying shaper, 223

upper semi-continuous, 134

variable capacity node, 22
vertical deviation, 128
Very good function, 16


